Exercise H1.1

a) Suppose the data X in a statistical model take values in a countable set X' (i.e.X has
a discrete law). In class it was claimed that the data itself are a sufficient statistic (i.e.
T(X) = X is sufficient). Write down the argument (it can be a very short paragraph).

b). Suppose T is a sufficient statistic with values in a set 7 and S : 7 — S is a mapping
with values in a set S which is one-to-one (i.e there exists an inverse mapping S~ 'such that
S=1(S(t)) =t for all t € T ) Show that the statistic S(T'(X)).is sufficient.

c) In example 2.1 handout it was claimed that the statistic T'(X) = (X3, X,,) is sufficient in
Model I. Prove this claim.

Exercise H1.2.Let X,..., X, be independent and identically distributed with Poisson law
Po(\), where A > 0 is unknown. Show that the sample mean X, is again a sufficient statistic
(Comment: the sample mean is a sufficient statistic not only for i.i.d. Bernoulli data, but
in a number of statistical models).

Exercise H1.3. Let Xy,..., X, be independent and identically distributed such that X;
has the uniform law on the set {1,... ,r} for some integer r > 1 (i.e. P(X; =k)=1/r, k=
1,...,r). In the statistical model where r > 1 is unknown, show that 7'(X) = max;—1 . » X;
is a sufficient statistic. Hint: as an intermediate step, show that P(T(X) < k) = (k/r)"
forall k=1,...,r. (Comment: in this model, the unknown parameter is the largest value
that the data can possibly take, i.e. r. It turns out that the largest value which they take in
the sample is a sufficient statistic.).

Exercise H1.4. Let Xy,...,X, be independent and identically distributed such that X;
has the geometric law Geom(p), i.e.

PXi=k)y=0-p)"'p k=1,2,...
for some p € (0,1). In the statistical model where p is unknown, show that the sample mean
X, is a sufficient statistic. Hint: it can be used that nX, = Z?:l X, has the negative
binomial distribution with parameters n and p, i.e.

P(nX,=k) = <Z B 1>(1 —p)Fmpn for k> n
—n



Homework Solusion #1

Exercise H1.1. Py (X €B.X )
0 € D, =
Py(XeBlX=xz)=

a) Py (X € BIX =) = =5 e 0y

b) Py (X € B|T(X) =t) is independent of 6 for any event B and any value ¢
of the set 7, since T is a sufficient statistic. This implies Py (X € B|S(T(X)) = s) =
Pyp(X € BIT(X) = S~!(s)) is independent of @ for any event B and any value s
of the set S. Because S : 7 — S is one to one and onto, S™1(s) € 7. for any
seS.

¢) We will show that P,(X; = 21, X = @2, ..., Xp, = 20| X1 = 21, nX,, = k)
is independent of p for any (z1,...,z,) € {0,1}", z; € {0,1}, and 0 < k < n.
If ¢y # ) ,or k # nT,, the conditional probability is 0. If 1 = 2},and k = nT,,
then o

P, (Xl =2),nX, = k) = Py(X1 =21 Xa + oot X = 22 + oo + 2)

= Pp (Xl = (El) Pp (X2 =+ ... +Xn = T2 + ... +(En)
1
p

= (pﬂf 1—:81) (I2ﬁj}rmn)pxz+-<.+xn(1 _

= 1p (z), independent of 6.

p)(n=D (ot twn)

)

= (,, L, Jpim (1 p)
and,
Pp (Xl =T, ,Xn = l'n,Xl = xl,nfn = k) = Pp (Xl =X, ,Xn = l’n)
:—pzz"zl z; (1 _p)n—Z?:l Ti
This implies P, (Xl =21,..,Xn =2, X1 = 210X, = nﬁ) = 1/(12-?_—1&-%)
is independent of p.
So (thX_n) is a sufficient stattistic, i.e., (Xl,X_n) is sufficient from (b).

Exercise H1.2.

We need to prove that X, is sufficcient, i.e., nX,, is sufficient from(b), i.e.,
Py (Xl =21, .., Xp = 2p|nX, = k) is independent of A for any (Xi,...,X,) €
{0,1,2,..}", and k > 0. If k # > I, z;, the conditional probability is 0. If
k=", x,we know that the distribution of >_"" , z; is Po(n),

then o

T o) o nA (AT
P\ (nX, =nz,) =e " (nZ?:ﬂi)’ ,
and

)

Py (X1 =21, .., Xp = Tp,n X, = k) =P, (X1 =x1,...X, =2,)
i ()
i=1 v

— pmANTI=L T
o i Tl

This implies Py (X1 =21, ., X = 200X, = nﬂ) =0k, )l /(nXi=1 v [T, (z:)
is independent of X. So X, is sufficient.

Exercise H1.3.



We need to show that P, (X1 = x1,..., X, = 2,|T (z) = max;=1,. ., X; = k)
is independent of r for any 1, ..., z,, and k. If max;—y . ,x; £ k, the condi-
tional probability is 0. If max;—1, ., x; < k, we have

P. (T (z) =max;=1_ nz;=k)=PF. (T (z)<k)— P (T(z) <k—-1)

=P (X1 <k, ... X, <k) —
P.(Xi<k—-1,.,X,<k—-1)
S0y P < )Ty P (X <= 1)
n k_

and,
P’r‘ (Xl =T, 7Xn = ,In) = H?:L m P?" (Xl = J?z)

This implies P, = (X1 = 21, ..., X5y = 2|T (x) = max;—1,.. n ;) = (k)n <k 1>n

v
ke (k - )
o T (z) is sufficient.

is independent of 7.

Exercise H1.4.

We need to show X, is sufficient, i.e., nX,, is sufficient, i.e., P, (X1 =21, .., Xp = 2pnX, = k‘)
is independent of p for any (z1,...,7,) € {1,2,3....}"" jand k > n. If k # nz,,
then the conditinal probability is 0. If k = nT, , then

Py (nXn = n) = (725) (1 —p) """

and,

Pp (Xllew“aXn:xnynX—n:nE):Pp(Xllea Xn*xn)

= Hz 1 (1 - )xl_l
= (19" ",

This implies P, (X1 =21, Xp = 2pnX, = nxn) = 1/("1" n) is indepen-
dent of r.

So X, is sufficient.




