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A quantum mechanical theory for the multiphonon inelastic background appearing in the energy resolved measurements of low
energy atom-surface scattering is presented. Simple expressions for the differential reflection coefficient are given for the
semiclassical and extreme semiclassical limits of high surface temperatures and large atomic translational energies. Measurements
of the inelastic background give directly the form factor of the interaction potential for inelastic scattering. It is shown that there

can be either net gain or loss of energy by the scattered partic

les, depending on the relative incident particle energy to the surface

temperature. The relation to previous semiclassical theories is discussed.

1. Introduction

Atom-surface scattering, and particularly
He-surface scattering at thermal energies, has
proven to be an extremely sensitive and useful
method of surface analysis [1l. When a nearly
mono-energetic and well collimated beam of
atoms is directed towards a surface, the intensity
backscattered towards the detector consists of
four major components which can be divided
roughly into the following categories: elastic
diffraction peaks, single surface phonon inelastic
peaks, the diffuse elastic, and the diffuse inelastic
contributions. The latter two categories may be
further divided into coherent and incoherent con-
tributions, with the incoherent part coming from
defects and imperfections on the surface.

Elastic diffraction peaks have been, and con-
tinue to be extensively studied; their positions in
momentum space provide immediate information
on surface structure, and through comparison
with dynamical calculations, also provide a way of
determining the atom-surface interaction poten-
tial [2]. The other elastic contribution, the diffuse
elastic background which appears in the energy
resolved intensity as a sharp elastic peak at all
angles and parallel momentum exchange, is due
to scattering from imperfections (defects, adsor-
bates, steps, vacancies, etc.) in the otherwise reg-
ularly ordered surface. Precise measurements of
the diffuse elastic intensity have provided details

of the differential cross section of adsorbates on
the surface [3] and of surface steps [4], and fine
structure in the diffuse intensity has been used to
obtain information on the ordering of steps at
lattice row positions on the surface [5].

The inelastic peaks due to exchange of single
surface phonons give immediately the surface
phonon dispersion relations, again simply from
the positions of these peaks in the space of en-
ergy and momentum exchange. In principle the
single phonon peaks, through dynamic calcula-
tions, can be related to the phonon spectral den-
sity, and can be used to extract the available
information about surface dynamics. However, in
practice this has proved difficult to accomplish
because the total intensity of an inelastic peak
also depends strongly on the atom-surface inter-
action potential, and both the potential and the
spectral density are strongly varying functions of
energy and momentum, thus it is difficult to
separate the contributions of each of these two
unknown quantities.

In addition to the inelastic peaks, there is
always an inelastic background which arises from
multiphonon transitions with the coherent sur-
face [6], or from incoherent inelastic scattering
with defects [7). This multiphonon intensity has
been very little exploited for obtaining detailed
surface sensitive information, and is the subject
of this paper. For a perfectly ordered surface, the
inelastic background arises from multiphonon in-
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elastic transfers between the particle and surface,

and is totally coherent. We show here that the

multiphonon background is not only readily ob-
servable under semiclassical conditions of large
projectile energy and high surface temperatures,
but it also should be non-negligible and observ-
able under conditions in which elastic and single
phonon exchange are the dominant scattering
channels. At low surface temperatures the diffuse
inelastic background will exhibit a characteristic
structure dependent on the form of the crystal
lattice. Perhaps most importantly, the coherent
multiphonon background depends on the atom-
surface interaction potential in very much the
same way as does the single phonon intensity.
However, the single phonon intensity depends
very strongly on the details of the phonon spec-
tral density, whereas the multiphonon contribu-
tion does not since exchange of several quanta of
energy tends to average over details of the phonon
spectral density. This insensitivity to details in the
phonon dynamics means that, through the use of
simple phonon models, the information on the
atom—surface interaction potential (i.e., the form
factor for inelastic scattering), can be extracted.
This inelastic form factor is too a good approxi-
mation, identical with that for the single phonon
intensity. Thus from the multiphonon intensity
one can extract the necessary information on the
interaction potential to allow the unambiguous
determination of the spectral density from the
single phonon peak intensities.

The theoretical approach taken here is fully
quantum mechanical in nature, but allows an
immediate limit to the semiclassical and classical
scattering regimes. We discuss briefly how the
semiclassical result evolves into an equilibrium
distribution for the scattered particles in the limit
of high surface temperature and low incident
energies, and relate this theory to other semiclas-
sical theories of multiphonon scattering.

2. Theory

A suitable point for starting a calculation of
multiphonon scattering from the initial atomic
projectile state of momentum #k, to the final

state of momentum 7k, is the transition rate of
the generalized golden rule

W(kkai)=ghj:<zlTﬁ|28(Ef—Ei)>' (1)

("()

The particle state transition rate of eq. (1) has
been summed over all final many-body quantum
states {n;} of the crystal, and the brackets )
signify an average over initial crystal states.

The transition matrix Ty requires a calculation
of the full many body problem, a practical impos-
sibility, so a reasonable approximation must be
made. A form which is satisfactory for the small
frequency and long wavelength phonons which
are expected to dominate in multiphonon ex-
change is a pairwise summation of contributions
from all surface unit cells located at the positions
r Ig
Ty= Y7 ek, (2)

J

where k =k, — k; is the wavevector exchange, u;
is the displacement from equilibrium of the jth
unit cell and 7 is the scattering amplitude from
the jth unit cell. In the following we will assume
that 74 is independent of phonon displacement,
and depends only on k; and k;. The approxima-
tions embodied in eq. (2) are that the collision is
rapid compared to the relevant phonon periods,
and that the environment of each unit cell is
similar (i.e., small frequencies and long wave-
lengths) but it does include multiple scattering
with adjacent unit cells. Eq. (2) is central to the
results which follow. The condition of small fre-
quencies and large ‘wavelengths implies that mul-
tiphonon scattering should be dominated by fre-
quencies much smaller than the Debye frequency
and wavelengths much larger than the lattice
spacing. The results of the calculations discussed
in section IV below indicate that in practice €q.
(2) is a reasonable approximation. Its relation to
more general treatments of inelastic scattering,
and particularly to inelastic scattering in the pres-
ence of bound state resonances, is taken up again
at the end of section 3.

With the approximate form of egq. (2) for the
transition rate, all many-body sums can be carried
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out in the harmonic crystal approximation and
upon multiplying by the appropriate densities of
states for scattering of a particle into the final
state, the differential reflection coefficient be-
comes

dR m2 i k £ I + oo

d0, dE;, 8wk, )=

X Yorhrl ek
Jsi

dr e et

o~ Witk) g =Wirk) (k- uf Ok w0
(3)

where m is the mass of the projectile atom,
exp(— W,(k)) is the classic expression for the De-
bye-Waller factor, and #w=E;—E;= #(k? -
k?)/2m is the projectile energy exchange. Eq. (3)
represents the fraction of particles scattered from
an incident plane wave of momentum #k; into
final energy range d E; and final solid angle d{(2,,
and is in the form of the time Fourier transform
of the exponentiated displacement correlation
function. In the harmonic approximation, the dis-
placement correlation function can be decom-
posed in harmonic modes of the crystal substrate

Ck-uf(O)k-u;(t)

3
= Z kaka'

a,o’ =1

Xex(Q,v)

X el ®=Rn{[2n (Q) + 1] cos(w,(Q)?)

-1 sin(w,,(Q)t)}, (4)
where M is the crystal atom mass, €,(Q, v) is the
ath component of the polarization vector for the
(Q, v) vibrational mode of frequency w (Q), and
n,(Q) is the Bose-Einstein statistical factor. Eq.
(4) has been written in the form for a Bravais
lattice, but the extension to systems with several
atoms in the unit cell basis is straightforward.
The displacement correlation function is readily
evaluated by any of a number of standard meth-
ods, such as the slab method [8] or by Greens
function methods [9], and the Fourier transform

and sum over lattice sites of eq. (3) are rapidly
convergent under numerical calculation provided

n
= INMw,(0) ea(2 ¥)

the 0- and 1-phonon terms are first subtracted
out. The 0- and 1-quantum terms are the Oth- and
first-order expansion of the exponential of the
displacement correlation function in eq. (3), and
these contributions can be evaluated separately
and the results correspond to the essential fea-
tures of many theoretical treatments of the elastic
[10] and single phonon scattering 11l

Instead of carrying out detailed numerical cal-
culations with exactly calculated phonon spectral
densities, we will use simpler models in keeping
with the philosophy of this approach, which is
that the multiphonon background should be rela-
tively independent of details of the particular
phonon distribution. Also, in keeping with this
spirit, a great simplification can be achieved by
making an expansion of the displacement correla-
tion function in small Q. Then, through terms of
order (Q-Rj)3 the differential reflection coeffi-
cient (3) takes the form

dR m? |k, | ,
- —2WS( K
a0, dE, 8w3h5kiz|1ﬁ' © (K, @)
xI(K, ). (5)

This is the product of a form factor \Tﬁiz, the
Debye—Waller factor, a structure factor S(K, ),
and an energy exchange factor I(K, w), given by

S(K, w) = Le™* N e =HD (6)

and J

I(K, @) [ dremierenr 20 | Q)

with -

F(T) = ‘f:lkk;; %eaw, )
xex(Q,v)[2n,(Q) +1] (8)

and

3 h
= k k ’ B ———————
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(%)

e.(Q, v)
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and w,=hk?/2M. The energy hw, arises from
zero point motion of the lattice and is the result
of a further approximation of replacing the
sin(w,(@)¢t) function in eq. (4) by its argument.
This approximation is not necessary, but it is
quite accurate in the semiclassical region where
hw, is interpreted as the energy loss to the sur-
face of an energetic incident particle. However,
hw, is not a constant and in general depends on
energy and momentum exchange; it is perhaps
better to interpret it as being the result of recoil
motion of the crystal, and the consequences of its
energy dependence are important in discussing
the total energy transfer from particle to crystal
(which can be either positive or negative depend-
ing on the relative incident energy and crystal
temperature), and in discussing the approach to
equilibrium of the scattered gas in the limit of a
hot surface and a cold incident beam.

3. The semiclassical limit

The semiclassical limit is the regime of high
crystal temperatures and large projectile ener-
gies. When the substrate temperature measured
in units of kT is higher than any of the phonon
energies, the Bose~Einstein factor n (Q) can be
replaced by k4T /hw,(Q) and the functions F(T)
and Q(t) in egs. (6) and (7), which are essentially
proportional to the mean square vibrational dis-
placement of a surface atom, increase linearly
with T. In addition, both these functions increase
with k2. Considering first the structure factor of
eq. (6), in the limit of large T and large k only
the one term with j =0 in the sum over lattice
cells will survive and S(K, w) approaches unity.
Physically, the structure factor can be interpreted
as the function describing the coherent contribu-
tions to the multiphonon intensity coming from
all the surface unit cells. The presence of the
damping factor exp(—F{(T)) in the summand in-
dicates that the coherence region for multi-
phonon scattering is limited. As T and k in-
crease, this coherence region becomes smaller,
and in the extreme semiclassical limit all coher-
ence between different surface atoms is lost and
each scatters independently. Thus, in the extreme

semiclassical limit the only difference between
the multiphonon contribution from the ordered
surface or the multiphonon contribution from
isolated point defects on the surface is the re-
spective form factors and vibrational frequency
spectrum, as both scatter as incoherent sources.

The energy exchange factor I(K, ) of eq. (7)
is evaluated in the semiclassical limit by carrying
out the Fourier transformation by the method of
steepest descents after expanding Q(¢) as a power
series in t. The result is that the differential
reflection coefficient becomes proportional to a
Gaussian function in energy exchange fiw with an
energy shift Aw,.

dR m? | k| W

- 12
a0, dE, 8w ik, 76l ookoT
h(w+w0)2
X — e 1,
PN T Tk pTw, (10)

Implicit in the steepest descent approximation is
the validity criterion which can be expressed in
terms of the Debye-Waller exponent as
2W(k)/6 > 1. The Debye-Waller exponent is
the most useful parameter for judging the impor-
tance of the multiphonon component in atom-
surface scattering [12], since its value can be
interpreted as the average number of real or
virtual phonons transferred in a scattering event.
It is important to note that the condition 2W (k)
> 6 is rarely met in thermal energy He scattering,
and in fact is often not satisfied even for surface
scattering of higher mass noble gas atoms.

The extreme semiclassical result of eq. (10)
shows that, apart from the density of the final
states factor of |k;| and the form factor |74l 2
the differential reflection coefficient is a Gauss-
ian in energy exchange with a width which in-
creases as [w,T]'/? and a maximum amplitude
which decreases with T~ /2. The compensating
effects of increasing width and decreasing ampli-
tude insure that the integral of the differential
reflection coefficient over all angles and energies
is constant as a function of temperature, as re-
quired by the condition of unitarity. The elastic
and single phonon contributions have become so
small as to contribute negligibly to the scattering
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intensity; all the backscattered particles are in the
inelastic background.

Eq. (10) is the extreme semiclassical result for
a point particle interacting with the lattice. There
is still another limit for a large, massive particle
colliding with the substrate, where the surface
lattice can be regarded as a continuum. In this
case the summation over lattice cells in the struc-
ture factor of eq. (6) can be approximated by an
integral, with the result that S(K, ) becomes a
Gaussian in parallel momentum exchange and
the differential coefficient is

dR mzlkfl | ‘2 , 3/2
a0, dE,  4mrk, " U’ wokeT

[ W + wg)” + 2hv§K2}
X expi — .

4kgTw,
(11)

In eq. (11) vy is approximately the Rayleigh
phonon velocity, and we have made the assump-
tion in evaluating the structure factor that for
parallel momentum exchange, the phonon spec-
tral density is dominated by the Rayleigh phonon
modes [13,14].

A question of interest is the average energy
gained or lost by a monoenergetic beam of parti-
cles scattering from a surface. This can be ob-
tained by weighting the differential reflection co-
efficient by the energy exchange fw and then
summing over all final energies and angles

AE= [ dof dthwa—é%E/f d0, [ dE

ax 12
X ——,
d0, dE; (12)

The average energy exchange can be evaluated
exactly in the extreme semiclassical limit in which
the energy and angular dependence of |k¢l,
I751% and w, are neglected. In this limit, using
the differential reflection coefficient of either eq.
(10) or (11) it is readily shown that the incident
projectile always looses to the surface an average
amount of energy equal to Aw,. However, even in
the semiclassical limit the energy dependence of

rANEN 2 and particularly w, cannot always be
neglected, and it is easy to show that in general
an incident particle can either loose or gain en-
ergy upon collision. Because of the energy and
angular dependence of the form factor | 74| Zitis
not a simple question to predict the conditions
for energy gain or loss, but the key parameter is
the ratio of k,T to that part of the incident
energy due to motion normal to the surface.
When the temperature is small compared to the
incident energy the projectile will loose energy,
but when the incident energy is small compared
to kT the projectile can gain energy.

As an example of a case where the particle can
gain energy upon collision with the surface it is of
interest to discuss the approach to an equilibrium
distribution of a scattered gas arising from a very
low energy beam of atoms incident on a very hot
surface [15]. In the limit E; — 0 we have for the
energy exchange and energy shift

ho=E;— E;— Eq,
f ——hz ke—k) > —E 13
= — . -

Then the differential reflection coefficient of eq.
(11) takes the form

dR
dn, dE,

aT™3? exp

—E[1+m/MYV
4k ;Tm /M
(14)

The Gaussian in energy exchange has gone over
to an exponential in the final energy of the scat-
tered particle. This can be related to the energy
E of a crystal atom through the well known
expression for the energy exchanged in a two
particle collision [16]

m/M

Ei=4E——,
(1+m/M)

(15)

leaving the differential reflection coefficient in

the form
dR T-3/2 E/k T 16
a0, dEfa exp(—E/kg ) (16)

The differential reflection coefficients of (14) or
(16) clearly show not only that the incident low-
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energy beam of particles has gained energy in the
surface collision, but in addition show that the
particles leave the surface with an energy distri-
bution obeying the exponential law of the
Maxwell-Boltzmann distribution function [17].
At this point it is of interest to relate the
present results, which were derived from a transi-
tion matrix formalism, to other treatments of
multiphonon scattering. The closest work to this
is the semiclassical approximation of Brako and
Newns based on the many-body evolution opera-
tor [18]. The semiclassical limits of eqgs. (10) and
(11) are completely equivalent to the results of
Brako and Newns in the limit of a rapid collision,
except for the fact that the Brako-Newns results
do not contain the form factor | 5|2 This shows
that a major approximation embodied in the as-
sumption of eq. (2) is a rapid collision scattering
process; in semiclassical terms the scattering event
is one in which the total impulse over the time of
the collision can be approximated by #k = fi(k; —
k,). The Brako-Newns approach can be readily
carried out in a completely quantum mechanical
form, and a reexamination of the problem from
the standpoint of quantum mechanical S-matrix
or evolution operator theory shows that the
Brako—Newns results should, in general, be mul-
tiplied by a form factor. This form factor, which
plays the same role as 7 in the above results, is
to a first approximation given by the off-energy-
shell scattering matrix for transitions of the inci-
dent atomic projectile from state k; to state kg
under the influence of the elastic part of the
atom-surface interaction potential [15). This jus-
tification of the reduced scattering amplitude 7
now allows us to make some statements about
scattering under conditions of resonance with the
bound states in the adsorption well of the poten-
tial. The most important of these resonances,
sometimes referred to as selective adsorption res-
onances, are caused either by purely elastic
diffraction or are assisted by single phonon ex-
change [1]. Contrary to what might be expected, it
has been demonstrated that there is not an un-
usually large increase in multiphonon interactions
under conditions of resonance; if an experiment
is carried out near conditions of resonance and
under conditions where the scattering is domi-

nated by single phonon processes, it continues to
be dominated by single phonon processes when
the initial conditions are slightly changed to in-
duce a resonance [18]. However, in spite of the
fact that the scattering may be dominated by
single phonon events, the same calculation shows
that the full width at half maximum (FWHM) of
the resonance feature increases with tempera-
ture, and this conclusion is in agreement with
experimental measurements. This observation
clearly shows that the scattering amplitude 7y,
under conditions of resonance, cannot be consid-
ered to be independent of the vibrational dis-
placement of the unit cell. The displacement de-
pendence of 7; leads to a temperature depen-
dent form factor near conditions of resonance,
but this is not a difficult problem to surmount as
ref. [18] gives the prescription for calculating this
temperature dependent form factor. We should
also note in connection with this discussion of
resonant processes that under semiclassical con-
ditions, such as when egs. (10) or (11) are valid,
resonances are no longer observed because the
diffraction and single phonon contributions are
negligibly small compared to the total multi-
phonon contribution.

4. Calculations

A comparison of the theory with recent experi-
mental results of Bishop et al. [19] for the scatter-
ing of He by the (001) surface of NaCl is shown in
fig. 1. The incident He energy is 28 meV, the
surface temperature is 773 K, and the experimen-
tal configuration is that of a specular scan in
which both the incident and detector directions
make an angle of 45° with respect to the surface
normal. The scattering plane is aligned with the
{110) direction of the crystal face. The multi-
phonon background as measured by a time-of-
flight analysis, here converted to energy ex-
change, shows the multiphonon background as a
distinct and broad foot upon which stands the
sharp elastic specular peak. This inelastic foot is
well explained by the calculation shown as a solid
line. The calculation is the differential reflection
coefficient of eq. (5) carried out for a simple
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Debye model of the phonon frequency distribu-
tion, and the Debye temperature is 330 K. The
form factor is taken to be a constant, indicative of
the strong scattering nature of the strongly repul-
sive and highly corrugated alkali halide surface.

This is a case which is in the intermediate
region between the purely quantum mechanical
regime and the extreme semiclassical regime as
2W(k) is approximately equal to 3 near the elas-
tic peak, and it is an interesting case because it
shows clearly a situation in which the scattered
particles have, on average, gained energy from
the surface. The maximum in the inelastic foot is
about 10 meV on the energy gain side of the
elastic peak. The position of this maximum is well
matched by the theory in spite of the fact that the
energy shift fiw, in the neighborhood of the
elastic peak is about 6 meV, and this demon-
strates the importance of the energy dependence
of the energy shift and the density in phase space
of final particle states in determining net energy
gain or loss.

Fig. 2 shows further calculations of the total
inelastic background for the same system as in
fig. 1 at both higher and lower temperatures. The
high temperature calculation is for T=1000 K

S T |

AP NI

INTENSITY (Arb. Units)

./f.l

Al

1—||c||x||‘«||al|||||x||u'-t

L
-
1

-60 -40 -20 0 20 40 60

AE (meV)

Fig. 1. The differential reflection coefficient as a function of

energy exchange for a beam of He incident of a NaCl(001)

surface in the ¢110) direction. The incident He energy is 28

meV, the surface temperature is 773 K, and the incident and

detector angles are both 45°. The solid curve is the present
calculation.

3 T Ll T ¥ T

He/NaCl (001) <110>

dR/AQEs (Arb. Units)

AE (meV)

Fig. 2. Calculated differential reflection coefficients for the

system of fig. 1 for three different surface temperatures: 773.

1000 and 100 K. For the 100 K calculation the solid line is the

total inelastic contribution and the dashed curve is the multi-
phonon contribution.

and, compared to the curve for T = 773 K, shows
a broader width in the energy exchange and ¢
decreased maximum amplitude. This behavior it
characteristic of the semiclassical result of eq
(10), and at this temperature the system is just
entering the extreme semiclassical regime. The
Jow temperature calculations in fig. 2 are fo
T = 100 K and show the characteristic oscillation:
that arise in the multiphonon background from
the structure factor in eq. (5). The structure fac
tor for this calculation is shown separately in fig
3. For the T =100 K curve the multiple phonor
contribution has been drawn in as a dashed line
in addition to the total inelastic background whicl
includes the single quantum part. The single
phonon part is the largest contributor at this lov
temperature, but in the Debye approximation it i
a relatively smoothly varying contribution, the
structure appears entirely in the exchange o
larger numbers of phonons. It is clear that th:
majority of the energy exchanged by the particl
is through the single phonon term, and that ne
energy will be lost to the surface by the particles
contrary to the situation at the higher tempera
tures.
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S(K,w)
N

AE (meV)

Fig. 3. The structure factor for the T =100 K calculation of

fig. 2 plotted as a function of energy exchange. The numbers

above the peaks give the order of the corresponding diffrac-
tion reciprocal lattice vector in the {110) direction.

The structure factor shown in fig. 3 is calcu-
lated from eq. (8) using a two-dimensional Debye
model with a Rayleigh phonon velocity vy = 2540
m/s as determined by Bishop et al. [19]. It is not
periodic in reciprocal space because of the energy
dependence of the exponential damping factor
exp(— F(T)), although it does show distinct peaks
at all reciprocal lattice vector positions. Because
the damping factor causes incomplete destructive
interference, there can under some circumstances
be small additional structure peaks between the
diffraction peak positions. Such additional peaks
appear, for example, in the (110) direction of the
close packed hexagonal (111) surface of an fcc
crystal. The structure factor has been plotted as a
function of energy exchange rather than as a
function of K in order to show the relation to fig.
2, and the reciprocal lattice vector positions in
the (110) direction are noted above each peak.

5. Conclusions

We have developed a theory which can be
used as a framework for explaining and drawing
useful physical information from the inelastic
background appearing in time-of-flight energy re-
solved measurements of low energy atom-surface
scattering. The theory is quantum mechanical but
is extended into the semiclassical regime of large
energies and high surface temperatures, where
simple and useful expression for the multiphonon

inelastic background are presented. We have
shown that in the quantum mechanical regime,
the inelastic background will show marked struc-
ture due to the coherent nature of the scattering
process. Questions of average energy gain or loss
by an incident atomic beam are discussed within
the context of the theory. It is shown that even in
the semiclassical limit an atom can, on average,
either gain or lose energy to the surface depend-
ing on whether the incident energy is smaller or
greater than kz7. The approach to an equilib-
rium distribution for the gas scattered by the
surface from a very low energy monoenergetic
beam is briefly discussed as well as the relation to
earlier semiclassical theories. The results are il-
lustrated by calculations and comparisons with
experiment for the case of He scattering by a
NaCl(001) surface.
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