
Convergence of Sequences of Random Variables

� De�nitions

? Xn

a:s:! X means Pfs : limn!1X(s) = X(s)g = 1.

? Xn

P! X means 8� > 0; limn!1 PfjXn �Xj < �g = 1.

? Xn

d! X means for every continuity point x of FX, limn!1 FXn
(x) =

FX(x).

� Xn

a:s:! X if and only if 8� > 0; limn!1 P (\1
k=n

fjXk �Xj < �g) = 1.

� Xn

a:s:! X ) Xn

P! X ) Xn

d! X.

� If a is a constant, Xn

d! a) Xn

P! a.

� If limn!1 fXn
(x) = fX(x) for each x, Xn

d! X.

� Let X and Xn be random vectors in Rk. Xn

d! X if and only if

limn!1 E[g(Xn)] = E[g(X)] for every bounded continuous function

g : Rk ! R.

� Slutsky Theorems for Convergence in Distribution:

1. If Xn 2 Rm, Xn

d! X and if f : Rm ! R
q (where q � m) is

continuous except possibly on a set C with P (X 2 C) = 0, then

f(Xn)
d! f(X).

2. If Xn

d! X and (Xn �Yn)
P! 0, then Yn

d! X.

3. If Xn 2 Rd, Yn 2 Rk, Xn

d! X and Yn

d! c, then�
Xn

Yn

�
d!
�
X

c

�

� Slutsky Theorems for Convergence in Probability:

1. If Xn 2 Rm, Xn

P! X and if f : Rm ! R
q (where q � m) is

continuous except possibly on a set C with P (X 2 C) = 0, then

f(Xn)
P! f(X).

2. If Xn

P! X and (Xn �Yn)
P! 0, then Yn

P! X.

3. If Xn 2 Rd, Yn 2 Rk, Xn

P! X and Yn

P! Y, then�
Xn

Yn

�
P!
�
X

Y

�



� Let g(x) have a second derivative that is continuous at x = �, and let
p
n(Tn � �)

d! T . Then
p
n(g(Tn)� g(�))

d! g
0(�)T .

� Strong Law of Large Numbers (SLLN): Let X
1
; : : :Xn be i.i.d. random

variables with �nite �rst moment. Then Xn

a:s:! E(X
1
).

� Let X
1
; : : : ;Xn be i.i.d. random vectors in Rk with expected value

vector � and covariance matrix �. Then
p
n(Xn��) converges in dis-

tribution to a multivariate normal with mean 0 and covariance matrix

�.

� Lindeberg Central Limit Theorem: Consider the triangular array of

random variables
X
11

X
21
; X

22

X
31
; X

32
; X

33

: : : ;

where the random variables in each row are assumed independent with

E(Xij) = 0 and V ar(Xij) = �
2

ij
. Let Sn =

P
n

j=1
Xnj , and let v2

n
=

V ar(Sn) =
P

n

j=1
�
2

nj
. Then Sn

vn
converges in distribution to a standard

normal provided, for all � > 0,

lim
n!1

1

v2
n

nX
j=1

E[X2

nj
I(jXnjj � �vn)] = 0

� Un = Op(Vn) means 8� > 0; 9M = M(�) and N = N(�) such that if

n > N , PfUn
Vn
� Mg � PfUn

Vn
� �Mg > 1 � �. Usually, Vn = n

�t for

some t > 0.


