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We consider the autocovariation function which is an analogue of
the autocorrelation function defined for stationary processes with finite
absolute mean. The sample autocovariation function is shown to be a
strongly consistent estimator of the autocovariation function, whenever
the underlying process is stationary and ergodic. The limit distribution
of the sample autocovariation function is given for both finite variance
and infinite variance causal ARMA processes. Applications to time series

modeling are given.

1. Introduction. Consider a stationary causal ARMA process with infinite

order moving average representation,

(L.1) Xe=Y $iZi 5 Y ikl <oo,
J=0 J=0

where {Z;} is a mean zero independent identically distributed (iid) sequence

with E|Z;| < oo and such that P(X; = 0) = 0. If E|Z;|> = oo we assume the
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sequence has regularly varying tail probabilities,
(1.2) P(|Z1| > z) = L(z)z™“

where L(z) is slowly varying at oo and a € (1,2), and

P(Z1 > .’L‘) P(Z1 < —.’E)
1.3 ———~ —>5a and ————
( ) P(|Z1| >.’L‘) P(lle >.’E)
as £ — 00, a € [0,1] and b = 1 — a. The conditions (1.2) and (1.3) ensure the

existence of a sequence of constants {a,} satisfying

(1.4) nP(|Z1] > apz) = 27 forall z>0.

It is easy to see that (1.3) and (1.4) imply that

(1.5) nP(Zy > anx) = ax”™® and nP(Z; < —apz) = br™°.

For the process with E|Z;|?> = oo the autocorrelation function (ACF) is not
defined. However, Davis and Resnick (1985,1986) examine the sample autocor-
relation function p(k) for ARMA processes with infinite second moment and
regularly varying tail probabilities. When the tail of the distribution of Z; is
asymptotically equivalent to a Pareto with exponent a < 2, the limiting distri-

bution of (n/logn)/®(5(h) — p(h)) is given by

(1.6) (Ip(h + 3) + p(h = 5) = 2p(5)p(h)|*) "> U}V,
j=0

where V is a/2-skewed stable and U has a symmetric a-stable distribution and

is independent of V. When EZ? < oo

o

(1.7) (Ip(h+ §) + p(h — 5) — 2p(j)p(h)|?)
j=0

1/2N

’

and N has a normal distribution (stable with index o = 2). This of course
implies that p(h) converges to p(h) in probability when the data is generated by

an ARMA process.
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As a time series modeling tool the sample ACF has some drawbacks when

data is heavy tailed. These include

(i) The ACF is not defined for processes with infinite variance.

(ii) A discontinuity in the quantile of the limit distribution as a — 2.

(iii) A discontinuity in the normalization as a — 2.

(iv) For a < 2 the limiting distribution provides a poor approximation for

reasonable sample sizes, especially as a approaches 2.

(v) Cohen, Resnick and Samorodnitsky (1998) give examples of stationary er-
godic process with E|X| < oo and E|X?| = oo for which the sample ACF

converges to a non-degenerate limit.

The discontinuity in the quantile of the limit distribution results from the
divisor V' which is large with positive probability when a < 2, but becomes
unity at o = 2. The discontinuities of the quantile and normalization present a
problem in application. For example, if a = 2, but is estimated to be 1.98 the
normalization and quantile used in a statistical application will be drastically
wrong (see Figure 1 in Section 3). Simulation evidence in Runde (1998) and in
Adler, Feldman, and Gallagher (1998) indicates that the large sample distribu-
tion of p(k) is not very useful for stable data. In fact in some cases a sample size
on the order of one million is necessary in order to get an accurate large sample
approximation (e.g. see Table 4 in Adler, Feldman and Gallagher).

In this paper we investigate the behavior of an analogue of the autocorrelation

function which is well defined for stationary processes {X;} with E|X1| < cc.
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DEFINITION 1.1.  For any zero mean stationary process with finite first ab-

solute moment we define the autocovariation function (AcovF) by

_ EX,Si »

Alk) = E|X;_g|

for E=0,£1,4+2,....

The covariation considered in Cambanis and Miller (1981) is a measure of
dependence for symmetric alpha-stable (SaS) random vectors. For background
on stable random processes and the covariation see Samorodnitsky and Taqqu
(1994). When the process X; has SaS finite dimensional distributions, A(k) is

the normalized covariation of X; on X;_; and
EXtSt_k = A(k)E|Xt_k|

Given observations from a time series X1, ..., X,, the method of moments
estimator of A(k) is

: Dtk XeSt—k
(1.8) Ak) = =7
Zt:l |Xt|

for k > 0 with an obvious modification for k < 0. We refer to A(k) as the sample
autocovariation function.

We will see that A(k) does not suffer from the drawbacks mentioned above
whenever E|X;| < oo. However, if a < 1 the AcovF is not defined and the sample
AcovF can converge to a random limit even for iid data (See example 2.6).

The remainder of this paper is organized as follows. We state our main results
in Section 2. We give some examples and statistical applications in Section 3.

Finally we derive the weak limit of the sample AcovF in Section 4.

2. Main results. We describe the limiting behavior of A(k) in the following
two theorems. Our first result, which follows from the ergodic theorem, is that

(k) is strongly consistent whenever the process {X;} is stationary and ergodic.
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This class of processes includes the causal ARMA processes. In Theorem 2.2 we
give the joint asymptotic distribution of the sample AcovF for causal ARMA

processes.

THEOREM 2.1. If {X;} is a stationary ergodic sequence with

E|Xi| < oo, then

NOE=SYO!

THEOREM 2.2.  Let X; satisfy (1.1). For any h let
A= (M(=h),...A(R) and A = (A(=h),...\(h)).
(i) If E|Z1]? < oo then
n2(An = M) = (B|X1))7'X,
where X is multivariate normal.
(i) If Z1 satisfies (1.2) and (1.8),
na,t(Aw — M) = (E|X1)7'Y,
where Y has a multivariate stable distribution.

REMARK 2.3.  The limiting vector Y in Theorem 2.2 can be represented as

Y

You
where Y1, ... Yon are iid skewed stable random variables and the matrix W is given

below in Section 4.
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REMARK 2.4.  If the tails of the distribution of Z, are asymptotically equiv-

1-1/a

alent to a Pareto, then the normalization becomes n and there is no discon-

tinuity at o = 2. Also, there will be no discontinuity in the quantile as a — 2.
Using properties of stable distributions we obtain a corollary to Theorem 2.2.

COROLLARY 2.5. Let {X;} be given by (1.1) with Z; ~ SaS for some a > 1.
nt YA (k) = Mk)) = op X

where X has a stable distribution,

Ejoik ijjfk<a_1>
Yo lsl®

Ak) =
and

ok = (S§Zoluhs|*) 71/ .

In the case a < 1, the sample ACF converges to a constant if {X;} is an
ARMA process. As the next example shows, a similar result does not hold for

the sample AcovF.

EXAMPLE 2.6.  Let {X;} be an iid symmetric sequence satisfying (1.2) for

some a < 1. For any k > 0,

. Yi+Y

where Y1 and Y, are independent skewed a-stable random variables.

3. Examples and Applications. In this section we consider some appli-

cations of Corollary 2.5.
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Fig. 1. (a) .975 quantiles of U/V and N in (3.2) and (b) .975 quantiles of X in (3.3). Quan-
tiles for alpha values other than 1.1,1.2,1.3,1.4,1.5,1.6,1.7,1.8,1.9, and 2 were approzimated

using interpolation.

The SaS AR(1) model. Consider the AR(1) model:
(3.1) Xy =¢Xi—1 + Zy,

where Z; ~ SaS with a > 1. The parameter ¢ can be estimated with the sample
ACF at lag 1 or the AcovF at lag 1 . The limiting distributions of the sample
ACF and AcovF can be used to derive confidence intervals for ¢ based on their
respective estimates.

For this model

32) (n/logn)/®)(p(1) — ¢) = (1 — ¢*)/*U/V  when a < 2,
n'2(p(1) — ) = (1 —¢*)'/2N  when a = 2.
For a fixed sample size n the normalizing constant has a discontinuity at a = 2.

Likewise, the limiting distribution has a discontinuity at a = 2 (The limit as

a — 2 in the characteristic function of U/V is not the characteristic function of
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the normal distribution). This can be seen from Figure 1 a) which graphs the

.975 quantile of U/V and N in (3.2) versus a. While
(3:3) n' VA1) - ¢) = (1- ¢/ X,

where X ~ SasS for a € (1,2]. Note that there is no discontinuity in either the

normalization or the limiting distribution.

Finite order moving average. We can use the sample AcovF or the sample

ACF to make preliminary estimates of the order of a finite order SaS MA(q)
Xe=Zy+61Zp 1+ +0,Z; g,

where Z; ~ SasS.

EXAMPLE 3.1. Let {X:} be a SaS MA(q) process and define
SZ(So,Sl,,...,Sq)t and 9:(60,01,...,0q)t;
for |k[ > q,

. EIStgle \ Y/
(3.4) nll/a)\(k):>(ﬂ> X

G0 101>
where X ~ SaS(m/(2I'(1 —1/a))). Notice that the constant in front of X reduces

to 1 for the iid process, since ¢ = 0. If the process is Gaussian (3.4) becomes

q 1/2
(3.5) W [T (1 - ZE(SOSk)p(k)> N,
k=1

where N has a standard normal distribution and p(k) is the ACF at lag k.

For the MA(q) process, (1.6) and (1.7) give for k > ¢

(n/ logn)(1/@ j(k) = (1 +2%0, |p(j)|°‘)1/a UlvV a<?2,

1/2
n2k) = (142505 () N a=2



Estimating Autocovariation 9

We can use the quantiles of U/V and N to attempt to identify ¢ using the
sample ACF or the quantiles of X to attempt to identify ¢ using the sample
AcovF. To compare these two procedures we ran two simulation studies. We

considered three possible strategies that a practitioner might employ:

(i) The practitioner may be unaware that his data is coming from a process
with heavy tails. In such a case he might plot p(k) at various lags and

compare to the quantiles 1.96/1/n of the normal distribution.

(ii) The practitioner might plot p, = (n/logn)/®) j(k) at various lags and
compare to the .025 and .975 quantiles of the distribution of U/V given in

Adler, Feldman and Gallagher (1997).

(iii) The practitioner might plot A(k) at various lags and compare to the .025
and .975 quantiles of n'/®~'X (quantiles for stable distributions can be

found in Samorodnitsky and Taqqu, 1994).

We simulated data under two different moving average models.

(3.6) Xy = Zy + (—0.8)Z4_1,
and
(37) Xt = Zt + (—0.3)Zt_1 + (0.7)Zt_2.

For each model and for 10 different values of a € (1,2], we simulated 1,000
time series each having sample size n = 1,000. For each time series we calculated
both the sample ACF and sample AcovF for lags 1,2,...,10. We counted the
number of times each strategy correctly identified the order ¢q. For the MA(1)
data we counted a correct identification if the appropriate statistic was outside

its respective bound at lag 1 and within the bound for each lag 2,3, ...,10. For
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Statistic Statistic
a | pk) | palk) | Ak) a | p(k) | pa(k) | A(K)
1.1 | 810 905 20 1.6 | 623 684 | 859
1.2 | 768 883 43 1.7 | 598 534 | 805
1.3 | 727 874 | 292 1.8 | 552 313 | 743
14| 702 844 | 839 1.9 | 498 82 | 604
1.5 | 682 793 | 902 2.0 | 464 NA | 515
TABLE 1

Number of simulated data sets out of 1000 that were correctly identified as coming from an

MA (1) process using strategies (i)-(4ii).

the MA(2) data we counted a correct identification if the statistic was outside
its respective bound at lags 1 and 2, and within the bound for each lag 3, ..., 10.

The results of the simulation are shown in Tables 1 and 2.

We see that the procedure using the autocovariation function correctly iden-
tified more data sets than either of the other two procedures for all a > 1.5. It
is common practice to use the ACF to identify the order of a Gaussian MA(q)
model (e.g. See section 9.2 of Brockwell and Davis, 1991). From Tables 1 and
2, we see that in the Gaussian case the sample AcovF correctly identified more

data sets than the ACF.

We also note that if we were unaware that our data was coming from a stable
distribution and we used the sample ACF and the normal bounds, we would do
better for smaller « than we did when a = 2. For example for the MA (1) model,

when a = 1.2 the procedure which uses the Gaussian bounds correctly identified
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Statistic Statistic
a | pk) | palk) | Ak) a | p(k) | pa(k) | A(K)
1.1 | 821 913 18 1.6 | 632 699 | 858
1.2 771 880 18 1.7 | 602 550 | 807
1.3 | 735 870 96 1.8 | 569 328 | 751
14| 707 849 | 626 1.9 | 519 90 | 637
1.5 | 703 821 | 887 2.0 | 507 NA | 543

11

Number of simulated data sets out of 1000 that were correctly identified as coming from an

MA (2) process using strategies (i)-(4ii).

768 data sets, and for & = 2 this same procedure (used in the traditional Box-

Jenkins approach) correctly identified only 464 data sets.

4. Proofs.

In this section we derive the weak limit given in Theorem 2.2.

We will deal with the finite variance and the infinite variance process seperately.

For the finite variance process a, = v/n.

A simple application of the ergodic theorem gives

(4.8)

n
n 'YX 25 E[X|.

t=1

It is easy to see that as n — oo,

(4.9) na;t | (A

(k) = A(K)) — (

>

t=1

n

where 2+ denotes convergence in probability.

-1,
|Xt|) Z Si(Xek — A(K)Xp) | =0,
t=1
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Weak limit under finite variance. For an ARMA process with finite vari-
ance standard mixing theory can be used to prove a central limit theorem.

For any integer h define the vector Y; by
Y = (SeXe4n — ES Xiqhy - SeXepn — ESy Xy—p)"
The weak limit of the sample AcovF is determined by the vector

-t ZYt = (\/5)71(2 SeXiyh — ESi Xiyn, ..., Z Si X n— ESi Xy p)".

t=1 t=1

PROPOSITION 4.1.

n
—lt_zlYt:n(,

where X has a multivariate normal distribution with covariance matrix 'V given

by (4.11) below.

Proor. It is enough to show that
n

-1 Z c'y; = !X,
t=1

for any ¢ € R2h*1. For each |k| < h define

y,P = Z Vi (Ziyn—jSt — EZyyr—jSt),

=0

and
Y = 8, X1k — ESi Xeps.

The Y;(k) have mean zero and finite variance. We have

o0 1/2
Z (E(Yo(k) Y(k) ) < Z E|Z, | 1/2 ( Z ¢2>

i=r+1

o0

< (BIZ)'2 Y rle]

r=1
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For Yo, = (Y™, ... vy,

oo

4100 Y (BeM(Yo-Yo,)?)'? < (cleEZ2)? iil%l < 00

r=1 j=0

Applying Theorem 19.3 from Billingsley (1999), condition (4.10) implies that

(Vo)™ Y eV = N(0,1),

t=1

where

o0
o? = E(c'Yy)? + 22 E(c'YpctYs).

t=1

We can represent o2 by
c'Ve,

where,

t
oo oo
(4.11) V=E|YoY}+ (Z Yt> Y+ Y (Z Yt> . O
t=1 t=1
Proof of part (i) of Theorem 2.2. Notice that E(X;S;—r — A(k)|X¢]) =0
and let A be the 2" x 2" 4+ 1 matrix
Ih C1 0
A= ,
0 Co Ih
where I, is the h x h identitiy matrix, 0 is a matrix with all zero entries and
c1 = (=A(h),...,—A(1))! and ca = (=A(-1),...,—A(=h))!. From (4.8), (4.9)

and Proposition 4.1
na;l(j\h - =Y
where Y has a zero mean multivariate normal distribution with covariance matrix

(4.12) W = (E|X1|)?AVA’. O
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Weak limit under infinite variance. For the process with infinite variance

we first find the limit distribution of

(Z ZySt—h — EZySihy-- s Z ZStym — EZtSt+m> .

t=1 t=1

Let ¢ be independent of S; for all ¢ with P(§ = 1) = a and P(§ = —1) = b,
where a and b are given by (1.3). If ¢»; = 0 for j > ¢ define

vt = (8S_n,...,865_1,1,sign(eh1),...,sign(tyq),0Sq+1,- - - 6Sm),

otherwise let

vt = (68S_p,...,08_1,1,sign()y),...,sign(tm)).

The random vector v takes one of r values (r = 2" for the infinite order
process). Let 71,7,,...7, be an enumeration of these outcomes and my,..., 7,
be their respective probabilities. The matrix I" appearing in Propostition 4.2

below is given by

(4.13) T = (m/“y,my g, %,).

PROPOSITION 4.2.

n n
a,’ (Z ZSt—n — EZiSt—hy-- s Z ZySt4m — EZtStJrM) =TY,

t=1 t=1

where Y is given in remark (2.3).

PRrROOF. We show that any for any ¢ € ®itm+1

Zy Z ciStyi — E (Zt Z ciSt+z'>

i=—h i=—h

= ¢/TY.

(4.14) a;! 2”:

t=1

The sequence

(4.15) Zy = Zy (Z Cz'St-‘rz')

i=—h
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is weakly dependent and can be shown to satisfy conditions D, D’, and D" of
Davis (1983). The weak limit is determined by the tail behavior of the sequence
which is given in terms of the vector v in Lemma 4.4 which we state and prove
at the end of this section. From Davis (1983) it follows that the left hand side of

(4.14) converges to a stable random variable R with scale
o = [Ble'y |1,

and skewness parameter

E(cty)t — E(c'y)~

b= E|cty|®

Using properties of stable random variables it is easy to see that
T
R > /%ty Y;,
i=1

where Yi,...,Y, are iid skewed stable random variables. O

For each |k| < h, let

m

Y;g(:,n) =7 > (Seri(5 — MNEY; ) — EZSeyj (5 — (k)b —i) -

j==1kl|

From Proposition 4.2 we have for every integer m

a;' YY" = W, Y

t=1

where
Y™ = (vim, ).
To describe the matrix W, let

st = (st ,,...,8 )
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be the it" outcome of (S_j,...,S_1) and let I = max(k,0). Then the i*" entry
of the kt* row of W,,, is

(416) (_z SH Wik — MR + 3 sign(ty) (i — A(km)) .

j=-—1 7=0

Clearly
(4.17) W.,Y = WY,

where the entries of W come from letting m — oo in (4.16).

PROPOSITION 4.3.
a,’ Z Se(Xerr — A(k)X¢) = WY
t=1

Proor. We show that

n—oo

(4.18) lim sup P (a;1| Z St (Xeqr — AMR)Xt) — Y;(Z])| > €> — 0,
t=1
as m — oo. Using Theorem 3.2 in Billingsley (1999) the result follows from (4.18)
and (4.17).
To prove (4.18), let ¢; = (Yj+r — A(k);). From the definition of A(k),
o0
Z CjEZtSH_J' = 0,
j=—Ik|

so that
Z chSlZl_j = - Z CjE (Slzl_j_[‘zl_j|>a") - Z CjE (SlZl_jI|Zl_j|§an) .
j<m Jj=m j=m
Using this fact we have,

n

> St(Xiek = AR)XD) = V§ = Un 4+ Vi + R,

t=1
Where
Un=3 5D ¢iZi-iliz_ji<an =1 D GE ($121-31i7,_i<a.) »
t=1 j=m j=m
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n [ oo
Vo, = E S E Cthij‘Zi_]'|>U/n —nE |5 E Cthij|Zt_j\>an7
t=1 j=m j=m

and

Rn = ZSt Z Cth_j - ZZt Z CjSt+j.

t=1 ji<m t=1 ji<m
We have the following
o0
Ela, ' V| < 210" E (|21l 2050.) Y, e,
j=m

and
Elay Rl < a3 " E|Zy| [(1+ [AE)) D dls| + kD[]
j=0 j=0

A slight modification of the argument in Davis and Hsing 1995 page 915 gives

2

o0
Var(U,) < 2na;2EZ121|Z1|§an Z |e;]

j=m
Using Karamata’s Theorem (e.g. see Feller 1971 page 283), the left hand side of

(4.18) is bounded by

2
2% 1/2 [’} 20 [e’s)
(—62(2 « a)) > lol] 4t Slel
j=m j=m

which converges to 0 as m — oo as was required. O

Proof of Theorem 2.2 (i) From Proposition 4.3, (4.8) and (4.9) it follows

from Slutsky’s theorem that
na;t(An — M) = (B|X,1]) ' WY,

where Y is given in remark (2.3). O
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LEMMA 4.4.  For Z} given by (4.15),

nP(|Z{| > anx) = 0“2~ forall >0

and
P(Z} > anx) . E(ctyt)> and P(Z} < —anpx) N E(cty™)>
P(|Zf| > anz) = Elcty|* P(|Z7] > anz) Elcty|
PRrROOF. Let sq,...,s, denote the possible outcomes of S = (S_p,...,S_1)¢

and define the two sets

-1 m
By =4qs;: Z cjsj + chsign(z,bj) >0
=0

j=—h

and

Let Z§ be given by (4.15), let &g = sign(Zo) and define the event:
A ={S; = dosign(¢;) Vj suchthat 1) #0}.
We have
(4.19) nP(Z§ > anz) =nP{(Z; > anz) N A} + nP {(Z5 > anz) N A°}.

We show that the second term in the right hand side of (4.19) converges to zero
as n — oo.

For ¢ =3 |,

nP[Z§ > apz N A°] < nP[|Zo| > anz/c N A

m+h

<n Z P[Zy > anx™, S14; = —sign(¢);)]
7=0

m-+h

+n Y PlZo < —anz*,S14; = sign(¢)],
=0
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where 2* = z/c. Each term in the above converges to zero as n — co. We prove
this for a term in the first sum; the other terms are handled similarly. Using
elementary probability arguments, Markov’s inequality and (1.4) we have for

7 s
Fi =¢Z ,(.ij7

nP[Zy > apz™,S; = —sign(y;)] = nP |Zy > anz™, Zo < — Zl"i
i

E|Zo| &
< nP(Zy > anz*)(anz*) ! |¢'(|) > |l
I =0

—0

as n — oo, since (a,)~' — 0. Using the fact that Z, is independent of S; for

i < 0 and (1.5) we have:

nP{(Z; > anz) N A} = Y mnP(Zo > anzlcly,|™)

By
+ ZmnP(Zo < —apzlcty,|™h)
B
— Z amiz~%|cty,|* + z bz~ %|cty,|*
Bl B2

= o B((c) )"

A similar argument shows

nP(Zy < —anz) = *E((c'y) )"
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