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Chapter 1

Quantum error-correcting codes from algebraic curves

Jon-Lark Kim and Gretchen L. Matthews
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Louisville, KY 40292 USA, jl.kim@louisville.edu
Department of Mathematical Sciences, Clemson University,
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This chapter discusses quantum error-correcting codes constructed from
algebraic curves. We give an introduction to quantum coding theory
including bounds on quantum codes. We describe stabilizer codes which
are the quantum analog of classical linear codes and discuss the binary
and g-ary CSS construction. Then we focus on quantum codes from
algebraic curves including the projective line, Hermitian curves, and
hyperelliptic curves. In addition, we describe the asymptotic behav-
iors of quantum codes from the Garcia-Stichtenoth tower attaining the
Drinfeld-Vladut, bound.

1.1. Introduction

One of the applications of algebraic geometry (AG) codes is their use
in the construction of quantum error-correcting codes. Quantum error-
correction was developed by Shor [31] and has become one of key ingre-
dients in quantum computation and quantum information theory. Calder-
bank and Shor [6] and Steane [34] independently showed that quantum
error-correcting codes can be constructed via classical linear codes over
finite fields, known as the CSS construction. At the same time, Gottes-
man developed the stabilizer formalism [13]. Shortly thereafter, nonbinary
quantum codes were studied by Rains [28] and Ashikhmin and Knill [2].
In this chapter, we start with a brief introduction to quantum infor-
mation and quantum correction (Section 1.2). Interested readers can re-
fer to the book [27]. Then in Section 1.3, we describe how to construct
quantum error-correcting codes (in particular, stabilizer codes) from clas-
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sical codes via the CSS construction. Finally Section 1.3 explains quantum
codes from algebraic geometry codes. We consider quantum Reed-Solomon
codes, quantum Hermitian codes, quantum codes from hyperelliptic curves,
and quantum codes from multipoint AG codes. We also discuss asymptotic
behaviors of quantum codes from AG codes.

1.2. Quantum information and error correction

1.2.1. Background and terminology

The classical unit of information is the bit, which is either 0 or 1. The
quantum analog of the classical 0 — 1 bit is the qubit, which is short for
quantum bit. A qubit is of the form

a|0) 4+ B|1) where o, 8 € C.

Often, the normalization condition that | « |*> + | B |?= 1 is assumed
to reflect that upon observation the qubit collapses to 0 with probability
| o |? and to 1 with probability | 3 |2. Notice that the qubit may be viewed
as a vector in C2. As in classical coding theory, one may consider larger
alphabets such as I, where ¢ = p™ and p is prime. Here, the units of
information are quantum digits, called qudits. To describe a qudit, fix a
basis {|a) : a € F,} for the complex vector space C?. Then a qudit (also
called a g-ary quantum state) is of the form

Z agla) where o, € C.
a€l,

Now the state of an n-qubit system may be viewed as a vector in the n-fold
tensor product

((Cq)@m — (Cq®®(Cq ~ (an.
—_———
n

In this setting, we now define a quantum code.

Definition 1.1. Given a prime power ¢, a g-ary quantum code of length n
. Qn
is a complex subspace of (C?)“".

Throughout this chapter, ¢ denotes a power of a prime p.

We next discuss how quantum codes guard against errors. Unlike the
classical case, it is not immediately obvious that this is even possible. More
pointedly, classical codes protect information by adding redundancy with
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the most elementary example of this being a repetition code. However,
quantum information cannot be duplicated in the same sense due to the
following observation, called the No Cloning Theorem.

Theorem 1.1. (No Cloning Theorem) There is no quantum operation that
takes the state |¢) to |¢) @ ) for all states |3).

Proof. Suppose there is such an operation. Then given |¢) # |¢),

[¥) +19) = [¥)[¥) + |9)|9)
since [¢) — [¢) and |¢) — |¢p). However,

[¥) +18) = (19) +16)) (1¥) + |9))

which is a contradiction since

(D)) +1d)|d) # (1) +19)) (1¢) + 1)) - 0

Despite the inability to copy quantum information, quantum codes do
exist. Peter Shor produced the first example in 1995 [31] which was followed
by a larger family found by Shor and Calderbank in 1996 [6]. To better
understand the errors in a quantum system, it is helpful to consider the
following (albeit oversimplified) analogy as in [15]: Given a linear code C
of length n and dimension k over Fy, C' partitions Fy into cosets

Fy =CU(CH+e)U(C+e)U---U(CHegn-r_yq)

and errors act on C by translation whereas a g-ary quantum code @ of
length n and dimension k gives rise to an orthogonal decomposition

C"=QaEQPEQ® - ®Epmr 1Q

and errors act on @ as unitary transformations. To be more precise, we
next describe the types of errors encountered by an n-qudit g-ary system.
When dealing with qubits, there are three types of errors that may
occur: a bit flip, phase flip, and a combination of bit and phase flips.
These errors on a single qubit may be represented by 2 x 2 matrices:

01 10 0—: .
X_[IO]’Z_[O—J’ andY—L 0}—1XZ.

Indeed,
Xla) =la® 1), Z]a) = (—1)"|a), and Y|a) =i(—1)*/a & 1).

The matrices X, Y, and Z are called Pauli matrices.



April 5, 2008 12:39 World Scientific Review Volume - 9in x 6in chapter'13-final

4 J.-L Kim and G. L. Matthews

More generally, let ¢ = p™ where p is prime. Given a,b € F; we have
dit flip and phase flip errors acting on a single qudit as
Tolu) = |u+a)
and
Ryfu) = ")
2mi

where € = e™» is a p' root of unity and T'r : F, — I, is the trace function.
These operators may be expressed by matrices as follows. Suppose that
{71,72,...,Ym} is a basis for F, as an F,-vector space. Given a,b € Fg,
a=>" a7y and b= 3" by for some a;,b; € F,. Let T, R € CP*P be
the matrices

010---0 ¢
T=|:: - | andR= ¢3 ;
000---1
100---0 gp—l
that is,
[TL'J = 0;,j—1 mod p and [R]i,j - gi(gi’j
where
1 ifi=j
517-7 = .
0 otherwise
and the rows and columns are indexed 0,...,p — 1. Now, matrices corre-

sponding to the dit flip and phase flip errors described above are
T, =T"®7T"® - ®@T% and Ry := R" @ R” ® --- ® R"™.
Clearly,
TRy = (T @T*®---@T%)(R" @ R ® ---® R"™)
=T“Rh @ TR»? @ ... ® T R,

Note that {T, Ry, : a,b € F,} is an orthogonal basis for C? under the trace
inner product (A, B) := Tr (A'B) where A" denotes the Hermitian trans-
pose of A. Thus, the span of {T, R : a,b € F,} is the set of errors on a
single qudit.

Next, we consider errors on an n-state system, that is, a system of n
qudits. Given a = (a1, ...,an),b= (b1,...,b,) € Fy, define

Ty =T, T4, ®-- - Q@Ty, and Ry :=Rp, @ Rp, @ --- @ Ry

n *
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Then
T.Ry = (Tm ® Ta2 X ® Tan) (Rbl ® sz ®-® Rbn)
= Tal Rbl ® Taz sz @ Tan Rbn .
Given a,b € Fy, set Eqp := T, Rp. Then the set
En = {Ea’b ta,b € IFZ}

. . n
is an error basis for C? . Hence, the error group for an n-state g-ary system
is

Gn={¢FEap:abeF)0<i<q—1},

a group of order pg®™ with center Z(G,,) = (¢I).

We now discuss when errors are correctable by a quantum code C.
Let {|¢;) : 1 < j < k} be a basis for C. In order for errors E and F to be
correctable, E|1;) and F'|y;) must be distinguishable (meaning orthogonal)
for all ¢ # j; that is,

(i ETF|p;) = 0.

Because measurement disturbs the state, error correction cannot be done
by measurement; that is, an operation that causes measurement is not
allowed. This includes anything that gives information about the state.
For example, if (1;|EYF ;) # (b;|ETF|;) for some 1 < 4,5 < k, then
this measurement gives information about the state. Hence, an additional
requirement for E¥ and F' to be correctable errors is that

(| EVF|1ps) = (5| ETF|t;)

for all 1 < 4,5 < k. This discussion is summarized in the following result
due to Knill and Laflamme [24] and Bennett, DiVincenzo, Smolin, and
Wooters [4].

Theorem 1.2. A set A of errors is correctable by a code C' with basis
{l¥j) : 1 < j <k} if and only if
<7/)1|E:5Eb|1/h> = Cabéij

where E, and E, run over all possible errors in A and Cgy, depends only
ona and b (not on i and j).

The weight of an error ('E, 1, € G, is the number of its nonidentity
components, meaning

wt (§'Eap) =n—|{i:a; =b;=0}].
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Given this notion of weight, we can now define the minimum distance of a
g-ary quantum code C' of length n to be

_ A(ulv) =0and wt(E) <d—1= (u|Ejv) =0
d—max{d. Viuy, |v)y € C and VE € Gy, |

Definition 1.2. An [[n, k,d]], code is a g-ary quantum code of length n,

dimension k, and minimum distance d.

We will write [[n, k, > d]], code to mean an g-ary quantum code of length
n, dimension k, and minimum distance at least d. As is standard, a classical
linear code of length n, dimension &, and minimum distance d (resp. at
least d) is called an [n, k,d] (resp. [n,k,> d]) code.

An [[n, k,d]], code C is pure if and only if

wt(E) <d-—1= (u|Elv) =0

for all |u), |v) € C and all E € G,,. Notice that the words u and v are not re-
quired to be orthogonal here. A weaker condition is that of nondegeneracy.
An [[n, k,d]], code C' is nondegenerate if and only if

wt(E) <d—1= |u) and E|v) are linearly independent

for all |u),|v) € C and all E € G,; otherwise C' is said to be degenerate.
While the term degenerate has seemingly negative connotations, we will see
in the next subsection that this is not necessarily the case.

1.2.2. Bounds on quantum codes

Many of the classical coding theory bounds have analogs that apply to
quantum codes.

Theorem 1.3. (Quantum Hamming Bound) Given any [[n, k, d]|, nonde-
generate quantum code,

Z (n) ( 2_1)qu§qn.
J

Proof.  Suppose that C is a [[n,k,d]], nondegenerate quantum code.
Since C' is nondegenerate, any two linearly independent correctable errors
produce orthogonal ¢*-dimensional subspaces of C?". Given 0 < j < %,
any j errors are correctable and there are

(e
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such errors. From this, the bound follows. O

Notice that this bound only applies to nondegenerate codes. This sug-
gests that it might be possible for a degenerate code to have parameters
exceeding this bound. In 1997, Gottesman [13] proved that degenerate
single- and double-error-correcting binary codes satisfy the bound given in
Theorem 1.3. Nearly a decade later, it was shown for degenerate g-ary
stabilizer codes of minimum distance 3 [22] and minimum distance 5 [1]. A
major open problem in quantum coding theory is to determine if there is a
Hamming bound that applies to degenerate codes.

Quantum codes also satisfy MacWilliams identities [32]. Using these,
one can prove a quantum analog of the classical singleton bound.

Theorem 1.4. (Quantum Singleton Bound) If C is a [[n, k,d]], code with
k> 1, then

k+2d<n+2.

A quantum maximum distance separable (MDS) code is a quantum
code which attains the Singleton bound. Rains [28, Theorem 2] showed
that all quantum MDS codes are pure. There is an interesting relationship
betweeen quantum MDS codes and classical MDS codes. If Q) is a quantum
MDS stabilizer code with n —2d+2 > 0, then it gives rise to classical MDS
codes [22, Lemma 61]. Recall that the MDS conjecture for classical codes
says: “If there is a nontrivial [n,k‘,d]q MDS code, then n < g + 1 unless
q is even and k = 3 or k = ¢ — 1 in which case n < ¢+ 2.” The classical
MDS conjecture implies that there are no nontrivial MDS stabilizer codes
of lengths greater than ¢ + 1, except when ¢ is even and d =4 or d = ¢° in
which case n < ¢%+2 [22, Corollary 65]. Therefore, the discovery of certain
quantum MDS codes could provide a route to disproving the classical MDS
conjecture. This is an active area of research in quantum error-correcting
codes.

Theorem 1.5. (Quantum Gilbert-Varshamov Bound) Suppose that 2 <
k<n,d>2andn=%k mod 2. If

2 : n) 2 j—1 " -1

. (q - 1)] < Ik e
= (J gt =g
then there exists a [[n, k,d]], code.

Recently, Feng and Ma proved a Gilbert-Varshamov type bound which
guarantees the existence of pure codes.
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Theorem 1.6. (Gilbert-Varshamov Bound for pure stabilizer codes) [9,
Theorem 1.4] Suppose that 2 <k <n, d> 2 and n =k mod 2. If

d—1

n—k+2
n 9 1 q -1
E — 1) < —F,
(j>(q ) ¢* -1

=1

<.

then there exists a [[n, k,d]], pure code.

Asymptotically, these two bounds coincide. We will consider the asymp-
totic version in Section 1.4. The statements in Theorems 1.5 and 1.6 may
be made a bit stronger. Under the given hypotheses, there exists a stabi-
lizer code with the given parameters. Stabilizer codes are discussed in the
next section.

1.3. Relating quantum codes and classical codes

While classical linear codes may be compactly described in terms of a basis,
this may not be the most concise expression for a quantum code (see Gottes-
man’s thesis [13] for some examples illustrating this). In fact, for a large
class of quantum codes called stabilizer codes, another algebraic structure
is more useful. Stabilizer codes over Fy were introduced by Gottesman in
his thesis [13], and many of the same ideas were discovered independently
by Calderbank, Rains, Shor, and Sloane [5] and used in the famous CSS
constuction.

1.3.1. Stabilizer codes

Some believe stabilizer codes to be the quantum analog of linear codes.
The stabilizer can be thought of as the quantum analog of a classical parity
check matrix. While not every code is a stabilizer code, the following is
true: Given a quantum code C, there is a stabilizer code C’ such that
C C C’ [22]; hence, knowledge of (lower bounds on) the error-correcting
capability of stabilizer codes provides information about the capabilities of
arbitrary quantum codes.

Definition 1.3. A g-ary quantum stabilizer code C of length n is a joint
eigenspace of operators of an abelian subgroup S of G, ; that is,

C:{ue(Cq":Mu:uVMGS}.
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The fact that S is abelian guarantees that the code is nontrivial. To see
this, suppose M, N € S. Then

MNp) = M[y) = |¢p) and NM[p) = N|ip) = [¢))
which imply
(MN — NM) ) = MNp) — NM|ip) = 0.
It follows that MN = NM or |[¢)) = 0. As a result, S must be abelian or
C ={|0)}. (If S is nonabelian, it is standard to extend S by Z(G,).)
We do not have space to prove or even mention all of the facts on

stabilizer codes. Instead, we point the reader to the excellent references [2],
[13], and [22]. There one can find the following result.

Proposition 1.1. A stabilizer code C with stabilizer S C G,, has % code-
words and minimum distance minwt{M € N(S)\ S} where N(S) denotes
the normalizer of S.

In the next subsection, we consider some stabilizer codes constructed
from classical linear codes.

1.3.2. CSS construction

In this section, we describe a large class of quantum stabilizer codes based
on classical linear codes.

Recall that an additive code of length n over F4 is an additive subgroup
of F}. Write Fy = {0,w,w?,1} where w? = w + 1 so that @ = w?. Then
{w,w} is a basis for F, as an Fa-vector space. Hence, given v € F7,

v = wa + wb
for some a,b € 5. This defines a bijection
f+ Ty — [F2"
wa +wb — (alb).
This bijection may be composed with
g: Fi» — @G,
(alb) — Eap
to produce
o: Fy — G,
wa+wb — Eg.
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In [5], additive codes over Fy are used to construct quantum codes via
the following major result. Here, the inner product employed is the trace
inner product defined by

uxv:=Tr(u-v)
for all u,v € F}, where the trace map is
Tr: F4 — FQ
T — T
and u - v := Z?:l u;v; 18 the usual inner product. Recall that a code C' is
self-orthogonal (or weakly self-dual) provided C' C C+.

Theorem 1.7. [5, Theorem 2] Suppose that D C F} is an additive self-
orthogonal code such that |D| = 2"~% and D+ \ D has no vectors of weight
less than d. Then any eigenspace of ¢(D) is a [[n,k,d]], code.

Classical binary linear codes may be employed in Theorem 1.7 as follows.
Suppose that Cy is a [n,k1,di], code and Cy is [n, kg, ds], code where
Cl Q CQ. Then

D =wC +wC5 CF}

is an additive code over F4. Moreover, D is self-orthogonal with respect to
the trace inner product. To see this, note that

Tr ((wa +wb) - (wa’ + wb’)) =Y abiTr (@) + ajb;Tr (w)
= (alb) - (a/|V")
=0

for all (wa +mb),(wa' +@b') € D as a,a’ € C; C Cy and b,V € Ci.
Applying Theorem 1.7 to D as above produces what is commonly called
the CSS construction for binary quantum codes, one of the most important
constructions of quantum codes. This turns out to be a special case of a
g-ary construction which is given in Corollary 1.1.

Theorem 1.8. (Binary CSS construction) Suppose that Cy and Cy are
binary linear codes of length n and dimensions k1 and ko respectively with
Cy C Cy. Then there exists a [[n, ky — k1, min{d(Cy \ C1),d (Ci-\ C2)}],
code.

Following Rains’ work on nonbinary quantum codes [28], Ashikhmin
and Knill developed a g-ary analog to Theorem 1.7. Notice that a code C'
of length n over Fy is additive if and only if C' is an Fs-subspace of F}.
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Hence, in the ¢-ary case where ¢ = p™, the notion of an additive code is
replaced with that of an [F-subspace. Such a code is said to be IF,-linear.
More precisely, we have the following definition.

Definition 1.4. Suppose ¢ = p"* where p is prime. An F,-linear code of
length n over F, is an [F),-subspace of [y .

Consider
g: IF?I" — G,
(ald) — Eg.
To generalize Theorem 1.7 to the g-ary case, one may use a generalization
of the trace inner product defined about. Given (alb), (a/|') € F2", set
(alb) * (a'|b") =Tr(a-b —a’ -b)

where T'r : F, — [, is the usual trace map.

Theorem 1.9. /2, p. 3069] Suppose that D C Fg" is an Fp-linear code
which is self-orthogonal with respect to x such that |D| = p". Then any
eigenspace of g(D) is a Hn,n —d (DJ‘* \D)Hq code.

Classical g-ary codes may be employed in Theorem 1.9. To do so, con-
sider a degree two extension F,: of F,. Suppose that w is a primitive
element of F2 so that {w,w} is a basis for F 2 over ;. Define

f: Fis — Fq2"
wa+wb — (alb).

This results in a g-ary version of the CSS construction.

Corollary 1.1. (q-ary CSS construction) [16, 22, 23] Suppose that
Cv and Cy are linear codes over F, of length n and dimensions
k1 and ko respectively with C; C  Cs. Then there exists a

[[n, k2 — ki, min{d(C2 \ C),d (Ci-\ Cg)}”q code.

Proof. Set C = wC +wCy C F, and D = f(C) C F2*. Then D is
self-orthogonal with respect to * (see [23, Lemma 2.5, Proposition 2.6]).
Now Theorem 1.9 gives the desired result. ]

Next, we see how another inner product on > may be utilized to
construct quantum codes over F,. Recall that the Hermitian inner product
on Iy, is given by

n

— yd

Ukp V= UV,
i=1
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In [2, Theorem 4], it is shown that a code which is self-orthogonal with
respect to the Hermitian inner product is also self-orthogonal with respect
to x. This idea can be used to construct g-ary quantum codes.

Corollary 1.2. /2, Corollary 1] Suppose that D is a [n,k,d],2 code
which is self-orthogonal with rtespect to the Hermitian inner product.
Let D denote the Hermitian dual of D. Then there exists a
[[n,n — 2k, min{wt (D" \ D)}]] , code.

An [n, k,d] q code is pure if its dual contains no nonzero vectors of weight
less than d. For example, a self-dual code is pure. Suppose a quantum code
Q is constructed from a classical code C' in the CSS construction (taking
Cy = Cy = C in Corollary 1.1). Then @ is pure if and only if C' is pure.

1.4. Quantum codes constructed from algebraic geometry
codes

In this section we employ algebraic geometry codes in the construction
of quantum codes. We consider several families of such codes as well as
asymptotic results. To begin, we review the notation used in this section.
Let X be a smooth, projective, absolutely irreducible curve of genus g
over a finite field Fy. Let F,(X) denote the field of rational functions on X
defined over Fy, and let Q(X) denote the set of differentials on X defined
over Fy. The divisor of a rational function f (resp. differential 1) will be
denoted by (f) (resp. (n)). Given a divisor A on X defined over Fy, let

L(A) ={f € Fo(X) : (f) = —At U {0}
and
Q(A) ={n € QX) : (n) = A} U {0}.

Let ¢(A) denote the dimension of £L(A) as an F,-vector space. The support
of a divisor D is denoted by suppD.

Algebraic geometry codes Cg(D,G) and Cq(D,G) can be con-
structed using divisors D = > | P, and G = >" | a;Q; on X where
Pi,...,P,,Q1,...,Q,, are pairwise distinct F,-rational points and a; € N
for all 7, 1 <7 < m. In particular,

C[I(DJG) = {(f(P1)77f<Pn)) : f € ‘C(G)}

and

Ca(D,G) :={(resp,(n),...,resp,(n)) :n € QG — D)}.
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These codes are sometimes called m-point codes since the divisor G has
m distinct F,-rational points in its support. Typically, an m-point code is
constructed by taking the divisor D to be the sum of all F,-rational points
not in the support of GG, and we will keep this convention. We will use the
term multipoint code to mean an m-point code with m > 2.

The two algebraic geometry codes above are related in that

Cr(D,G)* = Cqo(D,G).

If degG < m, then Cr(D, @) has length n, dimension ¢(G), and designed
distance n —deg G. If deg G > 29 — 2, then Cq (D, G) has dimension (K +
D —@), where K is a canonical divisor, and designed distance deg G — (29—
2). The minimum distance of each of the codes Cr(D,G) and Cq(D, G) is
at least its designed distance.

For more background on AG codes, the reader may consult [12], [35],
or [39].

1.4.1. Families of quantum codes from one-point AG codes
1.4.1.1. Quantum Reed-Solomon codes

Perhaps the most popular family of AG codes is the class of Reed-Solomon
codes which are one-point AG codes on the projective line. Prior to the
work on nonbinary quantum codes [2], Grassl, Geiselmann and Beth [17]
generalized some of the ideas in [5] from Fy4 to higher degree extensions of
Fy. Specifically, they considered Reed-Solomon codes over Fy: and their
binary expansions. Let {b1,...b:} be a basis for Fo: as an Fa-vector space.
Define
B: th — Fg
22:1 aib; — (ar,...,a¢) .

Given a [n, k,d]s code C, B(C) is a [tn,tk,> d]2 code. By [17, Theorem
1],

B(C)*t =B+ (CH).
Hence, if the basis is chosen to be self-dual (which it can be according
to [30, Theorem 4]) and the code C is self-orthogonal, then
B(C)CB(CH) =B(O)".

Recall that an [n, k, d]ot Reed-Solomon code is self-dual provided 2k < n.
Using this fact together with their precursor to Corollary 1.1, Grassl et. al.
obtain the following.
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Proposition 1.2. [17] Given 6 > 2;7_1 + 1, there is a quantum Reed-

Solomon code with parameters [[t (2* —1),t(26 — 2" —1),> 2" — § + 1]],.

Proof. Let C be an [2' — 1,2 — §,6],. Reed-Solomon code where § >
% + 1. Then C is self-orthogonal. Now apply Corollary 1.1 with C; =
Cy = B(C) where B is a self-dual basis for Fa: over Fo. The result follows
immediately. |

See [14] for applications of other cyclic codes to the construction of
quantum codes.

Quantum Reed-Solomon codes over fields of odd characteristic may be
constructed too. We do not provide the details here as this construction
is a special case of a result in Subsection 1.4.2. Extended Reed-Solomon
codes have also been used to construct quantum MDS codes as in [16].

1.4.1.2. Quantum Hermitian codes

Next to Reed-Solomon codes, Hermitian codes are certainly the most
studied algebraic geometry codes. Recall that the exact parameters of
one-point Hermitian codes are known due to [41]. For reference, Ta-
ble 1. gives the dimension k(«) and minimum distance d(«) of the
code Cg(P1 + -+ + Py, aPy) where P, ..., Py, Py are all of the F -
rational points of the Hermitian curve defined by y? +y = 297!, Here
a = mazx{a € H(Py) : a < a} is the largest element of the Weierstrass
semigroup at the point P, that is no bigger than o.

a k(a) d(a)
0<a<¢®—q-—s
a=sq+t @+b+l ¢ -«
0<b<a<qg—1
P-q-2<a<@-¢+gq 04—1—1—@ n-—o«
¢~ +g<a<g’ ¢’ —aifa<b
a=¢—-¢+aqg+b a—i—l—w ¢ —a+bifa>b
0<ab<q—1
C<a<@G+¢F —qg—2 a+2ifb=a
q3+q2_q_2_a:aq+bq3_“(aT+1)—b—1 a+lifb<a
0<b<a<g-—1

Table 1.
Parameters of the Hermitian code Cz(P; + - -+ + Pys, aPs)
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If oy < asg, then
Cg (D, OqPoo) g OL (D, OLQPOO) .

Applying Corollary 1.1 with Cy = Cr (D, a1 Px) and Cy = Cr (D, a3 Ps)
yields the following fact.

Theorem 1.10. /29, Theorem 3] For 0 < a; < as < ¢® +q¢* — q— 2, there
ezists a ([ K (2) — k(ar),> min{d(a2) ,d (¢ + ¢ — g — 2 — a1)}]]

2
code where k () and d(«) are given in Table 1. !

Quantum Hermitian codes can also be constructed using Hermitian
codes which are self-orthogonal with respect to the Hermitian inner prod-
uct. Recall that the dual of the one-point Hermitian code Cr (D, aPx)
over 2 is given by

Ce(D,aPy) =Cr (D, (¢ +¢*—q—2—a) Py)

as shown in [36, 38]. It follows that C (D, aPx) is self-orthogonal if 2a <
¢+ ¢*> — ¢ — 2 — a. Using this, one can prove that Cr (D, aPsy) is self-
orthogonal with respect to the Hermitian inner product for 0 < a < ¢? — 2
(see [29, Lemma 7] for details). Now Corollary 1.2 gives another family of
quantum Hermitian codes.

Theorem 1.11. [29, Theorem 8] If 0 < «a < ¢*> — 2, then there exists
all®,¢®—2k(a),>d(P+¢*—q—2— a)]]q where k (o) and d(a) are
given in Table 1.

1.4.2. More general AG constructions

The quantum Reed-Solomon and quantum Hermitian codes defined earlier
in this section are special cases of a more general construction for quantum
codes from AG codes detailed in this section.

Let X be a smooth, projective, absolutely irreducible curve of genus g
over a finite field F,. Suppose that A and B are divisors on X such that
A<B,andlet D= P +---+ P, be another divisor on X whose support
consists of n distinct [Fg-rational points none of which are in the support of
A or B. Then

L(A) € L(B)
and so

Cc(D,A) € Ce(D, B).
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Applying Corollary 1.1, we find a large family of quantum codes from AG
codes.

Theorem 1.12. Let A, B, and D = Py +- - -+ P,, be divisors on a smooth,
projective, absolutely irreducible curve X of genus g over F,. Assume that
A < B and (suppA U suppB) N suppD = () and degB < n. Then there
exists a [[n,((B) — £(A),d]], code where

4> min{d (Cz (D, B)\ Cz (D, 4)) ,d (Ca (D, A)\ Co, (D, B))}
> min{n — degB,degA — (29 — 2)}.

Proof. This follows immediately from Corollary 1.1 (taking Cy; =
Cr(D,A) and Cy = Cz(D, B)) and the fact that degA < degB < n implies
dimCpr(D, B) = ¢(B) and dimCpr (D, A) = {(A). O

In the next example, we see how one may apply Theorem 1.12 to a
multipoint code.

Example 1.1. Let X be a smooth, projective, absolutely irreducible curve
of genus g over Fy. Consider the m-point code C(D,> ", a;Q;) on X
over IF,. Since F, is finite, the class number of the function field of X over
[, is finite [35, Proposition V.1.3]. Hence, there exists a rational function
f with divisor

(f) =D biQi —b1@s
i=2

where b; > a; for all 4, 2 <i <m, and by := Y., b; . Multiplication by f
gives rise to a vector space isomorphism

¢: L, a;Qi) — L((ar +b1) Q1 — >ty (b — a;) Q;)
h — fh

which in turn induces an isometry ¢* of codes

Cr (D,Zain) =Cc (D, (a1 +01) Q1 — Y (bi — ai) Qi) :
i=1

= =2

Since (a1 +b1) Q1 — > i (b — a;) Q; < (a1 + by),

Cr <D7 (a1 +b1) Q1 — Z (bj — a;) Qi) CCr (D, (a1 +b1)Q1).

1=2



April 5, 2008 12:39 World Scientific Review Volume - 9in x 6in chapter'13-final

Quantum error-correcting codes from algebraic curves 17

Therefore, if a1 + b1 < |suppD| then Theorem 1.12 yields a quantum code
over IF, of length |suppD| and dimension

m
é((al + bl) Ql) —/ <(a1 + bl) Q1 — Z (bz — CLZ’) Qz) .

i=2
A bound on the minimum distance is given by the theorem also. However,
the weights of words in multipoint codes are not typically known. As a
result, determining the minimum distance of the quantum code may be
challenging. A notable exception to this is family of two-point Hermitian
codes whose exact minimum distance has been determined in the extensive
recent work of Homma and Kim [18], [19], [20], [21].

Of course, one may also apply Theorem 1.12 to nested multipoint codes.
While this construction provides a great deal of flexibility, it produces codes
whose minimum distances may be hard to determine. For this reason, we
will not elaborate on this idea here.

Next, we consider how Corollary 1.2 may be applied to AG codes. The
idea is a generalization of Theorem 1.11.

Lemma 1.1. The algebraic geometry code Cr (D, Q) is self-orthogonal with
respect to the Hermitian inner product if there exists a differential n such
that vp, (n) = =1, np, (1) =1 for 1 <i <n, and

D+(n)=(a+1)G. (L1)
Proof. Let D= P;+---+ P, and G be divisors on a smooth, projective,
absolutely irreducible curve X over F, where Pi,..., P, are distinct F,-

rational points not in the support of G. Recall that the dual of Cr (D, G)
may be expressed as

Ce (D,G)" =Cp (D, D~ G+ (1))

where 7 is a differential on X such that vp, () = —1 and np, (1) = 1 for
1 <i < n. Notice that for h € L(G),
ev(f)*pev(h) =0 iff Y1 | f(P)hY(P) =0Vf € L(G)
iff e L(D—-G+(n))
iff q(h) >G—D+(n)
if —gG>G—-D+(n)
It follows that given h € L(G), ev(f) *p, ev(h) =0 for all f € L(G) if

D+(n)=>(q+1)G.
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The next result is a consequence of the lemma above. Here, Pyg denotes
the common zero of the functions z and y on the Hermitian curve over IFg-.

Proposition 1.3. Suppose that 0 < a +b < ¢> — 2. Then the two-point
code C (D, aPs + bPyo) on the Hermitian curve defined by y? +y = x97!
over F 2 is self-orthogonal with respect to the Hermitian inner product.

Proof. Taken= ybzidz. Then
mM=("+—q—0+1)(g+1) P —((b+1)(¢g+1)+1)Poo— D
and the conditions of Lemma 1.1 are satisfied. O

Proposition 1.4. Let 0 < a +b < ¢*> — 2. Then there erists a
Hq3 —1,¢% — 20 (aPs + bPyo) — L, d]]q code where

d = min{wt (Cﬁ (D, aPs + bPy)™" \ Cz (D, aPs + bPOO))}.

1.4.3. Quantum codes from hyperelliptic curves

In this subsection, we review Niehage’s construction of quantum codes using
hyperelliptic curves over finite fields [26]. This approaches uses ideas of
Matsumoto [25].
Given aq,...,a, € F,\ {0}, define a weighted symplectic inner product
on Fg” by
n
U kg U= Z a; (UiVigp — Uipn ;) -
i=1
The weighted symplectic inner product gives more flexibility in the con-
struction of quantum codes. However, a code C' which is self-orthogonal
with respect to *, may not be self-orthogonal with respect to the standard
symplectic inner product *. To correct for this, the codewords of C are
multiplied by (a1,...,an,1,...,1). This is detailed in the following lemma.

Lemma 1.2. /26, Lemma 1] Let C be a linear code of length 2n overF, that
is self-orthogonal with respect to x,. Let M denote the generator matrix for
the quantum code defined by C'. Then the code C' with generator matriz

M’ ::M.diag(al,...,aml,...,l)

is a stabilizer code (with respect to the standard symplectic inner product)
with the same parameters as C.



April 5, 2008 12:39 World Scientific Review Volume - 9in x 6in chapter'13-final

Quantum error-correcting codes from algebraic curves 19

Proof. Suppose that C' C Fg" is self-orthogonal with respect to *,. Then

n

n
0=1tusqv=> a(UiVisn — Uitnvi) = B ((ait) Vign — isn (a:v;))
i=1 =1

for all u,v € C. This proves that
C":={(ar1c1,...,anCn,Cpi1,-..,Con):c€C}
is self-orthogonal with respect to . |

Next, we describe how to use *, and a hyperelliptic curve X over F,
to produce quantum codes. Let X be a smooth, projective, absolutely
irreducible curve over I, with an automorphism o of order two that fixes
the elements of ;. Set

D=P +-+P,+0P + +0P,

where Pi,...,P,,0P,...,0P, are distinct Fg-rational points on X, and
take G to be a divisor on X defined over I, that is fixed by ¢ and suppG N
suppD = (). Suppose 7 is a differential on X satisfying

vp; (n) = VoP; (77) =-1

and

resp; (77) = —T€Sop; (77)

for all 1 < ¢ < n. Then it can be shown (as in [26, Proposition 3] and [25,
Proposition 1]) that

Cr(D,G) =Cz(D,D—G+(n).

By an argument similar to that of Lemma 1.1, if G < D — G + () then
Cr (D, Q) is self-orthogonal with respect to *,. Now Lemma 1.2 implies
that C (D, G)’ is self-orthogonal with respect to *. This construction gives
rise to quantum AG codes from hyperelliptic curves as discussed in [26].

1.4.4. Asymptotic results

Since their introduction by Goppa [11], algebraic geometry codes have been
a tool for obtaining asymptotic results [40]. In this section, we describe
families of asymptotically good quantum codes from AG codes.

Given a family of quantum [[n;, k;, d;]] codes, let R = lim,, % and
0 =limy, o0 Z— If R >0 and § > 0, then the family is called good.
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In [3], Ashikhmin, Litsyn, and Tsfasman proved that there exist asymp-
totically good families of binary quantum codes as follows.

Theorem 1.13. [3] For any § € (0, 15| and R lying on the broken line

given by the piecewise linear function

1 10
=1-—— — ms Om—1],
R(6) T 3m(5f0r6€[5 Om—1]
wherem:3,4,5,...,52:%8,53:5%7 and
m—2
5m:§ 2 form=4,5,6,...,

52— 1)@2m—1)

there exist polynomially constructible families of binary quantum codes with
n — oo and asymptotic parameters greater than or equal to (J, R).

Later, Chen, Ling, and Xing improved the above theorem on certain
intervals.

Theorem 1.14. [8] Let
2 2t —3

T3+ 1)

Fort >3 and § € (0,0;), there exist polynomially constructible families
of binary quantum codes with n — oo and asymptotic parameters (6, Ry (9)),
where Ry(6) = 3t(d; — 9).

Ot

Remark 1.1. When ¢ = 3, the above theorem gives the line given by
R +96 = 3% in (0, &%). This line exceeds the Ashikhmin-Litsyn-Tsfasman
bound in the interval (3=, &).

Kim and Walker [23] generalized the ideas of Chen-Ling-Xing’s con-
struction to non-binary quantum codes and obtained the following.

Theorem 1.15. [23] Let p be any prime number. If p is odd, choose integers
t>1andr >0 such that 2t +r < p+ 1. If p = 2, then choose integers
t>3andr=1. Let

(r+ 1)@ —3)
(r+2)2t+7)(pt—1)
Then for any § with 0 < § < §(p,r,t) < 1, there exist polynomially

constructible families of p-ary quantum codes with n — oo and asymptotic
parameters at least (8, R,(0)), where

d(p,rit) =
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Ry(8) = 22 (5,1 1) — )
= T — .
D 1 b, T,

Note that when p = 2, this theorem implies Theorem 1.14.

Proof. (Sketch of proof) We follow [23]. Let X be a smooth, projective,
absolutely irreducible curve over F, of genus g. Let G be a divisor, which
is a multiple of a fixed F,-rational point Py, and let D be the sum of all the
other N F,-rational points on X. We pick any integers m; and my such that
29 —2 < mi < mg < N. Then we consider the codes T := Cz(D, m;P)
forj=1,2. ThenTy C To and T (j = 1,2) is an [N,m; —g+1,> N —m;]
code over Fy and its dual T5- is an [N, N —m; + g —1,> m; — 29+ 2] code
over F,.

From now on, we assume that the ground field is Fg, where ¢ = pt
with p a prime. We want to obtain linear codes C; over F,, from T} over
Fg2 for j = 1,2 via concatenation defined as follows. Consider an F,-
linear map o : Fg2 — F24" such that the image of o is a [2¢ + 7, 2t,7 + 1]
Reed-Solomon code over I, for some nonnegative integer r. If p is 2, we
can choose t > 1 and r = 1. If p is odd, we choose ¢t and r such that
2t+r <p+1lor0<r<p-—2t+1 due to the fact that Reed-Solomon
codes over F, exist only for lengths at most p + 1. We map T} via o
componentwisely to get C; := o(T;). Then C; (j = 1,2) is an F,-linear
[(2t + )N, 2t(m; —g+1), > (r+1)(N —m; )] code. Further it can
be shown [8] that for any vector x € C{-\Cy, we have the weight of x is
>mq — 29+ 2.

Hence using the CSS construction (Corollary 1.1), we obtain a quantum
[[n, k,d]], code B = B(X) with parameters n = (2t + r)N, k = 2t(mg —
my), d > min{(r + 1)(N — mg), m; — 2g + 2}. Furthermore, by letting
l = mo—myq, one can show that for any integers [ and r with 0 <1 < N —2g
and 0 < r < p+1—2t, there is a quantum [[n, k, d]], code B = B(X) with
parameters n = (2t + )N, k= 2tl, d > = (N —2g — [+ 1).

Let X = {X} be a Garcia-Stichtenoth tower of polynomially con-
structible curves over F,» where ¢ = p' with increasing genus g =

g(X) [10]. We know that X attains the Drinfeld-Vladut bound, i.e.,
limsupycx #XSF"?) = ¢ — 1. Then for any sequence of integers {I =

I(X) | X € X} with0 < I < N—2g for each X, we have 0 < limsup,cx & <
1- qul' As in [8], for a fixed A € (0,1 — qil), we let A := limsup,cx %
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Then
2tl 2t
R:=1 = A
ers)gp 2t+r)N  2t+7r""
and
LN —2g—1+1 1 2
0 := limsup 3 g ) = rt ( — —/\).
zeX (2t+71)N) (r+2)2t+r) qg—1
Solving for A in terms of §, we get the following.
2t 2 2t(r+2)
R,(0):=R= 1— — é.
»(0) 2t+r< q—1> r+1
Using 6(p, r,t) defined in Theorem 1.15, we finally get
2t(r +2)
R,(6) = ——=(0 t) —9).
p( ) 4 1 ( (p7 T, ) ) |:|

Another approach to finding asymptotically good quantum codes uses
the construction of Subsection 1.4.3 and the tower of function fields in [37,
Theorem 1.7]. We refer the reader to [26] for these results.

1.5. Bibliographical notes

The literature on quantum error-correcting codes is massive. The first pa-
per on quantum error-correcting codes is by Shor (Scheme for reducing
decoherence in quantum memory Phys. Rev. A 52 (1995)). Calderbank,
Rains, Shor, and Sloane (Quantum error correction via codes over GF(4),
IEEE Trans. Inform. Theory, vol. 44, (1998)) described the correspondence
between binary additive quantum codes and additive self-orthogonal codes
over Fy. Nielsen and Chuang (Quantum Computation and Quantum In-
formation, Cambridge University Press, Cambridge, 2000) is a widely used
textbook in both quantum computation and quantum information theory.

Motivated by the fact that there exist good families of algebraic geom-
etry codes meeting the Tsfasman-Vladut-Zink bound, which is better than
the Gilbert-Varshamov bound, Ashikhmin, Litsyn, and Tsfasman (Asymp-
totically good quantum codes, Phys. Rev. A 63 (2001)) showed that
asymptotically good binary quantum codes can be obtained from algebraic
geometry codes in a polynomial construction. Some improvements in this
direction have been made by Chen (Some good quantum error-correcting
codes from algebraic-geometric codes, IEEE Trans. Inform. Theory, vol.
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47, 2001), Chen, Ling, and Xing (Asymptotically good quantum codes ex-
ceeding the Ashikhmin-Litsyn-Tsfasman bound, IEEE Trans. Inform. The-
ory, vol. 47, 2001), Kim and Walker (Nonbinary quantum error-correcting
codes from algebraic curves, Discrete Math. (2007)), Sarvepalli, Klappe-
necker (Nonbinary quantum codes from Hermitian curves, Applied algebra,
algebraic algorithms and error-correcting codes, 136-143, Lecture Notes in
Comput. Sci., 3857, Springer, Berlin, 2006), Niehage (Nonbinary quantum
Goppa codes exceeding the quantum Gilbert-Varshamov bound, Quantum
Inf. Process. 6 (2007)), and others.
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