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t ss−1 =

⎡
⎢⎢⎢⎣

1
ks

cos(φs)cks

1
ks

sin(φs)cks

1
ks

sin(ksls)

⎤
⎥⎥⎥⎦ (6)

and cks(t) = cos(ksls) − 1. The matrix As in (4) transforms
the coordinates of a point defined in the coordinate frame Fs

at the end of the sth curved section to the coordinate frame
Fs−1 defined at the end of the (s − 1)th section. In the above
equations, Rs

s−1 ∈ SO(3) and t ss−1 ∈ R
3 define, respectively,

the rotation matrix and translation vector between the frames
Fs and Fs−1. Thus, for the entire robot with four sections,
the homogeneous transformation matrix can be calculated as

T 4
0 = A1A2A3A4. (7)

From (7), the end-effector position and orientation in the task-
space of the robot, denoted by p(t) ∈ R

6, can be written as

p = f (q) (8)

where f (q) ∈ R
6 denotes the forward kinematics, and

q(t) ∈ R
8 denotes the joint-space variables for the robot

defined as

q(t) = [φ1 k1 φ2 k2 φ3 k3 φ4 k4]T (9)

where φi(t) and ki(t) are the out-of-plane rotation and the
curvature, respectively, for the ith section.

Based on (8), a differential relationship between the end-
effector position and the joint-space variables can be defined
as7

ṗ = J (q)q̇ (10)

where J (q) � ∂f (q)

∂q
∈ R

6×8 is called a Jacobian matrix,

and q̇(t) ∈ R
8 denotes the joint-space velocity vector. Note

here that the determination of the Jacobian matrix requires
knowledge of the joint-space vector q(t). In Section 3, we
describe how q(t) can be constructed from images of feature
points along the manipulator as obtained from the fixed
camera.

3. Joint variables extraction

3.1. Camera space coordinates of feature points
Since a video camera is our position feedback device, we
must develop a geometric relationship between the 3D world
in which the robot resides and its 2D projection in the
image plane of the camera. To this end, we define an inertial
coordinate system I, whose origin coincides with the center
of a fixed camera (see Fig. 2). For the sake of simplicity, we
assume that the origin of the inertial frame I also coincides
with the origin of the robot base frame. At the end of sth
section of the robot, consider a transverse plane πs defined by
four noncollinear target points denoted by Osi ∀i = 1, 2, 3, 4
such that the origin of the previously defined coordinate
systemFs lies in πs . We also consider a fixed transverse plane

Fig. 2. Coordinate frame relationships.

denoted by π∗
s , (with four noncollinear target points denoted

by O∗
si ∀i = 1, 2, 3, 4) and a coordinate system F∗

s , which
are defined when the end of the sth section is at a reference
position and orientation relative to the fixed camera (i.e., π∗

s

and F∗
s are defined by a reference image of the robot). Note

that this reference image doesnot necessarily represent the
desired position to which we want to regulate the end-effector
of the robot. The 3D coordinates of the target points Osi, O

∗
si ,

denoted by m̄si(t), m̄∗
si ∈ R

3 in πs and π∗
s , respectively, are

expressed in the inertial coordinate system I as

m̄si � [xsi ysi zsi ]T (11)

m̄∗
si � [x∗

si y∗
si z∗

si ]T. (12)

We define the normalized Euclidean coordinates, denoted by
msi(t) and m∗

si ∈ R
3 for the above target points as

msi � m̄si

zsi

=
[
xsi

zsi

ysi

zsi

1
]T

(13)

m∗
si � m̄∗

si

z∗
si

=
[
x∗

si

z∗
si

y∗
si

z∗
si

1
]T

. (14)

Seen through the camera, each of the points Osi and O∗
si

in task space will also have projected pixel coordinates,
expressed in terms of I denoted by usi(t), vsi(t) ∈ R, and
u∗

si , v
∗
si ∈ R, that are respectively defined as elements of psi(t)

and p∗
si ∈ R

3 as

psi = [usi vsi 1]T p∗
si = [u∗

si v∗
si 1]T. (15)

The projected pixel coordinates of the target points are related
to their normalized Euclidean coordinates by the pin-hole
camera model,16 such that

psi = Amsi p∗
si = Am∗

si (16)

where A∈ R
3×3 is a known, constant, and invertible intrinsic

camera calibration matrix that is explicitly defined as17

A =

⎡
⎢⎢⎣

f ku −f kv cot(θ) uo

0
f kv

sin(θ)
vo

0 0 1

⎤
⎥⎥⎦ (17)
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where uo, vo ∈ R denote the pixel coordinates of the principal
point (i.e., the image center that is defined as the frame-buffer
coordinates of the intersection of the optical axis with the
image plane), ku, kv ∈ R represent camera scaling factors,
θ ∈ R is the angle between the axes of the imaging elements
(CCD) in the camera, and f ∈ R denote the focal length of
the camera.

3.2. Euclidean reconstruction
In order to develop a relationship between the coordinate
system I defined at the center of the fixed camera and
the coordinate system Fs defined at the end of the sth
section of the robot, we define Rs(t) ∈ SO(3) as the rotation
matrix between Fs and I, and xs(t) ∈ R

3 as the translation
vector between Fs and I, ∀s = 1, 2, 3, 4. Similarly, let
x∗

s ∈ R
3 be a constant translation vector between F∗

s and
I, and R∗

s ∈ SO(3) be the constant known rotation matrix
between F∗

s and I. As also illustrated in Fig. 2, n∗
s ∈ R

3

denotes a constant normal to the reference plane π∗
s expressed

in the coordinates of I, and the constant distance d∗
s ∈ R from

I to plane π∗
s along the unit normal is given by

d∗
s = n∗T

s m̄∗
si . (18)

Note that Osi and O∗
si represent the same feature point at

different geometric locations, and when expressed in the
object reference frames Fs and F∗

s , they have the same
coordinates. Exploiting this fact, and based on the geometry
between the coordinate frames Fs , F∗

s and I depicted in
Fig. 2, we can arrive at the following relationships

m̄si = xs + RsOsi (19)

m̄∗
si = x∗

s + R∗
s Osi . (20)

After solving Eq. (20) for Osi and substituting the resulting
expression into Eq. (19), the following relationships can be
obtained

m̄si = x̄s + R̄sm̄
∗
si (21)

where R̄s(t) ∈ SO(3) and x̄s(t) ∈ R
3 are the new rotational

and translational variables, respectively, defined as

R̄s = Rs(R
∗
s )T x̄s = xs − R̄sx

∗
s . (22)

After utilizing Eq. (18), the relationship in Eq. (21) can now
be expressed as

m̄si =
(

R̄s + x̄s

d∗
s

n∗T
s

)
m̄∗

si . (23)

After utilizing Eqs. (13) and (14), we obtain the following
relationship in terms of normalized Euclidean coordinates of
the feature points

msi = z∗
si

zsi︸︷︷︸
(

R̄s + x̄s

d∗
s

n∗T
s

)
︸ ︷︷ ︸m∗

si

αsi Hs

(24)

where αsi(t) ∈ R is the depth ratio, and Hs(t) ∈ R
3×3 denotes

the Euclidean homography between the coordinate systems
Fs and F∗

s . Given the relationships in Eq. (16), the above
relationship can be written in terms of pixel coordinates of
the target points in each plane as

psi(t) = αsi (AHA−1)︸ ︷︷ ︸ p∗
si

Gs

(25)

where Gs(t) ∈ R
3x3 is called the projective homography.

If all feature points in a section lie on the same plane, the
distances d∗

s defined in Eq. (18) is the same for all feature
points in that section. In this case, the collineation Gs(t)
is defined upto the same scale factor, and hence, one of
its elements can be set to unity without loss of generality.
Given the images of at least four coplanar features psi(t) on
each plane πs and the images of the corresponding reference
features p∗

si in π∗
s , we can solve the linear set of equations18

in Eq. (25) to determine Gs(t) and αsi(t). If more than four
feature points can be tracked on each plane, least-squares
solution may be used to arrive at an estimate for Gs(t). If
the points Osi are not coplanar, then the estimation of G(t)
is a nonlinear problem that requires at least eight feature
points and can be computed, for example, by using the virtual
parallax algorithm.17 Since the camera calibration matrix A

in Eq. (17) is known, Hs(t) can be obtained from Gs(t)
for each section of the manipulator. By utilizing various
techniques,5,19 Hs(t) can be decomposed into rotational and
translational components as in Eq. (24). Specifically, the rota-
tion matrix R̄s(t) can be computed from the decomposition of
Hs(t). The rotation matrix Rs(t), defining the orientation of
the end of the sth section of the robot relative to the camera
fixed frame I, can then be computed from R̄s(t) by using
Eq. (22) and the fact that R∗

s is known a priori.
Since Rs(t) is a rotation matrix between I andFs , it can be

viewed as a composition of two rotational transformations: a
rotational transformation from frame I to Fs−1, followed by
a second rotational transformation from Fs−1 to Fs . Hence,
we can progressively compute Rs

s−1(t) in Eq. (5) (i.e., the
rotation matrix from one section of the robot to the next), as15

Rs
s−1 = (Rs−1)TRs, ∀s = 1, 2, 3, 4. (26)

From Eq. (4), the joint-space variables for the sth section
can, hence, be determined as

ks = 1

ls
cos−1

([
Rs

s−1

]
33

)

φs = sin−1

([
Rs

s−1

]
32

sin(ksls)

)
(27)

where ls ∈ R is the known arc length of the section, and
the notation [·]xy denotes a matrix element at row x and
column y. With the knowledge of all the joint variables q(t)
as computed from Eq. (27), T 4

0 of Eq. (7), and consequently,
the Jacobian J (q) of Eq. (10) can now be calculated online.

Remark 1 We assume that the constant rotation matrix R∗
s

is known. This is a mild assumption, since we assume that
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the robot can be set to a known reference configuration, or
that the constant rotation matrix R∗

s can be obtained a priori
using various methods (e.g., a second camera, Euclidean
measurements, etc.).

4. Task-space kinematic controller
The control objective is the regulation of the end-effector
of the manipulator to a desired position and orientation,
denoted by pd ∈ R

6. Note that this desired configuration of
the robot may be available as an image, and the technique
described in the previous sections may be applied to compute
pd. The mismatch between the desired and actual end-
effector Cartesian coordinates is the task-space position error,
denoted by e(t) ∈ R

6, and given as

e � p − pd. (28)

Utilizing the velocity kinematics in Eq. (10), and the fact
that ṗd = 0, the open-loop error dynamics for e(t) can be
expressed as

ė = J q̇. (29)

The kinematic control input q̇(t) is designed10 as

q̇ = −J+βe + (I8 − J+J )g (30)

where β ∈ R
6×6 is a diagonal positive definite gain matrix,

In ∈ R
n×n denotes the n × n identity matrix, and J+(q)

denotes the pseudoinverse20 of J (q), defined as

J+ � J T(JJ T)−1. (31)

In Eq. (30), g(t) ∈ R
8 is a bounded auxiliary signal that

is constructed according to a sub-task control objective
such as obstacle avoidance. For example, if the joint-space
configuration that avoids an obstacle in the manipulator’s
work space is known to be qr , then g(t) can be designed as

g � γ (qr − q) (32)

where γ ∈ R is a positive gain constant. While designing
q̇(t) in the manner of Eq. (30), we make the assumption
that the minimum singular value of the Jacobian, denoted
by σm, is greater than a known small positive constant
δ > 0, such that max{‖J+(q)‖} is known a priori and all
kinematic singularities are avoided. Note that J+(q) satisfies
the following equalities

JJ+ = In (33)

J (I8 − J+J ) = 0. (34)

After substituting the control input of Eq. (30) in Eq. (29),
we obtain

ė = −βe (35)

where Eqs. (33) and (34) have been utilized. Hence, e(t) is
bounded by the following exponentially decreasing envelope

‖e(t)‖ ≤ ‖e(0)‖ exp(−λt) (36)

where λ ∈ R is the minimum eigenvalue of β.

From Eqs. (28) and (36), it is clear that p(t) ∈L∞. Based
on the assumption that kinematic singularities are avoided,
J (t) is always defined and bounded. Hence, the control input
q̇(t) is bounded since J+(q) is bounded for all possible
q(t), and g(t) is bounded by the assumption. We make the
assumption that if p(t) ∈L∞, then q(t) ∈L∞. From Eq. (29)
we get ė(t), ṗ(t) ∈L∞.

5. Simulations and discussion
The primary contribution of this paper is the development
of a vision-based technique for measuring the shape of
a continuum robot, given the expressions for the forward
kinematics. For the sake of demonstration, we chose a simpler
task-space kinematic controller formulated as

q̇ = −J Tβe. (37)

Substituting this control input in the error dynamics of
Eq. (29) results in the same exponential stability result as
in Eq. (36), except that λ is now the minimum eigenvalue
of JJ Tβ. The desired task-space position of the end-effector
was selected to be

pd = [0.30 0.01 0.769 0.0 0.4 0.0]T (38)

where the first three elements in the vector denote the desired
end-effector position specified in meters, while the remaining
three elements denote the orientation defined using the Euler
angle notation in radians. The initial configuration of the
manipulator, denoted by q(t0), was selected as

q(t0) = [0.01 0.1 0.01 0.1 0.01 0.1 0.01 0.1]T (39)

which is close to the relaxed configuration of the manipulator,
where all sections lie extended along the principal axis.
Note that the joint-space configuration of the manipulator
is defined as in Eq. (9), where the units of φi(t) and
ki(t) are radians and meters−1, respectively. The diagonal
elements of feedback gain matrix β were set to 30. Based
on calibration parameters from an actual camera, the internal
camera calibration matrix A of Eq. (17) was set as

A =
⎡
⎣1268.16 0 257.49

0 1267.51 253.10
0 0 1

⎤
⎦ . (40)

The reference image of the robot was contructed from a
configuration where the robot is fully extended along its
backbone. The simulation results for task-space control,
utilizing the simplified controller of Eq. (37) and the
vision-based joint-space variable measurement described in
Section 3, are shown in Figs. 3 and 4. Figure 3 shows the time
evolution of task-space error in the positioning of the robot
end-effector, while Fig. 4 shows the joint-space trajectories.

In a real-world implementation, multiple cameras at known
positions relative to the base frame of the robot will be
required to successfully track all visual markers on the robot
and avoid problems of occlusion. Utilizing the technique
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Fig. 3. End effector position error.

Fig. 4. Time evolution of joint trajectories.

presented in this paper, it is possible to accomplish more
than just end-effector regulation. Since all joint variables
are recovered from the processing of images, a joint-level
controller may also be implemented which will enable
complete shape control of the robot (i.e., the manipulator
may be servoed to any desired shape, given an image of the
manipulator at that configuration). The result may be further
extended to shape tracking, if a video sequence of the desired
trajectory of the robot body is available.

6. Conclusions
In this paper, we presented a kinematic controller to
exponentially regulate the end-effector of a continuum robot
to a desired position and orientation, using visual feedback
from a fixed camera. By exploiting the homography-based
techniques and the known kinematics of the robot, it was
shown that the shape of the robot arm can be completely
determined through the 2D images from the camera. The

only requirement is that a reference orientation of the end
of each section of the robot must be known relative to the
camera coordinate frame.
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