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Abstract

We present an abstract model of the output of an excitable cell in which a generic Hodgkin - Huxley class action
potential is replaced by a low dimensional biologically based feature vector or BFV. The voltage pulse that arrives at
the axon hillock of the neuron model must then modulate the BFV output in accordance to first and second messenger
effects seen in the neural element’s input and cell body regions. We derive algorithms from first principles for the
combination of two BFV’s, in a useful biological manner, which are used in input side computations. We also indicate
how first and second messenger inputs can modulate the components of the BFV in efficient manner. These algorithms
are therefore part of a model which consists of three critical components: first, a model of dendritic processing and
soma processing that requires an abstract view of second messenger processing; second, a detailed algorithm which
determines what voltage is presented to the axon hillock of the neuron based upon the first and second messenger
influences presented in the inputs and third; a suite of mechanisms which determine the shape of the resulting action
potential which the neuron emits. These abstractions have been carefully designed to permit the neuron model to
be plastic at both the hardware and software levels. Hence, the design details of their implementation within an
asynchronous programming protocol on a variety of computer networks have always been part of the development

process.

1 Introduction:

There has now been a substantial body of work, summarized in (Prete (8) 2004) on the possibility of cognitive states
arising in very small brain animals. The current research with small brain animals such as certain spiders (Prete (8,
Chap. 1) 2004) , praying mantis’s (Prete (8, Chap. 3) 2004) and frogs (Prete (8, Chap. 4) 2004) clearly indicates

that the cognitive capabilities of so-called simple nervous systems are far greater than we originally thought. We infer
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from this that there does not seem to be a need to assume that only the full complexity of the human brain is required

to develop a useful model of cognition and consciousness. As a starting position in the study of cognition, based on

the studies above, we posit that cognition and consciousness inevitably arise from the following building blocks.

e The animal lives in environment where sensory input is varied and ambiguous. A collection of nested and

potentially overlapping filters that assign low dimensional information vectors to raw input gives what is called

asenseS. Itis important that the animal have a finite collection of sertsgs. .., Sy which process the raw

inputs of the world.

e The animal’s survival does not depend on any fixed strategy. Hence, sensory information from$gnsors y

must be fused to form higher level precepts. Survival decisions must be multi-criteria in nature with difficult

to define optimal values. This implies the existence of neural circuitry that is hierarchically organized. Raw

information flows into separate modules of neural tissue through the primary sense filters. These modules, call

them sensory cortex, are connected to the outside world. The sensory cortex then connects to additional modules

which are not connected to external stimulation. We will call these additional modules associative cortex.

e The associative cortex modules can be modulated by neurotransmitter inputs from another circuit module. We

can call this central modulation circuitry the central core.

e The three elements above form a dynamical system. The central core innervates the associative and sensory

cortex and the associative cortex feeds back to the central core and the sensory cortex.

We can summarize these ideas graphically in Figure 1. In most animals studied, the midcore region is given the name

of thalamusfrom the relevant human structure and the reentrant connections are caltbdltrao - cortical loop

Homologous structures to the thalamo - cortical loop appear to be present in birds and certain insects and other species.
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Figure 1: Basic Cognitive Circuitry

We mention all of the above
material as background to moti-
vate the material we set forth in
this paper. In order to eventually
say something quantitative about
what minimal systems and interac-
tions are required to develop con-
sciousness and cognition, we need
a model of the abstract information
processing of an excitable nerve
cell with hardware/ software plas-

ticity. We have been developing
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such a model and it consists of three critical components: first, a model of dendritic processing and soma process-
ing that requires an abstract view of second messenger processing; second, a detailed algorithm which determines
what voltage is presented to the axon hillock of the neuron based upon the first and second messenger influences
presented in the inputs and third; a suite of mechanisms which determine the shape of the resulting action potential
which the neuron emits. In addition, we replace the action potential by a low dimensional feature vector to ameliorate
the computational burdens. The arguments detailing this model are long and involved and in this paper, we will only
discuss modulation algorithms for the BFV outputs of the neuron model. The discussion of the second messenger pro-
cessing algorithms are detailed in (Peterson (5) 2005) and our complete working notes can be found in (Peterson (6)
2005) . However, our hope is that this long introduction places our efforts within a larger scale framework explaining

their purpose.

2 An Excitable Cell Model

We begin by discussing the basics of information processing in a typical neuron or excitable nerve cell (Hall (1, see)
1992) . Our basic model consists of the following structural elements: A neuron which consistiendritic tree

(which collects sensory stimuli and sums this information in a temporally and spatially dependent way), a cell body
(called thesom@ and an output fiber (called thtexon). Individual dendrites of the dendritic tree and the axon are all
modeled as cylinders of some radius/hose lengtl? is very long compared to this radius and whose walls are made

of a bilipid membrane. The inside of each cylinder consists of an intracellular fluid and we think of the cylinder as
lying in a bath of extracellular fluid. So for many practical reasons, we can model a dendritic or axonal fiber as two
concentric cylinders; an inner one of radiughis is the actual dendrite or axon) and an outer one with the extracellular
fluid contained in the space between the inner and outer membranes.

The potential difference across the inner membrane is essentially due to a balance between the electromotive
force generated by charge imbalance, the driving force generated by charge concentration differences in various ions
and osmotic pressures that arise from concentration differences in water molecules on either side of the membrane.
Roughly speaking, the ions of importance in our simplified model are the potagsiunsodiumNa™ and chloride
Cl~ ions. The equilibrium potential across the inner membrane is ab@atmillivolts and when the membrane
potential is driven above this rest value, we say the membradepslarizedand when it is driven below the rest
potential, we say the membranehgperpolarized The axon of one neuron interacts with the dendrite of another
neuron via a site called synapse The synapse is physically separated into two partspthsynapticside (the side
the axon is on) and thpostsynaptiside (the side the dendrite is on). There is an actual physical gapytiagptic
cleft, between the two parts of the synapse. This cleft is filled with extracellular fluid.

If there is a rapid depolarization of the presynaptic site, a chain of events is initialized which culminates in the
release of specialized molecules callelirotransmittersnto the synaptic cleft. There are pores embedded in the

postsynaptic membrane whose opening and closing are dependent on the potential across the membrane that are called
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voltage-dependent gatels addition, the gates generally allow the passage of a specific ion; so for example, there are
sodium, potassium and chloride gates. The released neurotransmitters bind with the sites specifity for ibie.

Such sites are calle@ceptors Once boundNa™ ions begin to flow across the membrane into the fiber at a greater

rate than before. This influx of positive ions begins to drive the membrane potential above the rest value; that is, the
membrane begins to depolarize. The flow of ions across the membrane is measured in gross terms by what are called
conductancesConductance has the units of reciprocal ohms; hence, high conductance implies high current flow per
unit voltage. Thus the conductance of a gate is a good way to measure its flow. We can say that as the membrane begins
to depolarize, the sodium conductangg,,, begins to increase. This further depolarizes the membrane. However, the
depolarization is self-limited as the depolarization of the membrane also triggers the activation of voltage-dependent
gates for the potassium ioik +, which allow potassium ions to flow through the membrane out of the cell. So the
increase in the sodium conductangg;,, triggers a delayed increase in potassium conductapgedthere are also
conductance effects due to chloride ions which we will not mention here). The net effect of these opposite driving
forces is the generation of a potential pulse that is fairly localized in both time and space. It is generated at the site
of the synaptic contact and then begins to propagate down the dendritic fiber toward the soma. As it propagates, it
attenuates in both time and space. We call these voltage RdseSynaptic Pulsesr PSPs.

We can model the soma itself as a small isopotential sphere, small in surface area compared to the surface area of
the dendritic system. The possibly attenuated values of the PSPs generated in the dendritic system at various times
and places are assumed to propagate without change from any point on the soma body to the initial segment of the
axon which is called thaxon hillock This is a specialized piece of membrane which generates a large output voltage
pulse in the axon by a coordinated rapid increasgnip andgx once the axon hillock membrane depolarizes above
a critical trigger value. The axon itself is constructed in such a way that this output pulse, caletidinepotential
travels without change throughout the entire axonal fiber. We can model the dendrite fiber reasonably accurately by
using what is called the core conductor model. In this model, careful reasoning using Ohm'’s law and Kirchhoff’s laws

for current and voltage balance lead to the well-kn@ere conductorequation

82 V’",
0z2

(ri +10)Kim(z,t) — 15K (2, 1). Q)

wherer; andrg are the resistance per unit length in the inner and outer conductprs the membrane current from
inner to outer conductor per unit length, is the the current per unit length due to external sources applied in a
cylindrically symmetric manner and,, is the membrane potential. It is much more useful to look at this model in

terms of transient variables which are perturbations from rest values. We define

‘/m(zat) = ‘/7(,1—}—1)7”(2,15), Km(zat):KO —|—,Z1:m(2:,t), Ke(27t):K2+ke(Z,t) (2)

m
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where the rest values are respectivVEfy (membrane rest voltage,?, (membrane current per length base value) and

K? (injected current per length base value). With the introduction of these transient variables, we are able to model the
flow of current across the inner membrane more precisely. We introduce the conductance per, |gr§ittmens/cm

or 1/(ohms cm) and capacitance per length(fahrads/cm) of the membrane and note that we can think of a patch of

membrane as as simple RC circuit. This leads tdrdesient cableequation

9%v,,
0z2

(Ti + ro)gm Um(z7 t) + (Ti + To)cm Ta, Toke(za t) (3)

If we write the transient cable equation into an appropriate scaled form, we gain great insight into how membrane
voltages propagate in time and space relative to what may be called fundamental scales.r@eﬁﬂ% and
Ao = m Note thatr,,, the fundamental time constant, is independent of the geometry of the cable and
depends only on dendritic fiber characteristics. This constant determines how quickly a membrane potential decays to
one half on its initial value). The constakt is dependent on the geometry of the cable fiber and it can be shown it
is the fundamental space constant of the system for the membrane potential decays to one half of its value within this
distance along the cable fiber. The space constant can be shown to have units of cm.

The Thevenin equivalent conductand&,., is then defined to b&', = A¢ g,,. For most biologically plausible
situations, the outer conductor resistance per unit length is very small in comparison to the inner conductor’s resistance

1

per unit length. Hence;; > r, andG,, = ,/2=. It follows thatr; + r, = v and hence, we can rewrite the

T )\%

transient cable equation as

9%v,, v,
% 822 = Un+7Tm atf — TO)\%«ke. (4)

We can convert this into length and time scales based on the fundamentallerati timer,,. Define the scaled
length\ by A A\c = z and the scaled time by T, = ¢. Then it follows that defining,,, (A, 7) = v, (Ae, 77ar), We
find

2 A A~
0 Um avm

e U + 57 — 1o AEke( Mo, TTar). (5)

2.1 The Ball and Stick Model:

We can now extend our model to thall and stickneuron model which consists of an isopotential sphere (the soma)
coupled to a single dendritic fiber input line. We model the soma as a simple parallel resistance/ capacitance network

and the dendrite as a finite length cable as previously discussed using scaled length and time It is then possible to show,
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with a reasonable zero-rate left end cap condition, the appropriate boundary condkienCais given by

o0,
P ax

Oy,
(0,7) = tanh(L) |i,,(0,7) + aL(o,T) , 6)
.
where we introduce the fundamental ratie= g—’; the ratio of the dendritic conductance to soma conductance. The

full system to solve is therefore:

2/\

aa:;n = @7n+%7 0<z<{,t>0. @)
81}7” _
8)\ (L7T) Oa (8)
O, K 96,
%(077) = tanh(L) |0, (0,7) + %(0,7‘) . Q)

Applying the technique of separation of variablgés(\, 7) = u(M\)w(7) leads to the system

W' MNw(t) = uNw(r) + u(MNw'(7)

pu' (0)w(r) = tanh(L) (uw(0)w(r) + u(0)w' (7))

g\
=
g
—
2
[
s}

This leads to the ratio equatidé% = 'ful((:)). Since these ratios hold for atland )\, they must equal a common

constant3 which is called the separation of variables constant. Thus, we have

Pu 1+Bu, 0 < X< L (10)
e Hl=As,
dw = pw, T > 0. (11)
dr
The boundary conditions then become
W' (L) = 0 pu'(0) — tanh(L)u(0) = 0.

The only case where we can have non trivial solutions to Equation 10 occuriwh@én= —«? for some constant.

The general solution to Equation 10 is then of the fotros(a)) + Bsin(a)). To satisfy the boundary conditions,
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we find A and B must be chosen to satisfy the system

—o’tanh(L)A + paB = 0

—asin(al) + acos(al) = 0

A non trivial solution requires that the determinant of the system be nonzero. This imptiest satisfy the transcen-

dental equation

tanh(L
tan(al) = -« anp()7 = —k(al), (12)
wherek = “‘“p#. The values ofx that satisfy Equation 12 give us the eigenvalue of our original problems,

—1 — o2. The eigenvalues of our system can be determined by the solution of the transcendental equation 12. It can
be shown that the eigenvalues form a monotonically increasing sequence starting, witl) and with the values
a., approaching asymptotically the valuéf{% . Hence, there are a countable number of eigenvalues of the form

B = —1 — o2 leading to a general solution of the form

(A7) = A, cos(aph) e o7, (13)

Hence, this system has the eigenvalue/ eigenfunction pairs gives ifthe solution to the transcendental equation
12) andcos|a, (L — \)]. These eigenfunctions anet mutually orthogonal in thé? inner product (this system is not

a Stirm-Liouville system). In fact, we can show that fort m,

L . . B
/ cos[an (L — \) coslam(L — ) = sin((en + om)L) + sin((an = am)L)
0 Qp + Oy Qp — Qi

Sincelim a,, = w we see there is an integ@rso that

/0 cos[an (L — A) cos[am(L—A) =~ 0

if n andm exceed?. Thus, as usual, we expect the most general solution is given by
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Q ‘ %
Om(A,7) = Apge T + Z Ay, cos(ap (L — )\))e*(Hai)T + Z A, cos(an (L — )\))e*(H"‘i)T (14)
n=1 n=Q+1
Since the spatial eigenfunction are approximately orthogonal, the computation of the coeffigidotsn > @ can

be handled with a straightforward inner product calculation. The calculation of thE ficgfficients must be handled

as alinear algebra problem.

3 The Basic Hodgkin - Huxley Model:

A realistic description of how the membrane activity contributes to the membrane voltage uses models of ion flow
controlled by gates in the membrane. A simple model of this sort is based on work that Hodgkin and Huxley (Hodgkin
and Huxley (4) 1952) , (Hodgkin, Hodgkin (2, 3) 1952, 1954) performed in the 1950’s. We start by expanding the
membrane model to handle potassium, sodium and an all purpose current, called leakage current, using a modification
of our original simple electrical circuit model of the membrane. We will think of a gate in the membrane as having an
intrinsic resistance and the cell membrane itself as having an intrinsic capacitance. Thus, we expand the single branch
of our old circuit model to multiple branches — one for each ion flow we wish to model. The ionic current consists

of the portions due to potassiumfy, sodium,Iy, and leakagd;. The leakage current is due to all other sources

of ion flow across the membrane which are not being explicitly modeled. This would include ion pumps; gates for
other ions such as Calcium, Chlorine; neurotransmitter activated gates and so forth. We will assume that the leakage
current is chosen so that there is no excitable neural activity at equilibrium. The standard Hodgkin - Huxley model of

an excitatory neuron, under the voltage clamped protocol is

AV, 1
% - C (Ig — Ix — Ing — Ip). (15)

where(),,, is membrane capacitance ahdis an external currenfz. From circuit theory, we know that the charge

q across a capacitor is = C FE, whereC is the capacitance anfl is the voltage across the capacitor. Thus, from
Ohm'’s law, we know that for each ianwe can say,. = I. R. where we label the voltage, current and resistance due

to this ion with the subscript. This impliesi. = G, V., whereG. is the reciprocal resistance or conductance of ion

c. Hence, we can model all of our ionic currents using a conductance equation of the form above. The conductance is

assumed to have the form

Gc(‘/nut) = GOMZC)(‘/Tmt)Hg(Vmat)a
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where appropriate powers pfand g are found to match known data for a given ion conductance. We model the
leakage currentl,, asI;, = G, (Vi,(t) — Er) where the leakage battery voltagé;, and the conductangg, are
constants that are data driven. Hence, in terms of current densities, lgtting;, andg;, respectively denote the ion

conductances per length, our full model would be

AV
CmW = IE - GK(meEK) - GNa(VynfENa) — GL(Vm 7EL)

Hodgkin and Huxley modeled the sodium and potassium gates, from data, as

GNa(Vinyt) = GY* M3 Vi, t) Hva (Vins 1),

Gr(Vimst) = GE M3 (Vin,t).

where the activationM,,,,, and the inactivation};,,,, variables satisfy first order kinetics of the form %
Too — X, Tg = xo, Wherex can be any of the choicedt,,,, or H;.,,. The model is further complicated by the

voltage dependence of the critical constant p@its z..) and so forth. These parameters are computed at any given

voltage byr, = — 1405 andz,, = - Cf;ﬁ . The neededc, ) pairs for each activation/ inactivation variable are

modeled using curve fits to data as sigmoid type nonlinearities.

4 Second Messenger Models

We now look at pathways used by extracellular triggers but very abstractly as we want to design principles by which
we can model second messenger effects.Tyedenote a second messenger trigger which moves though @ gort

create a new trigger; some of which binds t@;. A schematic of this is shown in Figure 2.

rTl

Port P {
(1NByTq

Figure 2: Second Messenger Trigger

In the figure,r is a number betweet and1 which represents the fraction of the trigdgér which is free in the
cytosol. Hencel00r% of T} is free andl00(1 — r) is bound toB; creating a storage compld /T;. For our simple
model, we assumeT} is transported to the nuclear membrane where some of it binds to the erzymeet s in
(0,1) denote the fraction ofT; that binds toE;. We illustrate this in Figure 3.

We denote the complex formed by the bindingfyfandT; by E; /T;. From Figure 3, we see that the proportion
of Ty that binds to the genome (DNA) and initiates protein crealtd®, ) is thussrT;.
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— (bound)

Figure 3: Somd Binds To the Genome

4.1 Generic Second Messenger Triggers:

The protein createdP(T}), could be many things. Here, let us assume tR&f}) is a sodium, N&, gate.

Thus, our high level model is

ANB/T] }—® sEy/rTy + DNA — Na' gate

Nuclear Membrane

We therefore increase the concentration oftNa
gates, [NAT] thereby creating an increases in the

sodium conductanceyy,. The standard Hodgkin -

(1-s)Tq
Huxley conductance model (details are in Section 3) is

given by

Figure 4: Maximum Sodium Conductance Control Pathway
gna(t, V) = gia" My, (t v)HE, (8 V)

wheret is time andV’ is membrane voltage. The variablé&$,, andH y, are the activation and inactivation functions
for the sodium gate witlp andg appropriate positive powers. FinallgR/%” is the maximum conductance possible.

These models generatel v, andH v, values in the rangé, 1) and hence,

0 < gna(t,V) < gng”

We can model increases in sodium conductances as increaggg irwith efficiencye, wheree is a number
betweerd and1. We will not assume all of theE; /rT; + DNA to sodium gate reaction is completed. It follows
thate is similar to a Michaelson - Mentin kinetics constant. We could also alter activatibf,, and/or inactivation,

Hna, as functions of voltagd/ in addition to the change in the maximum conductance. However, we are interested
in a simple model at present. Our full schematic is then given in Figure 4. We can model the choice pficess,

(1 —r)By /T via a simple sigmoid,

10
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flz) = 05 <1+tanh(m_gx0)>

where the transition rate ay is f/(z¢) = i Hence, the “gain” of the transition can be adjusted by changing the
value ofg. We assume is positive. This function can be interpreted as switching from of “low” stetea high state
1at speed}g. Now the functionh = rf provides an output iir, co). If x is larger than the threshold,, % rapidly
transitions to a high state On the other hand, if is below threshold, the output remains near the low state

We assume the triggél, does not activate the poR unless its concentrations is past some thresfiold where

[To]» denotes théaseconcentration. Hence, we can model the port activity by

hp([To]) = g < 1+tanh(w) )

9p

where the two shaping parametegs(transition rate) andly], (threshold) must be chosen. We can thus model the
schematic of Figure 2 ds, ([Ty]) [T1],, where[T7],, is the nominal concentration of the induced trig@er In a similar

way, we let

he(z) = g (1+tanh(x_x0))

Ge

Thus, forz = h,([To]) [T1]n, We haveh, is a switch fromD to s. Note that) < = < r[T%],, and so ifh, ([Ty]) [T1],
is close tor[T4],, he is approximately. Further, ifh, ([To]) [T1], is small, we will havéq, is close td). This suggests

a threshold value fok, of @ We conclude

_ rTiln
he (hy (o)) [T1)) = ;(1 + tany DD =15 ))

Je

which lies in[0, s). This is the amount of activatéfi which reaches the genome to create the target prétéin). It

follows then that

[P(T)] = he (hp([To]) [T1]n) [T1]n

The protein is created with efficieneyand so we model the conversion[#f(17)] into a change igR2* as follows.

Let

11
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hno(z) = g < 1+ tanh(xgjvwo) >

which has output iff0, e). Here, we want to limit how large a change we can achiewgifi*. Hence, we assume
there is an upper limit which is given b¥ ¢g%2* = dn, gNe®. Thus, we limit the change in the maximum sodium
conductance to some percentage of its baseline value. It follow& thet:) is aboutdy, if « is sufficiently larges
and small otherwise. This suggests thathould bg P(7T;)] and since translation tB(7} ) occurs no matter how low

[T1] is, we can use a switch point valuexaf = 0. We conclude

mallPT]) = oo st (1 ann(E ) ) (16)

Our model of the change in maximum sodium conductance is ther&fgle’” = hyq([P(11)]).

We can thus alter the action potential via a second messenger trigger by allowing

gna(t,V) = (9" + hna([P(T1)]) JMP (2, VIH(E, V)

for appropriate values of andg within a standard Hodgkin - Huxley model.

Next, if we assume a modulatory agent acts as a triggexrs described above, we can generate action potential
pulses using the standard Hodgkin - Huxley model for a large variety of critical sodium trigger shaping parameters.

We label these with &« to indicate their dependence on the sodium second messenger trigger.

li
Na Na Na _Na ,Na _Na
r 7[T0]b y9p S 1 9e € 7gNa36Na

e

We can follow the procedure outlined in this section for a variety of triggers. We therefore can add a potassium gate

trigger with shaping parameters

/
[TKy [TO]Kbagfa 3Ka9£(7 eK?gK7 6K]

4.1.1 Concatenated Sigmoid Transitions:

In the previous section, we have found how to handle alteratiogigifi due to a triggefly. We have

12
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gNa(t, V) = (GRS + hya([P(TV)]) ) MB, (8, VYHS (8, V)
where
hNa([P(Tl)]) — §6Na g?\[lgm ( 14+ tanh([l‘jg(jz)}) )

with e anddn,in (0,1). Denote the transition function(x, =, go) by

1 T —T
o(z,20,90) = 2(1+tanh(goo))

We can then write the sodium conductance modification equation more compactly as

hna([P(T1)]) = ednagna” o([P(T1)],0,9na)-

Using this same notation, we see

hy([T = 0))

ra([Tol, [Tolb, 9p)

he(ho (T[] = so(hquo])[Tﬂn,“Tl]”,ge)

2

= so <7’0’([T0], [Tols, 9p)[T1]n, T[Tﬂn’ge)

Note the concatenation of the sigmoidal processing. Now

[P(T)] = he (hp([To])[T1]n) [T1]n
Thus,
P = oo (oDl T il "5 ) 1,

13
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Finally,

gna(t, V) gNa (1 +edna o([P(T1)],0,gna) )My, (8 VIH Y, (V)

Implicit is this formula is thecascade'o (o (¢” as h([P(11)],0, gne) USes two concatenated sigmoid calculations

itself. We label this as a3 transition and use the notation

o3( [Tol, [Tols, 9p;  inner most sigmoid
r; scale innermost calculation by
(T ]n; scale again by[7}],,

this is input to next sigmoid

@, Je; offset and gain of next sigmoid
s; scale results by
[T1]n; scale again by{T1],,

this is [P(T1)]

this is input into last sigmoid
0,9Na; offset and gain of last sigmoidl

Thus, theygy, computation can be written as

’I’[Tl]n

gna(t,V) = gnae” <1 +edna a3([To], [Tolb, 9p; 73 [T1]n; s 9es 83 [T1]ns 0»9Na)> MY (VIR (V)

This implies a triggefly has associated with it a data vector

Ti]n '
T[ 21] -, 9e> S, [Tl]n707gT:|

WTo = |:[T0], [TO}bagpvrv [Tl]nv

wheregr denotes the final gain associated with the third level sigmoidal transition to create the final gate product. We

can then rewrite our modulation equation as

gna(t,V) = gha" (14 edna 03(Wha) ) M?Va<t7 V)'H?Va(t, V)

We can also handle the the case of thé €and neurotransmitter triggers. These details can be found in (Peterson

14
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(5) 2005) and so will not be given here. We simply note that in these ¢&sgsepresentsCa™t ™| and [T}] will

denote some sort @f'at* binding complex. To see how a neurotransmitter modulator can be handled, we consider
the general model shown in Figure 5(a). The dendrite is modeled as a Rall cable of electrotonid.leagththe

soma is a cylinder of length,. Both the Rall cable and the soma can receive excitatory and / or inhibitory current
pulses generally denoted by the letters ESP and ISP. When the output of one neuron is sent into the input system of
another, we typically call the neuron providing the input gire-neuronand the neuron generating the output, the
post-neuron The axon of the pre-neuron interacts with the dendrite of the post-neuron via a structure catlestthe
synaptic densitpr PSD The pre-neuron generates an axonal pulse which is the input to the PSD structure. The PSD
is really a computational object which transduces the axonal voltage signal on the pre-axon into a ESP or ISP on the
post-dendrite cable. The pre-neuron’s action potential influences the release of the contents of synaptic vesicles into
the fluid contained in the region between the neurons. Remember, the brain is a 3D organ and all neurons are enclosed
by a liquid soup of water and many other chemicals. The vesicles camaimtransmitters For convenience, we

focus on one such neurotransmitter, labejedThe vesicle containing is inside a structure called a spine on the
surface of the pre-axon. The vesicle migrates to the wall of the spine and then through the wall itself so that it is
exposed to the fluid between the pre-axon and post-dendrite (the synaptic cleft). The vesicle ruptures and spreads
the ¢ neurotransmitter into the synaptic cleft. Theneurotransmitter then acts like the trigdgy we have already
discussed. It binds in some fashion to a port or gate specialized for tleeirotransmitter. The neurotransmitter

then initiates a cascade of reactions:

e It passes through the gate, entering the interior of the cable. It then forms a cotplex,

e Inside the post-dendrité, influences the passage of ions through the cable wall. For example, it may increase
the passage aVa™ through the membrane of the cable thereby initiating an ESP. It could also influence the

formation of a calcium current, an increaseiin and so forth.

e The influence vig can be that of a second messenger trigger.

Hence, each neuron creates a brew of neurotransmitters specific to its type. A trigger 6§ tgoethus influence

the production of neurotransmitters with concomitant changes in post-neuron activity. Thus, in addition to modeling
Ca™™ or other triggers as mechanisms to alter the maximum sodium and potassium conductance, we can also model
triggers that provide ways to increase or decrease neurotransmitter. Since the neurotrapsnaitecond messenger

trigger, we obtain, leaving off most of the earlier steps in the computation, the usual output equation

. e ¢(¢
REPA®D) = 5 b g (1 + tann (20N (gi(t))})>
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The final step is to interpret what function the protéth has in the cellular system. If it is a sodium or potassium

gate, the modification of the conductance of those ions is as before:

9a(t;V) = (g + h([P([C(H)]) )ME(E, VIHE(E, V)

However, the protein could increase calcium current by adding more calcium gates. We can model the calcium current

alterations as

Ca™(t,V) = (Ca™)P*" + he([P([C()])

This gives the sodium and potassium influence equations

Sger(t,z) = th([PC([C](ﬁ))])

GXp( _(x _mﬁs) )

R t—tg, 4D¢, (t —t¢,)

where the index; denotes the sites where tijegates are located. If the neurotransmitter modifies the calcium

currents, we have a different type of influence:

(Ca™)Ee(te) = Y he([P(ICHO)
3

We will be focusing on only a few neurotransmitters. We will seas the designation for the neurotransmitter
serotonin (;, for dopamineand (s, for norepinephrine. In Figure 5(a), we show a typical computational neuron
assembly. The dendritic cable is electronic distahgeand we will use the variable to denote distance along the
dendrite. The soma is also modeled as a cylinder and we assume it can receive input at electronic distardges up to
away from the axon hillock. The inputs to the dendrite occur through @ggstand the soma entry ports are labeled
by Ps. We have a variety of inputs that enter the dendrite. For eachttjmee sum over the dendrite distance, the

effects of all the inputs. These include

e a triggerT, which enters the dendrite poflp, and is a simple modulator of the voltage activated gates for

sodium and potassium. So we directly modify the maximum ion conductance.

e atriggerTy which is a second messenger whose effects on sodium and ion conductance utilize a sigmoid - 3

transition.

16
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e aCa™t injection current which can alter the sodium and potassium conductance functions via second messenger

pathways.

e neurotransmitters, to A4 which can modify sodium and potassium conductance via second messenger effects

or directly. In addition, they can alter calcium currents via second messenger pathways.

5 The Abstract Neuron Model

The general structure of a typical action potential is illustrated in Figure 5(b). This wave form is idealized and we are
interested in how much information can be transferred from one abstract neuron to another using a low dimensional
biologically based feature vector (BFV). We can achieve such an abstraction by noting that in a typical excitable

neuron response, Figure 5(b), the action potential exhibits a combination of cap-like shapes.

w=L

|

O )) D)

W=° Pon Pp

Mazimum Amplitude

Trlgger Tp

— — Depolarization
z 0 Pon Ps z '-2

Reference Crossing
$ BFV Eeference Voltags
Soma Hyperpolarization
Minimum Amplitude
TnggerTS axonal hillock
(a) The Dendrite - Soma BFV Model (b) Prototypical Action Potential

Figure 5: Neuron Computation

We can use the following points on this generic action potential to construct a low dimensional feature vector of

Equation 17. Note that (t3) = (V4 — V3) g

17
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(to, Vo) start point
(t1,V1) maximum point
¢ = (ta, V2) return to reference voltage 17)
(t3,V3) minimum point
(g,t4,V4) sigmoid model of tail
Vs + (Vi —V3) tanh(g(t — t3))

where the model of the tail of the action potential is of the féfm(t) = V3 + (V4 — V3) tanh(g(t — t3)). Note that
vy (ts) = (V4 — V3) g and so if we were using real voltage data, we could approxivigigs) by a standard finite
difference. The feature vector stores many of the important features of the action potential is a low dimensional form.

We note these include

The intervallty, t1] is the duration of the rise phase. This interval can be altered or modulated by neurotransmit-

ter activity on the nerve cell's membrane as well as second messenger signaling from within the cell.
e The height of the pulsé/;, is an important indicator of excitation.

e The time interval between the highest activation leVgland the lowesty, is closely related to spiking interval.

This time interval[t1, ¢3], is also amenable to alteration via neurotransmitter input.

e The “height” of the depolarizing puls&},, helps determine how long it takes for the neuron to reestablish its

reference voltagdy;.

e The neuron voltage takes time to reach reference voltage after a spike. This is the time interval by the interval

[tg, OO]

e The exponential rate of increase in the time intef¥aloco] is also very important to the regaining of nominal

neuron electrophysiological characteristics.

Clearly, we can model an inhibitory pulse in essentially the same magatis mutandi We will assume all of the

data points in our feature vector are potentially mutable due to neurotransmitter activity, input pulses into the neuron’s
dendritic system and alteration of the neuron hardware via genome access with the second messenger system. We
believe the simple biological feature vector (BFV) can be used to discriminate subtle changes in the action potential
wave form as is detailed in (Peterson and Khan (7) 2005-1) . Hence, one could use ensembles of abstract neurons
whose outputs are BFVs (11 dimensional say) to create local cortical computationally phase locked groups. The
effects of modulatory agents such as neurotransmitters can be modeled as introducing changes in the BFVs. The kinds

of changes one should use for a given neurotransmitters modulatory effect can be estimated from the biophysical and
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toxin literature. Anincrease in sodium ion flow, €2 gated second messenger activity can be handled at a high level

as a suitable change in one of theparameters of the BFV.

5.1 The BFV Functional Form:

In Figure 6(a), we indicated the three major portions of the biological feature vector and the particular data points
chosen from the action potential which are used for the model. These are the two pafalaoldg, and the sigmoid

f3. The parabold; is treated as the two distinct piecs and f12 given by

f11(t) = all + bll(t — t1)2 (18)
flg(t) = a12 + blz(t — t1)2 (19)
(20)

Thus, f; consists of two joined parabolas which both have a vertex athe functional form forf; is a parabola with

vertex atts:

fa(t) = a®> 4+ b%(t—t3)? (21)

(22)

Finally, the sigmoid portion of the model is given by

f3(t) = Va+ (Vi— V3)tanh(g(t —t3)) (23)

We have also simplified the BFV even further by dropping the explicit time ggiahd modeling the portion of the
action potential after the minimum voltage by the sigmgjd

From the data, it follows that

fiite) = Vo = a® +b'(to —t1)?
fii(t)) = Vi =a'l
fi2(t1) = Vi = a'?
fult) = Vo= a? 403t~ )
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This implies

all — ‘/1

b11 _ Vo —W1
(to —t1)?

a2 — Vi

b12 _ V2 - Vl
(t2 —t1)?

In a similar fashion, thg, model is constrained by

f2(t2) = Vo = a®+b%(ta —t3)*
fa(ts) Vi = a?
We conclude that
a2 = V3
b2 o V2 B V3
(ta — t3)?

Hence, the functional form of the BFV model can be given by the mappioigequation 24.

Vi + G (t = 1)?, to

Vi + g (t —t)?, t
f) = - .

Vs + iz (t—13)?, t2

Vi+ (Va—Vs)tanh(g(t —t = 3)), t3

All of our parabolic models can also be written in the form

IN AN IA

IN

IN N IA

N

(24)
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where4( is the width of the line segment through the focus of the parabola. The mfdetnd f1» point down
and so use the “minus” sign whil& uses the “plus”. By comparing our model equations with this generic parabolic

equation, we find the width of the parabolasfef, f12 andf; is given by

(to —t1)? -1

4 = —_—m —
P11 Vi —V, pit

(ty —t1)? -1

4 - c - — __
B12 "V, A
(ta — t3)? 1

4 = _— = —
B2 V% Vs =

5.2 Modulation of the BFV Curve:

We want to modulate the output of our abstract neuron model by altering the BFV. The BFV itself condi8ts of
parameters, but better insight, into how alterations of the BFV introduce changes in the “action potential” we are
creating, comes from studying changes in the mapjfigiyen in Section 5.1. In addition to changes in timing,t1,

to andts, we can also consider the variations of Equation 25.

Agtt AV, A Maximum Voltage
AbH A=) Alzy)
Aat? AV; A Maximum Voltage (25)
Ab*? Alpie) Alz;)
Aa? AV3 A Minimum Voltage
A | A | [ AaGh) |

It is clear that modulatory inputs that alter the cap shape and hyperpolarization curve of the BFV functional form
can have a profound effect on the information contained in the “action potential’. For example, a hypothetical neu-
rotransmitter that alterg; will also alter the latis rectum distance across the gapFurther, direct modifications to
the latis rectum distance in any of the two cgfps and f1» can induce corresponding changes in timigg; andt,

and voltaged/, V; andV;. A similar statement can be made for changes in the latis rectum of.cdpor example,

if a neurotransmitter induced a change of, $&in 43, this would imply thatA( (XI:X()]Z) = .043Y, where?,
denotes the original value ¥, . Thus, to first order
a611 aﬂll a611 aﬂll
048Y, = *A *A *At *At 26
Oﬁll (avo) ‘/O+(a‘/1) V1+(at0) 0+(8t1 ) 1 ( )

where the superscripton the partials indicates they are evaluated at the base (3irit;, ¢o, t1). Taking partials we
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find

M, . (to—t1)* 2 0
( ) = 2 o 2 _ 11
Vo (1 — W) Vi—Wo
0B, (to—t1)? 2 0
( ) = -2 — 2 - — 11
ovi (Vi = Vo) i—W
POy gtemt 2 g
oty 7 TVi=Vo  to—ta
(8511) _ oyt 2
o, T Vi—-Vo o to—t M
Thus, Equation 26 becomes
2AV, 2AV; 1 1
0480, = 0 _ O 4+ 2Atg —— 8% — 2At; ——— 39
0451, Vi = Voﬁll Vi Vbﬁll + 24t to— tlﬁn 151 — b1
This simplifies to
02(Vi =Wo)(to —t1) = (AVo —AVi)(to —t1) — (Atg — Aty) (Vi — Vo)

Since we can do this analysis for any percentagé 3?,, we can infer that a neurotransmitter that modulates the

action potential by perturbing the “width” or latis rectum of the cagfafcan do so satisfying the equation

2’/"(V1 — Vb)(tl — to) = (AVO — Avl)(t() — tl) — (Ato — Atl)(Vl — Vb)

Similar equations can be derived for the other two width parameters forfeapad f3. These sorts of equations give

us design principles for complex neurotransmitter modulations of a BFV.

5.3 The BFV Ball and Stick Neuron:

The BFV model we build consists of a dendritic system and a computational core which processed BFV input sequence
to generate a BFV output.

Consider a typical inpuV/(¢) which is determined by a BFV vector. Without loss of generality, we will focus
on excitatory inputs in our discussions. The input consists of a three distinct portions. First, a parabolic cap above

the equilibrium potential determined by the valdes Vo), (t1, V1), (t2, Va). Next, the input contains half of another
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Voltage
B
time
B B
Ay A & V3
t3 ’ 3
(a) The BFV Functional Form (b) Two Action Potential Inputs Into the Dendrite Subsystem

Figure 6: BFV Inputs

parabolic cap dropping below the equilibrium potential determined by the velés) and(ts, V). Finally, there is

the hyperpolarization phase having functional faif(t) = V3 + (Vi — V3) tanh(g(t —t3)). Now assume two inputs
arrive at the same electronic distanceWe label this inputs ad and B as is shown in Figure 6(b). For convenience

of exposition, we also assumg < t£, as otherwise, we just reverse the roles of the variables in our arguments. In
this figure, we note only the minimum points on theand B curves. We merge these inputs into a new injgtit

prior to the hyperpolarization phase as follows:

N tf +tf
No=
2
VN Vit + VP
N 0 0
2
N t + P
N 2
2
VN _ VlA + ‘/13
N LT
2
N 4+ t%
2 2
VN Vit + VP
2 2
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This constructs the two parabolic caps of the new resultant input by averaging the dddsamid V2. The con-

struction of the new hyperpolarization phase is more complicated. The shape of this portion of an action potential

has a profound effect on neural modulation, so it is very important to merge the two inputs in a reasonable way. The

hyperpolarization phases ¥ andV Z are given by
HA(t) = Vi + (Vi = V5") tanh(g” (t - 13))
HP(t) = V¥ + (V¥ = ViP) tanh(¢” (t — 7))

We will choose thel parameterd’s, Vy, g, t3 SO as to minimize

o /:O (H(t) — HA(D)? + (H(t) — HP(1))* dt

3

For optimality, we find the parameters whef§ , 52, %—5 and§£ are0. Now,

STZ = /j 2{(H(t) — HA(t)) + (H(t) - H®(t))} g%dt
Further,
OH
87‘/3 = 1 - tanh(g(t—tg))
SO we obtain
0 = [ 20 - BAW) + (H@) - HPW) (1~ tan~ )
We also find
gv, = [, A0 10) + )~ HP ) Ganh(o(t—t5) d
as

(27)
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g’% = tanh(g(t — t3))
The optimality condition then gives
0 = /:o 2{(H(t) — HA(t)) + (H(t) = H”(t))} tanh(g(t — t5)) dt 28)

3

Combining equation 27 and equation 28, we find

o0

0 = | {(H(H)—H) + (H(t)— H"(t)} dt

- :o{(H(t) — HA(t)) + (H(t) — HP(t))} tanh(g(t — t3)) dt

0 - /:{<H<t>—HA<t>> 4 (H() — HP(0)} tanh(g(t  t2)) db.

It follows after simplification, that

0 = [ (@) - HA®) + (HE) - HE@)} dt (29)

A
t3

The remaining optimality conditions give

08 [T g -1 iy g
9 /tg‘ 2{(H(t)— H () + (H(t)— H"(t))} o dt = 0
% = /tA 2{(H(t) — HA()) + (H(t)_HB(t))}gTZdt —0

We calculate

%{ = (Va— Vi)t — ty)sech?(g(t — t3))
ZTZ = (Vi — Va)gsech (g(t — t3))

25



Submitted July 30, 2005 Journal Of Biological Cybernetics by James Peterson

Thus, we find

0 = [0 - @) + () - HP0) (Vi - V(o — ta)sech(g(t — ta)) i

3

0 = /too {(H(t) = HA(1) + (H(t) = HP (1)} (Va = Va)gsech? (g(t — t3)) dt.

3

This implies

o0

0=/ {(H(t) - HA) + (H(t) — HP (1))} t sech?(g(t — t3)) dt

—ts | {(H(t) = HA(1)) + (H(t) — HP (1))} sech®(g(t —t3)) dt

0 =1, {(H(t) = HA(t) + (H(t) — HP(t))} sech®(g(t — t3)) dt.

This clearly can be simplified to

0 = - {(H(t) — HA(t)) + (H(t) — HB(t))} t sech?(g(t — t3)) dt

A
tS

We can satisfy equation 29 and equation 30 by making

(H(t) = HA(t)) + (H(t) - HP(t)) = 0. (30)

Equation 30 can be rewritten as

VA VB
0 = (V- =—1=5) 4 (Vi Vs) tanh(g(t — t5)) (1)
B _ /B A—_vA
- % tanh(g?(t — %)) — % tanh(g*(t — t5)) (32)

This equation is true as— oc. Thus, we obtain the identity

vB _VvE VA _— VA
)+(V4—‘/3)—423—423

v

0 = (Vs .

Upon simplification, we find
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|
0 = (Va—=2 > =)
VA +VE
0 (Va— = 5 )
This leads to our choices féf; and V.
VA VB
v, — g%%; (33)
VA+VE
Vi %) (34)
Equation 32 is also true at= t{ andt = t£. This gives
Vit + VP VE -V
0 = (V3- %) + (Va— Vs) tanh(g(t3' — t3)) — % tanh(g” (3 — t3)) (35)
Vit + VP vt - VA
0 = (V3- %) + (Va— Vs) tanh(g(t5 —t3)) — %tanh(g“‘(tf —t3)) (36)
(37)
F ience, defines, = Yi-Y5 andw?, = Y-V Then, usi i i d equati
or convenience, defines;, = s— andwgy = s—=. Then, using equation 34, equation 36 and equation
37 become
0 = (Va—Vs)tanh(g(t' —t3)) — wy) tanh(g” (t5' — t3))
0 = (Va—Vs)tanh(g(t5 —t3)) — wiy tanh(g” (t5 —t5))

This is then rewritten as

wgy tanh(g” (t5' — 1))

tanh(g(tf — t5)) =

(Va—Va)
w4 tanh(g4(t8 — t4
tanh(g(tF — t3)) sat (lég_(z) )

Defining
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w tanh(g” (t5' — )

Y

Via—V3
L whtanb(e e - 1)
Via—V3

we find that the optimality conditions have led to the two nonlinear equationsdndts given by

tanh(g(ty —t3)) = 2a (38)

tanh(g(t7 —t3)) = 2z (39)

Note that using equation 34 and equation 34, we have

w tanh (g7 (' — t§))
Vi—V3

~ w§ tanh(g® (tF — t3))
wily + wi)

wgy tanh(g? (1§ — t5))
Via—Vs3

wil tanh (g (t§ —t3'))

2 B
Wiy + Wsy

A =

zZB =

Hence,

B
w
4 > oty >
Wiy + Wy

A

W34

— <1
a B
Wiy + Wy

zZB
so thatz4 < 0 < zp. It seems reasonable that the optimal valuesashould lie between;' and¢Z. Note equation
39 and equation 39 preclude the solutiegs= t4' or t; = t£. To solve the nonlinear system fgrandts, we will
approximateanh by its first order Taylor Series expansion. This seems reasonable as we don’tgxgectt3) and

g(t4" — t3) to be far from0. This gives the approximate system

g(t§ —t3) =~ za (40)
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g(t3B—t3) ~ zp

From equation 41, we find

ZB
g =
th —t5
Substituting this into equation 41, we obtain
ZB A
==t —t3) = =z
tég — ts( 3 3) A
This can be simplified as follows:
t4 — ts ) = A
tBB — t3 B ZB
(t:? — tg)ZB = (tJB — lfg)ZA
t?ZB 7t3BZA = tg(ZB — ZA)

Thus, we find the optimal value of is approximately

ts =

Using the approximate value of, we find the optimal value qf can be approximated as follows:

<B

g = tSB_tg“

tizp —t8z2a

2B — %A

ZBft?{BZA
ZB %A

zp(zB — 2z4)

tB(2p —24) — (tg“zB —t824)

zp(zp — z4)

t?ZB - t?ZB

2B — %A
B A
t3 - t3

Hence, we find the approximate optimal value;a$

(41)

(42)
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ZB — %A

Zb A 43
e (43)

It is easy to check that this value tflies in (¢4, t£) as we suspected it should and thas positive. We summarize
our results. Given two input BFVs, the sigmoid portions of the incoming BFVs combine into the new sigmoid given

by

H(t) = Vz+ (Vy— Vz)tanh(g(t —t3))
VA+VE VA-VA VB_vA 2B — ZA tdzp — Bz
Ht _ 3 3 4 3 4 3 t h _ 3 3
(t) 5 + ( 5 + 5 )an(tg;_t?( . )

Given an input sequence of BFV's into a port on the dendrite of an accepting neuron

{Vn7 anla ey Vl}

the procedure discussed above computes the combined response that enters that port at a particular time. The inputs
into the dendritic system are combined pairwigg;and1; combine into a/,,.,, which then combines witfy; and

so on. We can do this at each electrotonic location. Since more than one pre-neuron axon can provide input to a
given electrotonic location on the dendrite cable of our model, the algorithm above provides the mechanism we need

to combine multiple incoming BFVs into one merged BFV.

5.4 The Full Abstract Neuron Model:

A neuron accepts inputs from its innervating collection of pre-neuron axonal outputs. Such pre-neurons supply input
to the dendrite cable at electronic positians= 0 to w = 4. These inputs generate an ESP or ISP via many possible
mechanisms or they alter the structure of the dendrite cable itself by the transcription of proteins. The output of a pre-
neuron is a BFV which must then be associated with an abstract trigger as we have discussed earlier. The strength of a
BFV output will be estimated as follows: The area under the first parabolic cap of the BFV can be approximated by the
area of the triangle4, formed by the vertice&, Vo), (t1, V1), (t2, V2). The areais given byt = 2 (Va—V;)(t2—to).

The pre-neuron signals that come into the dendritic cable of the post-neuron are the initial conditions that determined
the voltage at the axon hillock of the post-neuron. We are modeling the dendritic arbor and the soma as finite length

cables. At position\ on the cable, the voltage is given by
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Im(AT) = Age T + D Ay cos(an(4— N)e e

n=1

as discussed in Section 2.1. This voltage arrives at the faread; in Figure 7, of the soma cable and the voltage we
have atz = 0 is then the axon hillock voltage. This figure shows a general computational architecture for an artificial

neuron consisting of

e a dendrite system of electronic length Four dendrite ports are shown labeled/as Each accepts ISP and

ESP inputs which are generated and modulated using the mechanisms we have discussed.

e a soma of lengtlt which containg pairs simple and second messenger partsand.S M;, respectively). The
simple portg; are where sodium and potassium maximum conductance can be modified by direct means. The
second messenger po4/; accept triggefl, and generate proteins which alter the functionality of the cell by

accessing the genome.

e Three nuclear membrane gate block&; where second messenger prote€ihscan dock to initiate the tran-

scription of a protein used in altering cell function.

e The protein block is shown differentiating into the gate proteins that are sent to thé siteslthough not

shown, there could also be proteins that aftert* injection currents

The axon hillock voltage is then input into the Hodgkin - Huxley equations to generate an action potential. The voltage

atz = 0 would have the form

Om(0,7) = Bge T + Z B, cos(?ﬁn)e*(Hﬁi)T

n=1

Efficient ways to compute the axon hillock voltage are discussed in (Peterson (5) 2005) . In general, the discussions
above shows us how to define classes of neurons that all have a similar structure. The neu@reglashillock
voltage computation will explicitly depend on certain structural characteristics of the input system:
e [, the length of the cable,
e L., the electrotonic length,
G

e The value ofp = 2, the ratio of the dendritic conductance to soma conductance,

e The solution to the eigenvalue equation

tan(al) = (al),
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esp, isp =7
&g U
2 2
w=4 w=0

Protein <:|

BFV <:| Axon Hillock

Figure 7: Cellular Agent Computations

e N, the number of eigenfunctions to use in our expansions,

Thus, we can define a neuron class for each possible choice of this parameter set. It is clear neuron classes can
have different trigger characteristics. First, consider the case of neurons which create the monoamine neurotransmit-
ters. Neurons of this type in the Reticular Formation of the midbrain produce a monoamine neurotransmitter packet
at the synaptic junction between the axon of the pre-neuron and the dendrite of the post-neuron. The monoamine neu-
rotransmitter is then released into the synaptic cleft and it induces a second messenger response. The strength of this
response is dependent on the BFV input from pre-neurons that form synaptic connections with the post-neuron. We
compute the BFV coming in via the algorithm for combining different BFV’s discussed in Section 5.3. The strength of
this input determines the strength of the monoamine trigger into the post-neuron dendrite. Let the strength be given by

the weighting term:g . Where as usual we use the valyes: 0 to denote the neurotransmitter serotorins 1,

T€,pos
for dopamine and = 2, for norepinephrine. In our model, recall that time is discretized into integer values as time
ticks 1, 2 and so forth via our global simulation clock. Also, spatial values are discretized into multiples of various

electrotonic scaling distances. With that said, the trigger at tiaved dendrite locatiow is therefore

¢ 2

Core,pos 7(1[)7’[1.)0)
To(t,w = pi’ptex —_— .
ol w) Vi—to P\ aDS(— 1)
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whereDg is the diffusion constant associated with the trigger. Hence, j L for some scaling.z. The triggerT,

has associated with it the proteiih. We let

ds —(w — wp)?
Ti(tw) = Sprepost . Z\W=Wo)” )
1) Vit P <4D§(t 1)

whered$ denotes the strength of the induc&dresponse anan is the diffusion constant of th&; protein.

pre,post
This trigger will act through the usual pathway. Also, weTgtdenote the proteif(T}). T» transcribes a protein

target from the genome with efficieney

[TQ] (tv w) = hrn, (tv U)) [TQ]TL

Note [T3](t, w) gives the value of the proteifi, concentration at some discrete timand spatial locatioriL . This
response can also be modulated by feedback. In this cagedésiote the feedback level. Then, the final response is

altered toh§2 where the superscrigtdenotes the feedback response and the constarhe strength of the feedback.

W (tw) = w%hTz(Lw)
[D)(t,w) = b (tw)[To],

There are a large number of shaping parameters here. For example, for each neurotransmitter, we could alter the
parameters due to calcium trigger diffusion. These would incﬁ)@ethe diffusion constant for the trigger, amf,
the diffusion constant for the gate induced prot&in In addition, transcribed proteins could alter — we know their

first order quantitative effects due to our earlier analysié the strength of th& responsey, the fraction of

re,post?

T free, g, the trigger gain[T;],, the trigger threshold concentration,the fraction of activel; reaching genome,

ge, the trigger gain for activéy transition,[74],,, the threshold foff, [75],,, the threshold folP(71) = T, gr,, the

n’'

gain forTs, w, the feedback strength, agdthe feedback amount far, = 1 — &.

The soma calculations are handled similar to what is outlined here.

6 The Abstract Neuron Output

We now understand in principle how to compute the axon hillock voltage that will be passed to the Hodgkin - Huxley
engine to calculate the resulting action potential. The prime purpose of the incoming voltage is to provide the proper

depolarization of the excitable cell membrane. Hence, we know that we will generate an action potential is the
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incoming signal exceeds the neuron’s threshold. For our purposes, the shape of the action potential will be primarily
determined by the alteration of thg!*® andg2/* conductance parameters. In our model, these values are altered

by the second messenger triggers which create or destroy the potassium and sodium gates in the membrane. Other
triggers alter the essential hardware of the neuron and potentially the entire neurok alasther ways. The protein

Ts due to a trigge: can have many effects.

6.1 The Hodgkin-Huxley Sodium and Potassium Model:

Hodgkin and Huxley modeled the sodium and potassium gates as

gna(Vit) = gb“mP(V,t) h(V,t)

gx(Vit) = gy n* (V1)

where the two activation variables, andn, and the one inactivation variable all satisfy first order kinetics of the form

dm
Tm —— = Moo — M
dt
dh
h E = }LOO — h
dn
Th — = Ng — N
dt
The time constants and asymptotes are defined to be
1
Tm = ———————
am + Bm
Qi
Mo = —"T-—
am + Bm
1
T, = ——
k an + B
op,
hoo = ————r
anp + B
1
Thn = —————
an + Bn
am,
N = ————.
an + Bn

Finally, the coefficient functionsy and g for each variable required data fits as functions of voltage. These were

determined to be
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V + 35.0
am = —0.10 e—1(V+35.0) _ 10
6171 = 4.0 ew
an = 0.07¢ 0 (VF600)
1.0
Bn =

(1.0 + e—-1 (V+30.0)>

0.01 % (V + 50.0)
_ (67,1(V+50.0) —1.0)

8, = 0.125¢ 00125 (V+60.0)

(7% ==

In addition, we have the membrane voltage dynamics

dav. Iy — Ik — Ine — I1
dt Cwm

The resulting system is solved using initial conditions

m(0) = e (Vo,0)
h(0) = he(V,0)
n(0) = mo(Vo,0)
V) = W

to determine the action potential which is emitted by the excitable cell. We note that at equilibrium there is no current
across the membrane. Hence, the sodium and potassium currents are zero and the activation and inactivation variables
should achieve their steady state values which would:bge /., andn., computed at the equilibrium membrane

potential which is here denoted . Then, under the voltage clamp protocol, we must solve,

AV, 1
T I Ing + I — 1
dt CM(K + Ina + 1L E)
1
= Cur (gNa(Vyt)(Vm —EK) + QK(V,t)(‘/m — ENa) =+ gL(Vm _EL) _ IE)

= (g0 “m*(V, ) h(V,t) + gi n*(Vit) + gr(Vin — EL) — Ip)

using all the machinery of activation/ inactivation variables we have described.
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6.1.1 Encoding The Dynamics:

Now these dynamics are more difficult to solve than you might think. The sequence of steps is this:

e Given the time and voltage’ compute

V 4+ 35.0
Oy = —0.10 o1 (V+35.0) _ 10
B = A40e 0
ap, = 0.07 67.05 (V+60.0)
1.0
Brn =

(1.0 + el (V+30.0)

0.01 % (V 4 50.0)
~ (e—1(VH50.0) — 1 0)
0.125 6—0.0125 (V+460.0)

(7% -

P

e Then compute the and steady state activation and inactivation variables

1
7_ = ——
" am + B
U,
m = —T
o a"n —"_ 6771
1
T — ——F
ap + B
h _ %
> ap + B
1
T = —
" an + B
an,
n = —
> an + B

e Then compute the sodium and potassium potentials. In this model, this is easy as each is set only once since
the internal and external ion concentrations always stay the same and so Nernst's equation only has to used one

time. Here we use the concentrations

[NA], = 491.0
[NAl;, = 50.0
Kl, = 20.11
[Kl; = 400.0
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These computations are also dependent on the temperature which i§.8edégrees C.

e Next compute the conductances since we now kntW, t), h(V,t) andn(V,t).

gna(Vit) = gl m®(V,t) h(V,1)

gx(Vit) = g5 n* (V1)

Now here we will need the maximum sodium and potassium conductggf¢éeandg to finish the computa-

tion. These values must be provided as data and in this model are not time dependent. Here we use

ay* = 1200
g = 36.0
e Then compute the ionic currents:
Ina = gna(V,)(V(t) — Ena)

I

g (V,)(V(t) — Ek)

I = g(V,t)(V(t) - EL)

where we use a value of the leakage conductagiteto be chosen later and a fixed leakage battery voltage.

0

gr. = 9L
E;, = -49.0
¢ Finally compute the total current
I = Iya+ Ixg + 11

e We can now compute the dynamics of our system at tiared voltagd/: we let/;, denote the external current
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to our system which we must supply.

awv Iy — Ir
dt Cu
dm  Mme —m
At Tm
dh he — h
E - Th
dn ne —n
dat Tn

where we us€’,; = 1.0.

The basic Hodgkin - Huxley model thus needs four independent variables which we place in a four dimensional vector

y which components assigned as follows:

[ yl0] =V |
y[1] =m
y ol
yl2] =h
LBl =

We encode the dynamics calculated above into a four dimensional veetthose components are interpreted as

follows:

[ 10 = Lete |
] = e
f = = m
) = Rt
| JB] = et
which in terms of our vectog becomes
f[l] _ Moo — y[1]
f[2] _ he —y2]
f13] = nos — y[3]

Tn

So to summarize, at each timand1’, we need to calculate the four dimensional dynamics vettar use in our

choice of ODE solver. We can solve these equations for a typical external current pulse
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(t—0.2)2 (t—0.3)2 (t—0.4)2 (t—0.5)2

Ip(t) = 1.0e"“F7° 4+ 1.0e" T + 1.0e" "5 + 7.0 s

which we can see in Figure 8 injects a modest amount of current over approxiatpnds.

Figure 8: The Applied Synaptic Pulse

Let’'s examine how an action potential is generated with this model. We start with the excitation given by external

current as shown in Figure 8. As this current flows into the membrane, the membrane begins to depolarize. The current

flow of sodium and potassium through the membrane is voltage dependent and so this increase in the voltage across

the membrane causes changes in the ion gates. In Figure 9(a), we see the voltage time trace and in Figure 9(b), we see

the superimposed plots of sodium and potassium current on the right. Note how the potassium current lags the sodium

current.

5.0

500.0r]

i —

500,01 I [

(a) Action Potential

Figure 9: The Action Potential And lon Currents For A Pulse

o - ; r ~ o)
Comparisol SrinAland 1 K ¢ Na— 12666 ¢ K —38.0 ¢ T —0.0323383
\

(b) Simultaneous Sodium and Potassium Currents

39



Submitted July 30, 2005 Journal Of Biological Cybernetics

by James Peterson

Recall the ion current equations: The nonlinear conductance is modeled by

gna(Vit) 9" m*(V,t) h(V,t)

gx(Vit) = gy n* (V1)

and the full current equations are

Ing gna(Vit)(V(t) — Ena)

Ik = gr(V,t)(V(t) - Ex)

Ir gr(V:1)(V(t) — Er)

The conductance is imicro Siemensr units of 1075 1/ohms Time is inmillisecondsor 10~2 secondsand voltage
is in millivolts or 103 volts The currents here are thus in unitsiof-® ampsor nano amps For our stated inner

and outer sodium and potassium concentrations, our simulation uses the ion battery Vol ages 55.54 mV and
Ex = —72.7004 mV. Let's useg)Y® = 126.667 and38.0 for gX = 34.0.

\

(m_NA)3H N fmrd ‘

R i & N 126,67 ¢ K =180 L=00323383
|

(@) The value ofn3h is shown for the pulse. (b) The value of* is shown for a pulse.

Figure 10: Sodium and Potassium Conductances
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7 The Modulation of BFV Components:

We know that

dV
OmWM = Igp — g%aanl(vat)(Vm*EK)

- g%gxm:}(vm,t)h(vm,t)(vm — Ena) — 9.(Vin — EL).

Since the BFV is structured so that the action potential has a maximtnofvaluel; and a minimum ats of value

V3, we haveV, (t1) = 0ndV, (t3) = 0. This gives

Ig(t) = gx“n*(Vi,t1)(Vi — Ex)
+ gNemmA(Vi, ) (Vi t) (Vi — Ena) + g0(Vi — Ep)
Ig(ts) = gx““n*(V,t3)(Vs — Ex)

N (Vi ta)h(Va, ) (Vs — Ena) + g1.(Va — Br)

From Figure 10(a) and Figure 10(b), we see thatVy,t,)h(V;,t1) ~ 0.35 andn*(Vi,t;) =~ 0.2. Further,
m3(Va,t3)h(Va, t3) ~ 0.01 andn*(Vz,t3) ~ 0.4. Thus,

Ig(ty) = 0.209M (Vi — Eg) + 0.35¢7% (Vi — Ena) + 9.(Vi — Ep)
Ig(ts) = 0.40g““(Vz — Ex) + 0.01gN2" (Vs — Ena) + g1(Vs — EL)
Reorganizing,
Ip(t)) = (0.20g%“" + 0.35gN2" + gr) Vi — (0.209)““Ex + 0.35g7“Ena + gLEL)
Ig(ts) = (0.40g1* + 0.01gNe" + g1) Vs — (0.40g) “"Ex + 0.01gN<“Ena + g1EL)

Solving for the voltages, we find

Ig(t1) + 0.20gM*Eyx + 0.35gM%*ENn, + gLEL

V =

! 0.20gMex 4 0.35gMaz g,
v _ Ielta) + 0.409)* By + 0.01g)3" Ena + g1BL
Y, =

0.40gMae* + 0.01gMaer + g,
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Thus,
T s Ie(t) + O'QOg%axEK + 0'35g%ngNa + gLFL
O 0.20g%** + 0359y, + gL 0.20gMaz 4 0.35gMar 1 g;
-1.0
M M .20
0.20g% ** + 0.35gn5 2% + gL
This simplifies to
A% 0.20
B Ex =W 44
Ogil 0.20gMa= 1 0.35gMa= 1 g, (Ex —Vh) (44)
Similarly, we find
A% 0.35
895\%” 0.20gMaz 4 0-359%;” T (En 1) (45)
OVs 0.40
B Ex =V, 46
ag%am 0-409%{” + 0.01911{,/{;13” + g1 (Ex 3) (46)
OVs 0.40
B Ena = Vi 47
ag%;m 0.409%” + 0.0lg%gx + g1 (En 3) (47)

We also know that asgoes to infinity, the action potential flattens a¥if] approache$. Also, the applied current,

I is zero and so we must have

0 = —gr®n!(Ve, 00) (Voo = Ex) = gNg“m*(Vao, 00) Vi, 00) (Voo = Ena) = 91(Voo — EL)

Our hyperpolarization model is

Y(t) = Vst (Va— Vi) tanh(g(t - t3))

We haveV, is V4. Thus,

0 = —gg*n*(Va,00)(Va = Bx) — gg"m*(Vi, 00)h(Va,00)(Va = Ena) — gr(Va — E1)
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This gives, lettingn?(Vy, oo)h(Vy, oo) andn?(Vy, co) be denoted bym?3h)* and(n*)* for simplicity of exposition,

(gl (') + gNer(mh)* +gi)Va = (gl (n")" Exc + gMe (m™h) Exa + g1 Er)

Hence,
v, = g1 “"n*(V4, 00) Ex + gnaom3(Vy,00)h(Vy,00)Ena + gLEL
g%a:z:n4(v47 ) + gMaavm3(‘/47oo)h(‘/47oo) + 9L
We see
oV, n*(Vy, 00)
= Ex —V, 48
aG]IL{Iax g%axn4(v;1’ )+ gJLIame(V47 )h(V47oo) . ( K 4) ( )
Vi m?(Vy, 00)h(Vi, 00)
= Eng — Vi 49
aG%ISm g%awn4(v4’ ) Max (V )h(V47OO) + Jr ( N 4) ( )

We can also assume that the area under the action potential curve from th&@dinj to (¢,, V1) is proportional to
the incoming current applied. Iz, is the axon - hillock voltage, the impulse current applied to the axon - hillock
is g1 Vin Wheregy, is the ball stick model conductance for the soma. Thus, the approximate area under the action

potential curve must match this applied current. We have

1
5 (tl - tO) (Vl - %) ~ gInVIn

We conclude
2gI'n‘/In
t1—ty) = -1
(= to) Vi—Vo
Thus
8t1 — t() tl - tO a‘/1
ag%‘” Vl — V() 8G%‘” ( )
Jt1 — to ti—to OWi
_ 51
Syl ViV 9GN@ 1)
(52)
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Also, we know that during the hyperpolarization phase, the sodium current is off and the potassium current is
slowly bringing the membrane potential back to the reference voltage. Now, our BFV model does not assume that the
membrane potential returns to the reference level. Instead, by using

Y(t) = Vs+(Vi—Vs) tanh(g(t —t3))

we assume the return is to voltage leVgl At the midpoint,Y = %(VE; + Vi), we find

1
5(\/4 —V3) = (V4 —V3) tanh(g(t — t3))
Thus, lettingu = g(t — t3),
1 _ -1
2 et

In(3)

and we findu = =

. Solving fort, we then have

Fromts on, the Hodgkin - Huxley dynamics are

dV;
Cpp—2

W - g%axnf4(‘/er7 t)(vm - EK) - gL(Vm - EL)-

We want the values of the derivatives to match*afThis gives

Max

g(V* = Va)sech?[g(t" —t3)] = —gg n' (V5 t)(V* — Bg) — go(V* — Er)

whereV* = (V3 +V,). Nowg(t* —t3) = 1“53) and thus we find

95 (Vi —Vaysee®lg(t* —t5)] = ~TEnd (v (v Br) - (v - By)
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Lviov) L = IR e ey - B — gn(VF — Ey)
92 4 36a T C, ) K (2 L

Next, consider the magnitude of (V*,+*). We know att*, n* is small from Figure 10(b). Thus, we will replace it

by the value).01. This gives

Lvicvp 2 — oo Awvivve) - B - vt - B
924 364_ -Cm24 3 K Cm24 3 L

Simplifying, we have

99 9K gL Lo 98 | gL

L wvi—vs) = (0.01 Erx+ 22 E) — Z(0.01 LYV, + Ve

1og V2~ V) ( c. Kt ) = 5l Crm +Cm)( i+ V)
99 giae gL 1 ger gp Va4 Vs
= = (0.01 Ex + 5-E — (0.01 ol
64 ( c. Kt L)V4—V3 ( Chn +Cm)VL;:—Vg

We can see clearly from the above equation, that the dependencerof’/** and g}.** is quite complicated.

However, we can estimate this dependence as follows. We knowihdt, is about the reference voltage§5.9mV .

If we approximatel; by the potassium battery voltage, = —72.7mV andVy by the reference voltage, we find
P~ =88 = 2038 and Ly ~ g5 = 0.147. Hence,
9Cmg

1 = 0.147(0.01gM** Exc 4 gr.Er) + 20.38(0.01g2%% + g1

(0.0147Ex + 2.038EL)gM % + g, (0.0147Ey, + 20.38)

Thus, we find

dg 64
s = oo, OOM4TEK +2038Ey) (53)

This gives% ~ —710.1

Equation 53 shows what our intuition tells us:gif/** increases, the potassium current is stronger and the hy-
perpolarization phase is shortened. On the other hang{if decreases, the potassium current is weaker and the

hyperpolarization phase is lengthened.
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8 Conclusions:

We now understand in principle how to modulate the components of the low dimensional feature vector, BFV, due to
first and second messenger effects which arrive at the dendritic and soma modules of the neuron. For many purposes,
the shape of the action potential will be primarily determined by the alteration ofA4#& andg2/* conductance
parameters which are altered by the second messenger triggers which create or destroy the potassium and sodium gates
in the membrane. Other triggers alter the essential hardware of the neuron and potentially the entire neukbn class

in other ways. The proteiii; due to a trigger: can

e directly alter the synaptic coupling weigt,.. ,,,; according to the strength @k (¢, w) by making changes in

the extracellular side of the membrane in a variety of ways,
e can directly impact the maximum conductances for the potassium and sodium ions,

e can alter second messenger channels in many ways as we have discussed in the chapters on calcium and generic
second messenger triggers. These alterations can affect the coupling weight or maximum ion conductances as

well.

However, they can also effect more global parameters. Consider if the protein alters theprafibis is an
fundamental coupling parameter for the dendrite and soma system we use in our modeling. Hence, an alteration in
p is a global change to the entire neuron clAss This mechanism is very useful as it allows us to use monoamine
modulation to alter every neuron in a particular class no matter what neural module it is a part of. This is a useful
tool in implementing true RF type core modulation of cortical output. Such a global change could be as simple as an
alteration toL p g or Lgg without changing. However, ifrho is changed tarho + ¢, this changes the eigenvalue

problem that the neuron class is associated with to

~ tanh(L)

tan(aL) ol (al),

This paper leaves out many of the details of these matters. However, our complete derivations, motivations and
computational details can found in (Peterson (6) 2005) .

This paper is only part of the story of course. The algorithms to compute axon hillock voltages, with all of their
influences due to second messenger effects, have been outlined in (Peterson (5) 2005) . They and the BFV modu-
lation algorithms discussed in this paper have been carefully designed to be implementable within an asynchronous
computing environment using the Twisted Python package (Twi (9) 2004) . Once an axon hillock voltage is presented
to the Hodgkin - Huxley action potential machinery, a BFV will be generated if threshold is surpassed. The details
of how the BFV is modulated by the axon hillock voltage, the sodium and potassium maximum conductance changes

and neurotransmitters are what have been described in this paper. The implementation details in Python are ongoing
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and these abstract neural elements are being used to develop asynchronous software architectures for system level
neural modeling. Of particular interest to us is the potential use of these ideas in the modeling of depression and other
cognitive dysfunctions. These illnesses require the ability to use co-modulation of neurotransmitter gates. Our efforts

here provide a solid foundation for neural elements which will support such co-modulation.
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