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The phenomena of binary mixing and reaction of scalars (4. B) with unequal molecular diffusion coefficients
(I'y, T) in turbulent flows are investigated by direct numerical simulation (DNS). Homogeneous turbulent
flows are considered with and without the presence of constant mean scalar gradients, under both
nonreacting and reacting nonpremixed conditions. The results indicate the significance of the differential
diffusion (I'y # [z} effects on the low-order moments of the differential diffusivity variable (Z), the
normalized scalars’ variance diffcrence ( (), the scalars’ cross correlation coefficient ( p), and the moments of
reacting scalars. It is suggested that the behavior of p and ¢ are approximately characterized by the
differential diffusion parameters including I, (the ratio of the diffusivities) and T, (the difference of the
diffusivities), and by the reactant conversion parameters including Du (the Damk&hler number), and Se (the
Schmidt number corresponding to the average of the diffusivities of the reactants). In the comparative
assessment of the results for non-reacting flows or reacting flows with slow chemistry, p and { are
parameterized by the differential ditfusion parameters. In comparisons of reacting flow results, the reactant
conversion parameters characterize p and ¢. The influence of differential diffusion on the scalar statistics is
reduced by the presence of a constant mean scalar gradient and /or by the increase of the Reynolds number.

The statistical results are modified by the overall stoichiometry of the mixture.

Institute

INTRODUCTION

It has been a common practice to neglect the
molecular diffusion term in the Reynolds aver-
aged transport equation of nonpremixed turbu-
lent reacting flows. This is justified by the
argument that if the Reynolds (Peclet) number
is sufficiently high, the magnitude of the mol-
ecular diffusivity is small compared to the tur-
bulent (eddy) diffusivity. It has also been ar-
gued that as molecular effects are confined to
the high wavenumber regions of the turbu-
lence spectra, there are no significant influ-
ences of molecular diffusion on the low order
statistics of the transport variables. Although
these arguments are legitimate in statistical
modeling of high Reynolds number flows, they
are not justified for flows with moderate to
relatively high Reynolds numbers [1-3]. For
example, experimental results [4-6] show that
the amount of chemical products generated in
an aqueous reacting mixing layer is that in an
equivalent layer involving gaseous reactants.
The assumption of equal reactants’ diffusiv-
ities has also been invoked in statistical mo-
deling of turbulent reacting flows. This as-
sumption is very convenient and simplifies the
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analysis significantly. For example, in the limit
of infinitely fast chemical reaction, the Shvab-
Zeldovich formulation [7] yields a single con-
served scalar variable (the mixture fraction), to
which the statistics of all the reacting scalars
are related [7-9]. However, again the results of
several laboratory experiments on both scalar
mixing and reaction [10-12] suggest that the
effects of differential diffusion, or unequal re-
actants’ diffusivities are important and cannot
be ignored.

The extent of literature on theorctical analy-
ses of differential diffusion is relatively limited.
Bilger and Dibble [13] proposed modeled
transport equations for the mean and the sec-
ond moments of the reactants’ concentration
difference. Dibble et al. [10] have shown that
the effect of differential diffusion on the mean
value of this difference is negligible in a turbu-
lent jet flow, but the second order statistics are
significantly influenced. The role of differen-
tial diffusion on a turbulent water jet (large
Schmidt number) was studied by Saylor [14]
who showed that scalar scales must larger than
the Batchelor or the Kolmogorov scales are
affected by differential diffusion. Kerstein
et al. [15] used a similarity hypothesis for the
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spectral density function of the concentration
difference to deduce a scaling law for the
mixing of two species at high Reynolds and
Schmidt numbers. Yeung and Pope [16] con-
ducted extensive direct numerical simulation
(DNS) to examine the effects of differential
diffusion on passive scalars in homogeneous
isotropic turbulence. The influence of several
parameters such as the scalar correlation, the
scalar gradient correlation, and the coherency
spectra were studied. They found that two
scalars with identical initial conditions (perfect
correlation) but with different molecular dif-
fusion coefficients evolve towards a nearly
complete de-correlation. They showed that
during the initial stages of mixing, only the
small scalar scales are affected by differential
diffusion but the large scales remain relatively
unaffected until late stages. This de-correla-
tion of the large scales is shown to be an
indirect result of turbulent advection. The ex-
periments of Sirivat and Warhaft [17] in a
decaying grid generated turbulent flow also
show that initially correlated scalars continu-
ously de-correlate downstream as mixing pro-
ceeds. The experimental results of Smith et al.
[18] in a turbulent jet indicate that the influ-
ence of differential diffusion on the average
concentration diminishes as the Reynolds
number increases. However, the instantaneous
species concentration is affected by differential
diffusion even at large Reynolds numbers.
Despite noticeable recent contributions, as
briefly reviewed above, there remain several
unresolved issues pertaining to the effects of
differential diffusion in turbulent flows. In par-
ticular, there is no documented work on DNS
of chemically reacting turbulent flows which
includes differential diffusion. We would like
to assess the influence of differential diffusion
on some of the important statistical quantities
in both nonreacting and reacting flows. More-
over, the results of our recent work [19, 20]
indicate the sensitivity of mixing to the initial
conditions of the scalar field. Therefore, it is
of interest here to determine the role of dif-
ferential diffusion under different mixing sce-
narios as caused by different initial flow
conditions. Finally, the coupled influences of
differential diffusion and chemical reactions
are studied in different mixing and reacting

conditions. With this, the additional influences
of the Damkohler number and the stoichiome-
try are assessed.

PROBLEM FORMULATION,
COMPUTATIONAL METHODOLOGY
AND FLOW INITIALIZATION

We consider the problems of passive scalar
mixing and binary chemical reaction in con-
stant density, isothermal, homogeneous turbu-
lent flows. In the reacting flow problems, we
have limited the consideration to the single
step, irreversible, and constant rate reaction of
the form:

R*: A* +rB* = (1 + r)P" )

where A“ and B® denote dilute species with
normalized mass fractions Y,” and Y;*, respec-
tively. The thermodynamic properties of all the
species and the fluid are assumed to be con-
stant. The superscript « is used as an identi-
fier to specify the scalars with different molec-
ular diffusivity coefficients (as will be discussed
below). The governing equations for this sys-
tem are the incompressible form of the
Navier—Stokes equations and the transport
equations for the species mass fractions in
space (x,,k = 1,2,3) and time (¢) [3, 8]:

ouy
— =0, o))
ox,
Du, 3 1 9%y
M _ P 4+ — , 3)
Dr dx;  Re, dx, dx,
DY” 1 *Y,”
= = =+ 8,7 (4)

Dt Sc,"Re, dx, dx,

DY," 1 Y
R 5 s 5)
Dt Scg“Re, dx; dx,

where D/Dt = 3/dt + u,(d/dx,) denotes the
substantial derivative, and p is the pressure.
These equations are nondimensionalized via
the reference length (/), velocity (u,), and
density ( p,) scales (the nondimensional den-
sity is unity). Associated with this nondimen-
sionalization are the box Reynolds number,
Re, = uyl,/v (v is the kinematic viscosity),
and the Schmidt numbers, Sc,* = v/I',* and
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Scp® = v/Ip% where I'," and I" are the
molecular diffusivities of the species A* and
B?, respectively. In reacting flows, the normal-
ized reaction rate is given by §,% =
—DaY,"Y,", where Da is the Damkohler
number: Da = k;l,/u, (k; is the reaction rate
constant).

Direct numerical simulation is employed for
the solution of Egs. 2-5. The procedure in
DNS is similar to that employed in several
previous contributions, e.g., [21-26]. The pri-
mary difference here is the inclusion of dif-
ferential diffusion (I, # [;). The simulations
are conducted of flows within a triply periodic
box flow by means of a spectral-collocation
numerical scheme utilizing Fourier basis func-
tions [27]. Time advancement is via the second
order Adams-Bashforth temporal discretiza-
tion. The hydrodynamic field is ini-
tialized as a random solenoidal, three-di-
mensional, zero mean velocity field having a
specified spectral density function. This field is
artificially forced to yield a stationary (nonde-
caying) turbulent flow. The forcing scheme re-
quires the energy in the low wavenumbers to
remain constant. In this manner, the magni-
tudes of the turbulence length and velocity
scales, and thus the magnitude of the Reynolds
number, remain approximately constant
throughout the simulations. The turbulence
field is allowed to evolve for a sufficient time
to reach a self-similar state before the scalar
fields are initialized.

The scalar (mass fraction) fields are consid-
ered with both: (1) zero mean scalar gradient
values, and (2) a constant mean scalar gradient
superimposed on the fluctuating scalar field. In
(1), the root mean square (rms) of the scalar
decayed in time [16, 20]. In (2), each of the
scalar fields evolve toward a statistically sta-
tionary state after an initial transient period
[20]. In both cases, the initial field satisfies
Y,“ + Y;“ = 1 and the initialization is done in
such a way as to yield approximately symmetric
initial probability density function (pdf) for
both Y,* and Y;". In (1), the following two
schemes are employed to initialize scalar A4“:

Scheme 1. The scalar field is specified in the
physical domain in such a way as to yield a
square wave in the x, direction (slabs) [22]. An

error function distribution is imposed and the
scalar field is allowed to vary smoothly in the
range 0 < Y, < 1. The scalar values are con-
stant in x,-x; planes along the x, direction.
Cases with four (large) and eight (small) scalar
slabs are considered. The initial pdf of the
scalar is approximately composed of two dou-
ble-delta functions centered at Y, = 0, 1.

Scheme 2. The initial scalar field is nearly
isotropic by using the procedure proposed by
Eswaran and Pope [28]. With this procedure,
the scalar is initialized in Fourier space and
the amplitudes of the Fourier modes are se-
lected based on a specified initial energy spec-
trum. The weights of the real and the imagi-
nary components of the amplitudes are given
random phase shifts to yield a zero mean
Gaussian distributed field. This field is then
transformed back into physical space and the
scalars with negative scalar amplitudes are set
to Y,* = —1, while those with positive values
are set to Y,” = 1. The numerical simulation
of the field with this “exact” double delta dis-
tribution is extremely difficult due to the very
sharp spatial gradients. This problem is over-
come by transforming the scalar field back into
the Fourier domain and decreasing the relative
weights at high wavenumbers. As a result, the
scalar values are no longer bounded by Y,* =
+ 1 [28]. This field is allowed to go through
molecular diffusion to reduce the amplitude,
and then linearly transformed according to Y,*
- (1 +Y,")/2. In the simulations here, the
initial scalar values are bounded by —0.01 <
Y,* < 1.0%. The initial spectral density func-
tion is chosen to be a top-hat spectrum cen-
tered at wavenumber magnitude K, with a
spectral width AK = 1;

E, p(k)

AK AK
1 ifK, — — <k <K, +—;
T2 )

0 elsewhere.

(6)

In (2), the evolution of the scalar with the
mean scalar gradient is captured by the numer-
ical integration of the equations for the mean
subtracted scalar fields. This procedure is fol-
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lowed in order to satisfy the periodic boundary
conditions, as employed in similar previous
simulations [20]. In the presence of mean scalar
gradient, only nonreacting scalars are consid-
ered. The asymptotic statistics of Y,“ are de-
duced from those of the normalized variable
Y, = Y,*/y where y denotes the magnitude
of the mean scalar gradient [20]. All the cases
are initialized with random Gaussian fields su-
perimposed by the mean field.

In each of the simulations, eight scalar
transport equations are integrated. These are
to simulate the transport of Y, and Y, with
a=11I1I1V. The case « = [ denotes one
in which the diffusion coefficients for 4 and B
are different. In all the other cases, the molec-
ular diffusivities of the two scalars are the
same. These are denoted by:

R':Sc, # Sc,'. (7
R": Sc,"" = Sc,/" =8¢, (8)
R 8¢ M =S,/ = 8¢, (9)
and

, . . 1 1
R': ScA” =SCB” =2 7+ —
Sc Scy
(10)

Hereinafter, the superscript « is dropped when
a=1l

F. A. JABERI, R. S. MILLER, F. MASHAYEK AND P. GIVI

The majority of the simulations in (1) are
conducted in a domain discretized by 64°
Fourier-collocation points (Table 1). Several
simulations via 128° Fourier nodes are also
conducted (Table 2). The hydrodynamic field is
identical in all of the cases in Table 1. The
Reynolds number based on the rms value of
velocity fluctuations, o’ = /3<u,u;> (( ) de-
notes the ensemble mean value), and the Tay-
lor micro-scale (A) is Re, = 40 for these cases.
The parameters of the initial scalar field are
specified in the tables, including the magni-
tudes of the Taylor scale Reynolds number,
the reactants’ Schmidt numbers (Sc ,, Scy), the
Damkohler number (Da), the molecular dif-
fusivity difference (I, = (I; — I'))Re,), the
diffusivity ratio (I’ = I';/I,), the Schmidt
number corresponding to the average of the
reactants’ diffusivities (Sc = 2/(1/Sc, + 1/
Scy), and the overall stoichiometry (B8 =
Y 0r-0/{Yy0: v). With the normalization
adopted here, Da = (.01 denotes slow reac-
tion, Da = 5 indicates fast chemistry, and Da
= (.05-0.1 denotes moderate chemistry. Tabu-
lation of the parameters in the simulations for
(2) is not necessary.

In the spatially homogeneous flow, statistics
are constructed by spatial averaging of the
DNS generated data. The temporal evolution
of these statistics are of primary importance
and are presented. In some of the cases, the

TABLE t

Conditions for 64° Runs

Case® Initial Scalar Field Se,! Sy I, I, Se 8
1 Small slabs 0.8 0.2 375 4.0 0.32 1.0
2 Large slabs 0.8 0.2 375 4.0 0.32 1.0
3 K, =2 0.8 0.2 375 4.0 0.32 1.0
4 K, =4 0.8 0.2 375 40 0.32 10
5 K, =6 0.8 0.2 375 40 0.32 1.0
6 Small slabs 0.8 0.36 1.5 22 0.5 1.0
7 Small slabs 0.29 0.2 1.5 1.44 0.236 1.0
8 Small slabs 0.5 0.2 3 25 0.286 10
9 Small siabs 0.8 0.5 0.75 16 0.615 1.0

10 Small slabs 0.8 0.32 1.88 25 0.457 1.0
1 Small slabs 0.32 0.2 1.88 1.6 0.246 1.0
12 Small slabs 0.8 0.2 375 4.0 0.32 15
13 Small slabs 0.2 0.8 ~3.75 0.25 0.32 1.5

“ Each of the cases are simulated under different reaction rates with Da = 0, 0.01, 0.0, 0.1, 0.5 and 5.0. The magnitude
of Da is given in the text. Other parameters: [, = (Fy — I')Re,, I, = [/, Sc = 2/(1 /8¢, + 1/S¢y) Re, denotes the
box Reynolds number defined based on kinematic viscosity. reference velocity, and length scales.
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TABLE 2

Conditions for 128 Runs

Case Initial Scalar Field Re, Sc Scy I, I, Sc B
14 Small slabs 40 20 0.5 1.5 4.0 0.8 1.0
15 Small slabs 78 0.8 0.5 0.75 L6 0.615 1.0

simulations are repeated several times (up to
15 realizations) to assess the accuracy of the
statistical data. The statistics of the velocity
field are also monitored; but these statistics
are not the subject of discussion here.

ANALYSIS AND RESULTS

We define the differential diffusivity variable,
Z [3] quantified by the scalar Y, = (1 + rY, —
Y,)/(1 + r). The transport of this scalar is
governed by either of the following equations
[3, 13]:

DY, r 3y, (I, = Tp) Y,
Dt tox,dx, (1+7r) ax, ox;’
(an
DY, 7Y, (I, = Tp) a°(rY,)
= =+ s
Dt Box, dx, A +r) dx, dx,
(12)
A linear combination of Eqs. 11-12 yields:
Dy, 3y,
=(cT, + ;1) —7
(T4 + ¢, B)(;xk x,
([, =T,) 7Y,
a+r ax,. dx,
co(T, — Tp) a°(rY,)
2V A B A (13)

(1+r) dx dx,

where 0 < c|,¢c, < 1,¢; + ¢, = 1. With either
¢, =0(c, = 1) or ¢, =1 the equation for Y,
becomes the same as that developed in [3, 13].
It is noted that differential diffusion results in
the source terms on the far right hand sides of
Egs. 11-13. However, it is to be noted that in

nonreacting flows, the pdfs of Y,, Yz, and Y,
remain symmetric (of course, if initially sym-
metric). The transport equations for the en-
semble means of the scalar variables are gov-
erned by:

v,y A
a0 di

— (8, (¢=A,B),
(14)

The transport equations for the reactants’ (co)
variances are:

d< ytz 2> (9ya (?ya o
M_ - —2[‘;< £ 78 + 20y 8.,

dt dx, 9xy
15)
d<y‘/’A(lyB{Y> . " (7-)} [24 ay (44
S - I | =
dt Ix, dx,
+ (g™ + d"S" )
(16)

where y stands for mean subtracted value of
mass fraction Y. For a quantitative description
of differential diffusion, the temporal evolu-
tions of the normalized variance difference,

) = Ly

() = — 5 5
L + L)
1—a) 5 )
- 2(__0.’ o= Q_B_}. (17)

a+a) ("

and the cross-correlation coefficient,
< @ N o >

po(1) = Ya Ys (18)

(D)

are monitored in all the simulations. Note that
with ', = T, if the two scalars A and B are
identically (oppositely) initialized, i.e., perfectly
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(anti-)correlated, then () = 0, p(t) = 1(— D).
Therefore, when I', # Iy, the respective devia-
tions of ¢ and p from 0 and +1 provide
quantitative measures of differential diffusion
effects in de-correlation of the scalars [16].

Non-Reacting Flow Results

In all the results presented below, the variable
t;, denotes time normalized by the turbulent
eddy turn-over time. The eddy turn-over time
is the ratio of the Eulerian integral length
scale (/) to the rms of the velocity. The integral
scale is determined based on its conventional
definition I = w/QQu'*)[,"(E(k)/k) dk, where
E(k) is the three-dimensional (isotropic) veloc-
ity energy spectral density function. In these
results, the temporal variations at the onset of
mixing at scales comparable to the Kol-
mogorov time are not shown.

Figures 1 and 2 portray some of the explicit
(and somewhat obvious) influences of differ-
ential diffusion. In Fig. 1, the expected value of
the two scalars Y,, Y, conditioned (denoted by
|y on Y, are shown for Case 1. The value of Y,
is evaluated directly from DNS results of Y,
and Yj. In addition, the conditional expecta-
tion of another scalar Y,, =1-Y, - Y, is
also presented. The non-linear variations of Y,
and Yy, and non-zero values of Y, are due to
differential diffusion. In Fig. 2, the temporal
evolutions of the variances of Y, (with Sc =

1.1 T T T M T
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Fig. 1. The variation of the conditional expected values of
Y, and Yy and Y, with Y, at different times, for case 1
with Da = 0. Thin lines: t;, = 0.7; heavy lines: 1, = 2.2.

variances

i 1 1

NS SR .
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to
Fig. 2. The variance decay of A, B and Z for case 1, with
Da = ().

0.8), Y, (with Sc = 0.2), ¥, and ¥,"" (or V,'")
presented for Case 1. This figure shows that
while the variance decays of Y,, Yy, and Y,
are different, the variance of Y, is very close
to that of Y'". This is due to negative values of
the correlation ¢ = V?Y, V?Y,. The results of
all our simulations (not shown) denote that the
Laplacian of Y, and Y, are mostly of opposite
signs. Therefore, the differential diffusion
source term in Eq. 13 is expected to be rela-
tively small as compared to the analogous terms
in Egs. 11 and 12. In other words, with nonzero
values for ¢, and c,, the neglect of the differ-
ential diffusion source term is more justifiable
than with ¢, = 0 (or ¢, = 0). Obviously, this is
not an exact, description, as the variance of
Y,"" underpredicts that of Y,, and the exact
values of ¢, ¢, cannot be prescribed a priori.

The Effect of Scalar Initialization

The initialization of the scalar field plays an
important role in the subsequent temporal evo-
lution of this field [20]. It is expected that the
scalars are mainly affected by the initial scalar
length scale distribution, but not much by the
initial magnitude of the scalar variance and/or
the initial magnitude or sign of the cross-corre-
lation coefficient [17]. It is also expected that
the effects of molecular diffusion and differ-
ential diffusion on the variances of Y,, Yz and
Y, enhance as the average size of the initial
scalar field decreases. This is observed in Fig.
3, where it is shown that the initial growth
rates of { and p are lower if the scalars are
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Fig. 3. Temporal evolution of: (a) The normalized variance
difference. (b) The cross-correlation coefficient, Da = 0.

initialized with larger slabs. To further assess
this issue, the results for the cases with initial-
ization scheme 2 (cases 3-5) are considered. In
these cases, the initial scalar fields are com-
posed of random blobs with the size propor-
tional to 1 /K. The variations of { and p for
these cases are shown in Fig. 4, and indicate
that their initial growth is enhanced with de-
creasing the size of initial scalar blobs. This is
consistent with the behavior shown in Fig. 3.
However, the long-time behavior here is some-
what different. In fact, an opposite trend is
observed for { at late times. The reasoning for
the behavior observed at early times in Figs. 3
and 4 is clear. Differential diffusion is a molec-
ular phenomenon, thus its effect is expected to
be more dominant at small scales. Therefore,
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Fig. 4. Temporal evolution of: (a) The normalized variance
difference. (b) The cross-correlation coefficient, Da = 0.

as the magnitudes of the scalar length scales
decrease, the scalars become more uncorre-
lated. The behavior at late times is more com-
plex and depends not only on the scalar sizes
but also on the distribution of the scalar length
scales. This is manifested by the action of
turbulent advection and can be physically in-
terpreted by considering turbulent mixing as a
combination of turbulent stirring process and
molecular diffusion process [29]. The stirring
process involves the stretching (and folding) of
intermaterial area and can promote mixing by
creating more intermaterial surface area. Mol-
ecular mixing, on the other hand, is manifested
by diffusion of substances across intermaterial
surfaces. The key point in understanding the
behavior in Figs. 3 and 4 is that the initial
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distribution of scalar fluctuations plays a sig-
nificant role on the subsequent influences of
the combined actions of turbulent stirring and
molecular diffusion. This issue is discussed in
detail in Ref. [30], where it is shown that the
effect of differential diffusion is significantly
influenced by the initial scalar distribution; this
distribution must be taken into account when
the role of differential diffusion on de-correla-
tion of the scalars is investigated.

The Effect of the Diffusivity Coefficients

The DNS results produced for a variety of
diffusivity coefficients are analyzed to establish
the influences of these coefficients on the out-
come of mixing. For this purpose, the results
for several of the cases are summarized in Fig.
5, which show that both the diffusivity differ-
ence and the diffusivity ratio influence the
variations of ¢ and p. For the same I', value,
the magnitudes of ¢ and p increase as T,
increases (compare case 6 with case 7, and case
10 with case 11). Also for the same I, values,
the magnitudes of ¢ and p increase as I,
increases (compare case 9 with case 11 and
case 8 with case 10). A closer examination of
Fig. 5(b) suggests that p is somewhat more
sensitive to [, than it is to I',. The cases with
nearly the same I, values portray close p val-
ues regardless of the [, values (compare cases
7, 9 and 11; cases 8 and 10; cases 1 and 14).
The variance of Y, is more closely correlated
with Sc as Fig. 5(c) indicates that regardless of
I, I, values, the magnitude of (y;) decreases
as Sc decreases. Cases 14 and 7, with the
highest and the lowest values of Sc, maintain
the highest and the lowest {y;) values, respec-
tively.

It is desirable to relate the temporal varia-
tions of p and ¢ to the evolutions of the scalar
variances. The power law decay of the scalar
variance that is usually observed in grid-gener-
ated turbulent flows [17, 31, 32] corresponds to
the growth in the Taylor microscale (A ) as the
square root of time. In stationary isotropic
turbulence, A, remains statistically invariant at
long times; therefore, (yi) decays exponen-
tially [28]. During the initial period of scalar
evolution, the scalar variances do not, however,
decay exponentially as the Taylor micro-scale
is significantly changed. Following Corrsin {31],

30 40 50 60
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Fig. 5. Temporal evolution of joint statistics for different
values of the molecular diffusivities with Da = 0. (a) The
normalized variance difference. (b) The cross-correlation
coefficient. (¢) The variance of Z.






