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I. INTRODUCTION

Considerable experimental and theoretical efforts
have been devoted to understanding the phenomenon of
grain growth in metallic materials. The theoretical efforts
can be broadly divided into three different approaches.
The first approach is based on the solution of a con-
tinuum equation defined in the grain-size/time–space

subject to different assumptions regarding the mean
growth velocity and its dependence on the grain size [1, 2].
The second theoretical approach to understanding the ki-
netics of grain growth is based on the use of the time in-
variance that a grain ensemble displays under isothermal
annealing conditions. The time invariance is one of the
defining characteristics of the normal grain growth and
reflects the experimental observations that the grain-size
distribution function is invariant in time when plotted as
a function of the normalized grain size (the grain size di-
vided by the arithmetic-mean grain size). After making
additional assumptions regarding either the form of the
grain-size distribution function [3] or the topology of the
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grain structure [4], the basic relations for the kinetics of
grain growth are derived.

The third approach to the problem of grain growth
involves the use of various computer simulation tech-
niques [e.g., 5–8]. In some of these techniques, each
grain is described by a single parameter, which repre-
sents the radius of a sphere with the equivalent volume
as the grain in question, and the driving force for growth
is assumed to be proportional to the pressure difference
between grains [5, 6]. As an alternative approach to com-
puter simulations of grain growth, stochastic methods
such as the Monte Carlo method are employed [e.g. 7, 8].
These methods enable the simulation of grain growth in
a microstructure obtained by metallographic examination
of polished and etched metallic samples. In these simu-
lations, the grain microstructure is mapped onto a discrete
computational lattice to which random “grain orienta-
tions” are assigned. A statistical Monte Carlo procedure is
then used to simulate the evolution of materials micros-
tructure accompanied by grain growth. To date, such
simulations have been limited to two-dimensional (2-D)
and isothermal conditions.

Predictive capabilities in metallic grain growth have
application in a wide diversity of fields. The present
work is concerned with the LENS (Laser-Engineered Net
Shaping) free-form fabrication process [9]. Free-form
fabrication is one of the fastest growing manufacturing
technologies, which has the potential of drastically re-
ducing the time period between the initial conceptual de-
sign of a part and its actual fabrication [10, 11]. Among
these technologies, the LENS fabrication process is
unique in that it enables a direct fabrication of the parts
made of metallic materials. A typical LENS system con-
sists of a Nd:YAG laser, a controlled-atmosphere glove-
box, a 3-D computer-controlled positioning system and
several powder-feed units. The positioning system is lo-
cated inside the argon-filled glovebox in which the oxy-
gen level is generally held below 2–3 ppm. The laser
beam enters the glovebox through a window mounted on
the top of the glovebox and is directed to the deposition
region using a focusing lens. Due to the high temperature
of the laser beam, a small melt pool is created at the top
surface of the depositing part into which the powder-feed
system delivers the metallic powder.

In the LENS process, a part is built in a layer-by-
layer fashion. To manufacture a part, 3-D solid model is
first generated using a CAD (Computer-Aided Design)
software package. The solid model is next sliced into
thin layers and the file containing the information about
the topology of each layer is used to drive the focusing
lens and the powder-feed nozzle. As the focusing lens
and the powder-feed nozzle raster the surface, a line of

the new layer is deposited. Typically, the width and the
height of a deposition line are around 300mm. After the
fabrication of a new layer is completed, the positions of
the focusing lens and the powder-delivery nozzle 
assembly are incremented in the positive vertical z
direction by the height of a layer and the process is 
continued.

Cubes of the size comparable to the width/height of
a deposition line (,300 mm) can be considered as rep-
resentative material elements, which contain the main
microstructural features of the material deposited by the
LENS process. Such representative material elements
experience a very complicated thermal history during
fabrication of the part. When one such element is first
created, it contains a mixture of the metallic melt and
solid (partially melted) powder particles. As the laser
beam moves away, the element first solidifies, acquiring
a fine (typically ,2–3 mm) nearly equiaxed grain struc-
ture and then continues to cool. The element is again
subjected to high temperatures when the elements just
above it in the next layer are deposited. This may cause
partial melting of the upper portion of the element in
question. However, the remainder of the element remains
solid but exposed to very high temperatures approaching
the solidus temperature of the metallic material. Under
such conditions, significant coarsening of the material
microstructure is quite probable, which can lead to a pro-
nounced loss in material strength and ductility. As the
laser beam moves away, the temperature of the element
again decreases. The thermal cycling of a deposited ma-
terial element described above continues, although with
a progressively lower peak temperature, as additional
layers are deposited.

The two primary objectives of the present work are:
(1) to extend the 2-D isothermal Monte Carlo grain-
growth model initially developed by Srolovitz and co-
workers [7, 8], to 3-D and nonisothermal annealing con-
ditions; and (2) to apply the model to the prediction of
grain structure evolution in a representative material
element of a metallic part produced by the LENS fabri-
cation process. The Monte Carlo method is used since,
as discussed above, it allows incorporation of the com-
plexity of the grain-boundary topology, which is likely
to play an important role under dynamic heating condi-
tions produced by a rastering laser in the LENS process.
The organization of the paper is as following: A detailed
description of the Monte Carlo simulation model and of
procedures used for the assessment of a grain-boundary
mobility factor are presented in Section 2. The main
results obtained are shown and discussed in Section 3. A
list of main conclusions resulting from the present work
is given in Section 4.
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2. COMPUTATIONAL PROCEDURE

The 2-D Monte Carlo grain-growth simulation
method, initially developed by Srolovitz and co-workers
[7, 8], is extended in the third dimension and to non-
isothermal annealed conditions and is utilized to analyze
the evolution of grain microstructure during the LENS fab-
rication process. This statistical mechanics-based method
has been previously used to analyze a number microstruc-
tural evolution processes, such as grain coarsening [7, 8],
recrystallization [12, 13], etc. Following Tikare et al.[14],
the original isothermal method of Srolovitz and co-work-
ers [7, 8] is modified to enable the analysis of grain growth
under complex laser-rastering induced thermal conditions
in a material fabricated by the LENS process. As men-
tioned earlier, a 3-D analysis of grain growth is carried out
in the present work. The results for an arbitrary planar cut
through the representative material element can be readily
compared with their experimental counterparts obtained
using the quantitative metallographic examination of the
corresponding (polished and etched) metallic sample.

As discussed earlier, a representative material ele-
ment deposited during the LENS process has a character-
istic linear dimension of around 300 mm. Hence, a 300 3
300 3 300 mm cube-shaped computational domain is se-
lected for simulation. The domain is divided into N 5 300
3 300 3 300 5 27,000,000 cubic cells, all of the same
size. It is next assumed that there are Q 5 100 different
crystallographic orientations that each cell can have (sen-
sitivity of the results to the value of Q is addressed in Sec-
tion 3.1). Each cell is then assigned an initial crystallo-
graphic orientation by selecting a random integer qi from
the set 1–100 (inclusive). Since the mean grain size after
solidification of the melt pool is around 2–3 mm and the
grains are fairly equiaxed, the initial configuration of cells
is annealed isothermally using the Monte Carlo method,
until the mean grain radius reaches a value of ,2.0 mm.
This configuration is assumed to be representative of the
as-cast microstructure in a LENS-fabricated material.
Last, the as-cast configuration is subjected to a typical
thermal history associated with a rastering laser in the
LENS fabrication process and evolution of the grain size
and grain-size distribution are analyzed.

The Monte Carlo method used in the present work
entails knowledge of the total energy of the computa-
tional domain, which is defined as:

(1)

where n (set equal to 26 in the case of 3-D and to 8 in
the case of 2-D simulations) is the number of nearest
neighbors of a cell and d is the Kronecker delta defined
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as d(qi,qi) 5 1 for qi 5 qi and d(qi,qi) 5 0 otherwise, with
qi and qi denoting the orientation parameters of
the neighboring cells i and j. It should be noted that the
energy given by Eq. (1) contains only the grain-boundary
contributions and that the grain-boundary energy is as-
sumed to be independent of the misorientation of the
adjacent grains and of the orientation of the grain bound-
aries. Hence, this equation can be strictly applied only to
one-component, single-phase metallic systems with
fixed, isotropic grain-boundary energies.

The Monte Carlo simulations of the grain growth
process, both 3-D and 2-D, are carried out using the
following steps:

(1) The energy of the computational domain is
computed using Eq. (1).

(2) A cell is selected at random and a new possible
crystallographic orientation of the cell is chosen
at random from the set of crystallographic orien-
tations of its 26 neighbors (8 neighbors in the
case of 2-D simulations).

(3) The total energy of the computational domain
with the cell in question in its new crystallo-
graphic orientation is calculated using Eq. (1)
and the difference between this energy and the
one calculated in step (1), DE, is computed.

(4) The energy change DE is next used to compute
the transition probability for the cell in ques-
tion as:

(2)

where Mgb is a temperature-dependent grain-
boundary mobility factor and T is the temperature
of the cell in question. The mobility factor Mgb in
Eq. (2) is used to explicitly handle the effect of
temperature on the grain-boundary velocity, Vgb.
The two quantities, Vgb and Mgb, are generally
considered to be proportional to each other [14].
It should be noted that a small departure from the
original model of Srolovitz and co-workers [7, 8]
is made in Eq. (2). That is, Srolovitz and co-
workers [7, 8] used P 5 exp2 DE/kBT (kB is the
Boltzmann’s constant) expression for the transi-
tion probability when DE . 0, instead of P 5 0.
However, the difference between the two models
is expected to be insignificant, since for kBT < 0
used by Srolovitz and co-workers [7, 8] P 5 exp-
DE/kBT is of the order 10218 or lower.

(5) Once the transition probability P is computed, a
random number R is generated in the range 0 2
Mgb(T). The cell is allowed to change into the
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new crystallographic orientation if R# P,other-
wise the original cell orientation is kept.

(6) The energy of the computational domain in the
current configuration is assigned the step (1), and
the procedure is continued starting with step (2).

In order to include nonisothermal material effects in
a physically consistent manner, the above Monte Carlo
procedure is coupled with the solution of the energy equa-
tion. It is well established that in microstructures with
submicron characteristic dimensions, the classical Fourier
heat transfer theory can break down [16]. In such cases,
it may be necessary to account for the length-scale de-
pendence of thermal conductivity along with the heat flux
dependence on ballistic phonon-electron interactions.
However, in the present calculations, the characteristic
microstructure length scale is coarse enough that the tem-
perature distribution within the material can be described
by the macroscale Fourier conduction heat transfer equa-
tion as:

(3)

where l is the thermal conductivity, r is the density, and
c is the heat capacity and these properties are further as-
sumed to be constants.

The energy equation, Eq. (3), is solved in conjunc-
tion with the grain-growth model discussed above using
a second-order accurate explicit central-difference com-
putational scheme. To ensure stability of the explicit
scheme, the energy equation is solved with a time step
Dt based on a diffusive Courant number of 0.15, which
is calculated independently of the Monte Carlo simula-
tion “time step.” As will be discussed in Section 3. 2, the
Monte Carlo simulation time can be related to the corre-
sponding physical annealing time using the experimen-
tally determined grain-boundary mobility factor. In gen-
eral, the ratio of the energy equation time step to the
Monte Carlo time step is ,105.

Boundary conditions are applied to both the solu-
tion of the Monte Carlo procedure as well as to the
energy equation in all three dimensions. The computa-
tional code developed allows the Monte Carlo simula-
tions of grain growth to be carried out using either periodic
or “interior cell” boundary conditions in any direction.
The latter approach is needed to handle the free-surface
boundary conditions where the number of the nearest
neighbors of a cell is smaller than 26 (or 8 for 2-D sim-
ulations). For the energy equation, a choice of periodic,
adiabatic, specified heat flux, or specified temperature
distribution boundary conditions are available.

∂
∂
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A parallel processing-based computation procedure
is developed in order to address large domain resolutions
with reasonable computation times. Toward that end, the
computational domain is divided into a number (typi-
cally 8) of equally sized subdomains and the analysis of
each subdomain is assigned to a separate CPU (central
processing unit). The interprocessor communication
required along the boundaries of adjoining subdomains
is performed using MPI (message passing interface)
libraries. Since, within the present 3-D model, the evo-
lution of a cell is governed by its 26 nearest neighbors, a
1-cell layer is added to each face of all subdomains to
provide the 26-cell environment for their boundary cells.
The cells residing in the added layers are referred to as
“ghost” cells. It should be noted that the ghost cells of
one subdomain are also the boundary cells of the neigh-
boring subdomains. In other words, the ghost cells of a
subdomain are handled (updated) by CPUs other than the
one handling the nonghost cells of the same subdomain.
This implies that in order to ensure complete consistency
between one and multiprocessor simulations, the neigh-
boring processors must communicate with each other
during each simulation step. In the most naïve approach,
each processor would perform a single Monte Carlo
event in parallel, followed by communication between
all processors to update the ghost cells. This would nor-
mally make the computations prohibitively expensive as
far more information is being communicated than is
actually being operated on (i.e., for parallelization to be
efficient, the extent of operations should substantially
exceed the relative extent of communications).

In order to enhance the performance of the calcula-
tion, it is desirable to define some number of Monte
Carlo operations, which will be conducted between up-
dates of the ghost cells through interprocessor communi-
cation. To accomplish this, one must first understand the
statistical nature of the potential errors, which may result
by not updating the ghost cells after every event. A
schematic displayed in Fig. 1 shows five adjacent sub-
domains, each handled by a separate CPU. Shading is
used to denote the ghost cells associated with the sub-
domain, which is handled by the CPU 3. If a single cell
is chosen at random from this subdomain, the only way
that the ghost cells will affect the change in this cell (and,
hence, interprocessor communication is required) is if
the cell chosen is one of the border cells (e.g. cell A).
The probability of this occurring is P1 5 (2NX 1 2NY)/
(NX 3 NY) where NX and NY are the numbers of cells in
the x and y directions within the subdomain, respectively.
If, indeed, one of the border cells is chosen, then its
change will be affected by a neighbor subdomain only if
that subdomain chooses as its next random cell one of the

332 Miller, Cao, and Grujicic



three neighbors (ghost cells B, C, D) to this cell. The
probability for this event can be readily defined as P2 5
3/(Nx 3 Ny). The approximate combined probability of
both independent events occurring is, therefore, P3 5 P1 *
P2, or, on average, one error (misfire) will result every
1/P3 Monte Carlo events if the ghost cells are not updated.
It should be noted that this is a conservative estimate since
it only predicts probabilities of choosing cells; however,
errors will only occur if the cells are both chosen and their
orientation values are changed. Finally, the number of
Monte Carlo events that are allowed to occur between in-
terprocessor communications is governed by an assigned
probability of a single “misfire” occurring between com-
munications, ER.For 2-D simulations, the procedure de-
scribed above yields the following number of events al-
lowed to occur between interprocessor communications:

For 3-D simulations, by direct extension, one obtains:

N
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As will be shown in the next section, the application
of the above procedure reveals that a choice of ER 5
0.0001 yields insignificant errors and allows for highly
efficient calculations. The proper interpretation of this
value is that, on average, only 1/10000 misfires result be-
tween ghost cell updates. As noted above, this is a con-
servative estimate since it assumes that all cells selected
for the Monte Carlo operation will, in fact, change their
orientations. In fact, this occurs only rarely once the grain
structure develops, since the majority of cells within the
domain will be within the interior of grains and have no
chance of changing orientation.

3. RESULTS AND DISCUSSION

3.1. Isothermal Grain Growth

In this section, the 3-D Monte Carlo simulation
method is first validated by carrying out a computer-
simulation analysis of isothermal grain growth and
comparing the results for the kinetics of the grain
growth and for the grain-size distribution with their 
2-D counterparts obtained by Srolovitz and co-workers
[7, 8] and with theoretical predictions [1, 2]. In addi-
tion, since the Monte Carlo method will be used in the
next section to analyze grain growth under dynamic,
nonuniform temperature conditions encountered during
the LENS fabrication process, the results of computer
simulations of the isothermal grain growth process at
several temperatures are compared with their experi-
mental counterparts in order to determine temperature
dependence of the grain-boundary mobility factor Mgb

appearing in Eq. (2).

3.1.1. Temporal Evolution of the Mean Grain Size

Typical grain microstructures on a planar cut par-
allel to one of the faces of the computational domain
obtained after isothermal annealing at the same tem-
perature for two different times are shown in Figs. 2(a)
and (b). The simulation time, t*, in Figs. 2a and b is
expressed in terms of the number of Monte Carlo Steps
(MCS) where one MCS is defined as the number of
computational steps equal to the total number of cells
(27,000,000 in the present 3-D analysis) in the compu-
tational domain. It should be noted that in order to
mimic the conditions encountered in an infinite crystal,
all isothermal simulations of grain growth are carried
out under periodic boundary conditions in all three
directions.
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Fig. 1. A schematic of a computational subdomain (handled by CPU
3) and four adjacent subdomains (handled by CPUS 1, 2, 4, and 5).
Shading is used to denote the ghost cells of the middle subdomain. One
boundary cell (cell A) in the middle subdomain and its three (ghost)
neighbor cells (B, C, D) are also denoted.



energy is isotropic and constant throughout the compu-
tational domain. Qualitatively, the grain microstructure
shown in Figs. 2a and b are analogous to the ones obtained
by Srolovitz and co-workers [7, 8] who made a similar ap-
proximation regarding the nature of the grain boundary
energy.

The kinetics of grain growth during isothermal an-
nealing is generally found to be governed by the follow-
ing time law:

(4)

where 
–
R is the arithmetic mean grain size (radius), t is the

annealing time, and k is a constant, which exhibits Ar-
rhenius temperature dependence. Despite significant
scatter in experimental values for exponent n, a maxi-
mum value of 0.5 and a mean value around 0.45 are gen-
erally found for a variety of metallic materials [8]. To de-
termine the mean grain radius, a search algorithm is
developed which determines the number of adjacent cells
of the same type which constitute each grain (i.e., the
planar cut of each grain). Since the grains are fairly
equiaxed, the radius of a grain is defined as the radius of
a circle with an equivalent area as the cross-section area
of the grain in question. The arithmetic-mean grain ra-
dius is then computed using a standard formula.

To determine if the predictions of the Monte Carlo
method are consistent with the grain-growth kinetics law
given by Eq. (4), the logarithm of the mean grain size 

–
R

is plotted against the logarithm of the simulation time in
Fig. 3a. It should be noted that the simulation time, t*,
and the annealing time, t, are mutually proportional. The
exponent n appearing in Eq. (4) can then be directly ex-
tracted from Fig. 3a as the slope of the log(

–
R) vs. log(t*)

curve in the portion of the curve corresponding to 
–
R W

–
R (t 5 0) (dashed straight lines in Fig. 3a). The variation
of the d[log(

–
R)] / d[log(t*)] with log(t*), averaged over

50 planar sections, is shown in Fig. 3b. To show the ef-
fect of potential misfires due to a lack of interprocessor
communication during every Monte Carlo event, the re-
sults of three sets of 3-D simulations are shown in Figs.
3a and b. The three sets of results correspond, respec-
tively, to the probability for misfire of ERR5 0.0, 1024,
and 1022. It should be noted that in order to remove the
effect of fine serrations, the log (

–
R) vs. log(t*) curves are

first fitted to a fourth-order polynomial and the local
slope of the log (

–
R) vs. log(t*) curve computed from the

fitting polynomial. The results corresponding to the
probability for the misfire of 0.0 and 1024 are practically
identical. Results corresponding to the probability of
1022 differ slightly. Consequently, all subsequent 3-D
simulations are done under the condition of the proba-

R kt R R tn5 5for W ( )0
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Fig. 2. Typical microstructures predicted by the 3-D Monte Carlo
simulations of isothermal grain growth at the same temperature (Mgb 5

1.0), but for two different simulation times: (a) t* 5 100 MCS; (b) t* 5

500 MCS.

The as-annealed grain microstructures shown in Figs.
2a and b contain grains of irregular, but fairly equiaxed
shape. This observation is consistent with the approxima-
tion made in the present work that the grain boundary



bility for misfire being 1024. This resulted in a substan-
tial reduction of computation time without an apparent
loss of computational accuracy.

Based on the results shown in Fig. 3b, the average
value of the time exponent n (at longer simulation times)
can be set to ,0.49. This value is somewhat higher than
the one (,0.43) reported by Srolovitz and co-workers
[7, 8]. There are two potential explanations for the ob-
served difference: (1) Srolovitz and co-workers [7, 8] car-

ried out 2-D simulations of grain growth; and (2) their
simulations were carried out using triangular cells. To ex-
amine the role of the former, a 2-D analysis of grain
growth using square-shaped cells is carried out in the
present work. The results of this analysis are also dis-
played in Figs. 3a and b. The results displayed in Fig. 3b
show that the present 2-D grain-growth simulation analy-
sis yields a slightly lower value of the grain-growth ex-
ponent, n 5 0.48. However, this value is still considerably
higher than that reported by Srolovitz and co-workers
[7, 8]. The difference can be, at least partly, attributed to
the use of square-shaped cells in our work and the use of
triangular cells by Srolovitz and co-workers [7, 8].

Srolovitz and co-workers [7, 8] reported that if the
number of possible grain orientations, Q, is not large
enough, it can affect the value of n. To determine the
potential effect of the choice of Q on the grain-growth pa-
rameter, in addition to Q 5 100, 3-D simulations are also
carried out with Q 5 50 and Q 5 200. No systematic
change in the magnitude of n with a change of Q is found
and the average values for n obtained under the Q 5 50,
100, and 200 conditions are essentially identical.

3.1.2. Evolution of the Grain-Size Distribution

It is well established experimentally that one of the
defining features of grain growth is a pronounced homo-
geneity of the resulting materials microstructure. That is,
the maximum grain size (expressed by the grain radius)
is only 2.5–3 times larger than the arithmetic mean grain
size, 

–
R. In addition, when plotted as a function of the nor-

malized grain radius R/
–
R, the grain-size distribution

becomes time invariant.
To display the grain-size distribution function and

its evolution during isothermal annealing as predicted by
the 3-D Monte Carlo simulations, the probability density
function is plotted in Fig. 4a vs. the logarithm of the
normalized grain radius R/

–
R at five different simulation

times. The results shown in Fig. 4a indicate that both the
grain microstructure is quite homogeneous and that, with
the exception of an initial transient period (t* , 300
MCS), the distribution function is essentially independ-
ent of the simulation time. A comparison of the results
shown in Fig. 4a with the ones shown in Figs. 3a and b
indicates that the aforementioned steady-state distribu-
tion of grain size is attained approximately at the same
time (t* , 600 MCS) as that at which the power-law
grain-growth exponent n attains its long-time value.

The grain-size distribution averaged over the last
four simulation times indicated in Fig. 4a is shown as a
histogram in Fig. 4b. The distribution peaks at R/

–
R 5 1.2
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Fig. 3. (a) Evolution of the mean grain size with Monte Carlo
simulation time; (b) evolution of the grain-growth exponent with
Monte Carlo simulation time Nomenclature: 2D, 2-D simulations; 3D,
3-D simulations; ER, number of acceptable misfires between
interprocessor communications.



[log (R/
–
R) 5 0.08], has an apparent cut-off at R/

–
R 5 2.8

[log (R/
–
R 5 0.45], and asymptotically approaches zero as

R/
–
R tends to zero. Also shown in Fig. 4b are two theo-

retical grain-size distribution functions.
The first theoretical distribution (shown as a solid

curve) is the log-normal distribution function [3] for
which the probability distribution function is defined as:
( ) exp[2(log R/

–
R)2/2j2] (j–the standard devia-

tion). The log-normal grain-size distribution curve shown
1 2/ j p

in Fig. 4b is computed by employing the mean and stan-
dard deviation values of the present 3-D simulation-
based distribution function shown in the same figure.
While the two grain-size distribution functions agree
reasonably well, there are noticeable differences: (1) The
log-normal distribution function is symmetric in log-
space and extends to R/

–
R → 6`. The Monte Carlo

simulation-based distribution is, on the other hand,
skewed and has an apparent upper cut-off value of R/

–
R;

(2) The simulation-based grain-size distribution peaks at
R/

–
R 5 1.2 rather than at R/

–
R 5 1.0, as in the case of the

log-normal distribution.
The second theoretical grain-size distribution func-

tion (shown as the dashed curve in Fig. 4b) is the function
initially proposed by Louat [2]. The probability distribu-
tion function is, in this case, defined as: R/

–
R[exp2

(R/
–
R)2/2] and, hence, does not contain any adjustable pa-

rameters. This function is in a somewhat better agreement
than the log-normal distribution function with the one
based on the Monte-Carlo simulations. In particular, the
Louat grain-size distribution function has a tail in the limit
(R/

–
R) → 0 similar to the one predicted by the Monte Carlo

simulations analysis. In addition, this function predicts an
upper cut-off at around R/

–
R < 2.7 [log (R/

–
R) 5 0.43].

Nevertheless, the two distribution functions (the simula-
tion-based and the Louat one) differ considerably with re-
spect to both the magnitude and the location of the peak
value of the probability distribution function.

Also shown in Fig. 4b (the dash-dot curve) is the
grain-size distribution function obtained in the two-
dimension simulation analysis carried out by Srolovitz
and co-workers [7, 8]. The grain-size distribution pre-
dicted by Srolovitz and co-workers [7, 8] differs consid-
erably from the one obtained in the present work using
3-D Monte Carlo simulations. Differences between the
two distributions can be identified at: (1) small R/

–
R values,

where the present results show a more pronounced tail,
(2) near the peak of the probability distribution function,
where the present results show a smaller magnitude of
the peak and its position displaced toward larger R/

–
R

values; and (3) in the upper R/
–
R cut-off region where the

present results show a less sharp drop and a somewhat
higher cut-off value of R/

–
R. The observed differences in

the low R/
–
R distribution tail can be readily understood

since, due to planar sectioning within the 3-D analysis, a
grain of the considerable size can appear as a “small”
grain on the plane of sectioning giving rise to a more
pronounced low -R/

–
R distribution tail. This conjecture is

supported by the fact that the grain-size distribution
function obtained in our 2-D simulation analysis (the
dotted curve in Fig. 4b) also shows a shorter low -R/

–
R

distribution tail. The same phenomenon may be respon-
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Fig. 4. (a) Evolution of the grain-size distribution function with Monte
Carlo simulation time; (b) comparison of the present time-invariant
grain-size distribution function (the histogram) with the log-normal,
Louat [2] and Srolovitz and co-workers’ [8] grain-size distribution
functions.



sible for the remaining difference between the 2- and 3-D
grain-size distributions.

3.1.3. Assessment of the Grain-Boundary Mobility
Factor

All isothermal annealing simulations discussed in the
previous two sections are carried out under the condition
Mgb 5 1.0. This was justified by the fact that no effect of
temperature on the kinetics of grain growth was analyzed.
However, since the objective of the present work is to
study the evolution of grain microstructure under complex
thermal conditions encountered in the LENS fabrication
process, it is necessary to assess the grain-boundary mo-
bility factor and its temperature dependence. This assess-
ment is carried out in the present work.

Figure 5a shows the experimental results (discrete
symbols connected with a dotted line) of Feltham and
Copley [15], pertaining to isothermal grain growth in
Cu–10 wt. % Zn alpha brass. These results are used to
demonstrate the procedure, which can be used to assess
the grain-boundary mobility factor and its temperature
dependence. The procedure involves the following steps:

1. The experimental results shown in Fig. 5a are re-
plotted as log (

–
R) vs. log (t) (the plot not shown

for brevity), the resulting four curves (one curve
for each annealing temperature) fitted to a linear
relation, and the slope of the each line set equal
to the grain growth exponent, n. This procedure
yielded the average value of n 5 0.49 6 0.05.
To validate this value of n, the experimental re-
sults are replotted as 

–
R1/0.49 vs. t (discrete sym-

bols) in Fig. 5b and analyzed using a linear re-
gression analysis (the dashed straight lines).

2. Next, the experimental results are replotted as
log [R1/0.49 /t0 vs. 1/T, the results fitted to a lin-
ear function (the plot not shown for brevity) and
the slope of the fitting line set to -Q/Rg, where Q
is the activation energy and Rg (5 8.314
J/(K*mole))] the universal gas constant. This
procedure yielded Q 5 69.8 kJ/mole.

3. The maximum annealing temperature encoun-
tered during the LENS process is next set equal
to the solidus temperature, Tsol, of the deposited
material. For Cu–10 wt. % alpha brass Tsol 5
1250 K is assumed. The grain boundary mobil-
ity factor Mgb is next set to 1.0 at Tsol. Since Mgb

vs. T is assumed to be of an Arrhenius function
in the form:

(5)M A
Q

R Tgb
g

5 2exp

the pre-exponential factor A can be derived from
Eq. (5) and the condition Mgb (1250 K) 5 1.0.
This procedure yielded A 5 826.4 and the re-
sulting temperature dependence of Mgb is shown
in Fig. 6 (the curve denoted as “lower limit”).

It is frequently found [17] that the activation energy
for chemical diffusion-based processes becomes higher at
higher temperatures, making the temperature dependence
of the respective kinetic parameters (the grain-boundary
mobility factor in the present case) more pronounced.
This finding is generally attributed to the fact that at
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Fig. 5. Effect of annealing temperature and annealing time on the
mean grain radius in Cu–10 wt.% Zn alpha brass [15].



high temperatures, the process kinetics is mainly con-
trolled by bulk diffusion, while at lower temperatures, the
process kinetics is dominated by grain-boundary diffu-
sion. As a good approximation, the bulk-diffusion activa-
tion energy is generally taken to be twice the grain-
boundary diffusion activation energy. In order to explore
the effect of the higher activation energy at high temper-
atures, the previously determined activation energy (69.8
kJ/mole) is doubled, the transition between the low- and
high-activation energy regimes assumed to take place at
973 K, and Mgb (1250 K) set to 1.0 again. The resulting Mgb

vs. T relation is shown in Fig. 6 and is denoted as “upper
limit.” The high-temperature portion of this relation is
characterized with A 5 6.82 3 105 and Q 5 139.6 kJ/mole,
while the low-temperature portion of this relation is
defined by A 5 111.7 and Q 5 69.8 kJ/mole.

3.1.4. Relationship Between Annealing and Simulation
Times

In order to apply the grain-growth simulation model
to the LENS process, one must establish the relationship
between the physical annealing time (t) and the simula-
tion time (t*). The two times are related by a proportion-
ality constant C, i.e., t 5 Ct*. The constant C is deter-
mined so that the best agreement is obtained between the
experimental results and the model predictions (Fig. 5a).
It should be noted that the 3-D grain-growth analysis in
Fig. 5a was carried out only until 

–
R < 25 mm, since, at

larger values of 
–
R, the number of grains in the computa-

tional crystal became too small for a reliable grain-size
statistics to be conducted. For the “lower-limit,” the
grain-boundary mobility function C is found to be 1.1 *
1021 sec/MCS, while for the “upper-limit,” the grain-
boundary mobility function C is found to be 5.04 3
1023 sec/MCS and 1.263 3 1022 sec/MCS for 3- and 2-D
analyses, respectively. The agreement between the 

–
R vs. t

functions predicted using either value of the proportion-
ally constant C and the corresponding Mgb values and the
experimental data is quite good, which validates the pro-
cedure used to determine both C and Mgb (T).

3.2. Evolution of Grain Microstructure During
LENS Processing

A schematic of the LENS fabrication process is
shown in Fig. 7. The laser beam causes remelting of the
very top layer of the depositing part (denoted as
“remelted region” in Fig. 7), producing a melt pool into
which metallic powder is injected. The combined effect
of surface melting and powder injection yields fabrica-
tion of a new line (denoted as “new line” in Fig. 7). The
region right beneath the remelted region (denoted as
“region being studied” in Fig. 7) remains solid, yet ex-
posed to high temperatures. It is the grain-microstructure
evolution in this region that is analyzed in this section.

The laser beam used in the LENS process typically
has a Gaussian distribution of the specific power with the
center of the beam receiving the most power and the
power progressively dropping off toward the beam edges.
The cross section of the beam is generally circular or
made slightly elliptical in order to increase the width of
the depositing line. To simplify the calculation, only a

338 Miller, Cao, and Grujicic

Fig. 6. Temperature dependence of the grain-boundaries mobility
factor, Mgb, in Cu-10 wt.% Zn alpha brass.

Fig. 7. A schematic of the LENS fabrication process.



laser beam with the circular cross section is considered in
the present work. Two laser-beam diameters, 240 and
325mm, are considered in the present work. In addition,
the distribution of the specific laser power over beam
cross section is assumed to be uniform. The (total) power
of the laser used in the LENS fabrication process is typi-
cally in the range between 300 and 1000 W. A 750 W
laser is used in all calculations carried out in the present
work. The rastering velocity of the laser is generally in
the range 500 mm/sec. At the lower-limit value of its ras-
tering velocity (500 mm/sec) and for the characteristic
length of the representative material element (300 mm), it
takes the center of the laser beam 0.6 sec to traverse the
element. Using the values for the annealing time/simula-
tion time proportionally constant for Cu–10 wt.% Zn
alpha brass determined in the previous section, the simu-
lation time needed for the laser to traverse the character-
istic material element is found to be 5.4 MCS (for the
“lower-limit” form of the grain-boundary mobility func-
tion) and 119 MCS [for the “upper limit” form of Mgb(T)].

The computer simulation analysis of grain growth
during the LENS fabrication process is carried out fol-
lowing essentially the same steps as those mentioned in
the case of isothermal annealing except that, in addition
to updating the crystallographic orientation of the cells,
the 3-D energy equation, Eq. (3), is also solved in order
to update their temperature. The main differences be-
tween the isothermal-annealing simulations discussed in
Section 3.1.2 and the present (nonisothermal) annealing
simulations pertain to the type of boundary conditions
used. In the case of isothermal grain-growth simulations,
periodic boundary conditions are applied in all three di-
rections in order to mimic the grain-growth process in an
infinite crystal. The evolution of grain microstructure
during laser rastering, on the other hand, is carried out
under boundary conditions corresponding to an isolated
cubic region. Thus, cells located in the interior are con-
sidered to have 26 neighbors while those located on the
faces, edges, and corners are assigned 17, 11, and 7
neighbors, respectively. The energy equation, Eq. (3), is
solved under the following boundary conditions: (1) the
circular region of the top face of the computational do-
main corresponding to the laser-beam cross section, is
subjected to a fixed heat flux, while the remainder of the
top face is subjected to a zero-flux condition; (2) for the
remaining faces, the zero-flux conditions (i.e., dT/dn 5
0, where n is a normal to the given face) are used. The
use of the aforementioned adiabatic (zero-flux) boundary
conditions appears appropriate considering the fact that,
for the most part, the temperature of the nontop outer
boundary of the computational domain remains close to
the initial temperature. In addition, the temperature is not

allowed to exceed Tsol 5 1250 K. In all cases, the initial
temperature is taken to be uniform at T 5 500 K. The
following thermal and physical properties for Cu–10
wt.% alpha brass are used: l 5 110 J/(m/s/K), r 5 8800
kg/m3, and c 5 372 J/(kg/K).

The total path length of the laser is set equal to the
sum of the representative material element length and the
laser-beam diameter. At the beginning of each simulation
run, the center of the beam is placed to the left of the rep-
resentative material element, one laser-beam radius away
from its left face. At the end of the run, the center of
the laser beam resides outside the representative material
element, one laser-beam radius away of its right face.

To obtain the as-cast microstructure, grain-growth
simulations are initially carried out under isothermal
conditions until the average grain diameter reached a
value of approximately 4.0 mm. Figures 8a–c show the
resulting grain microstructure on: (1) the top face of the
representative material element; (2) the vertical plane,
which is parallel to the direction of laser rastering and
which bisects the representative material element (re-
ferred to in the following as the bisecting plane); and
(3) the plane located halfway between the front face of
the representative material element and the bisecting
plane (referred to in the following as the second vertical
plane). The results show a fairly equiaxed grain micros-
tructure in all three planes which is, as discussed earlier,
consistent with the isotropic grain-boundary energy ap-
proximation made in the present work.

When the “lower-limit” grain-boundary mobility
factor is used, the simulation time (,5.4 MCS) was too
short and, thus, no significant grain growth was found to
result from laser rastering. Consequently, these results
are not shown. In sharp contrast, when the “upper-limit”
grain-boundary mobility factor is used, the simulation
time extended to 119 MCS and visible grain coarsening
was observed.

The temperature-distribution and grain-microstruc-
ture results corresponding to the time at which the laser
beam has traversed one-third of its total path length are
shown in Figs. 9 a–f. The direction of laser rastering is
denoted in these figures by an arrow. The results shown
in Figs. 9 a, c, and e pertain, respectively, to the temper-
ature distributions on: (1) the top surface of the repre-
sentative material element; (2) the bisecting plane; and
(3) the second vertical plane. Figures 9b, d, and f show
the corresponding grain microstructure results.

The temperature distribution on the top surface of
the representative material element (Fig. 9a), shows a
truncated circular region of a diameter of approximately
240 mm, within which the temperature attains its high-
est value (1250 K). Outside this region, the temperature
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decreases quite rapidly. Consequently, at a distance of
approximately 40 mm ahead of the circular region, the
temperature falls below 550 K. The temperature drop in
the direction normal to the direction of laser rastering is
equally rapid. The corresponding grain microstructure
results. (Fig. 9b), show that significant grain growth
takes place only in the truncated circular region associ-
ated with the highest (1250 K) temperature. In addition,
the most pronounced grain growth takes place in the
horizontal, middle portion of this region. These findings
are fully consistent with the previously discussed ef-
fects of annealing temperature and annealing time of the
extent of grain growth. That is, the portions of the top
surface of the representative material element outside
the truncated circular regions are subject to the anneal-
ing temperatures, which are too low for the significant
grain growth to take place. Furthermore, while the rim
of the truncated circular region is exposed to the high-
est annealing temperature, the exposure time is rela-
tively short, resulting in a significantly smaller extent of
grain growth.

The temperature distribution on the vertical bisect-
ing plane (Fig. 9c), shows that temperature decreases very
rapidly in the depth direction. For instance, the tempera-
tures higher than 1200 K are localized in a 5–7 mm thick
topmost layer of the representative material element. The
width of this region is approximately 140–160 mm. The
corresponding grain microstructure result (Fig. 9d), show
that again the significant grain growth takes place only in
the portions of the representative material element ex-
posed to the highest temperatures for a sufficient amount
of time. Consequently, significant grain growth takes
place only in a ,10 mm thick and ,130 mm wide upper
left region of the representative material element.

The temperature distribution on the second vertical
plane, (Fig. 9e), is qualitatively similar to the one shown
in Fig. 9c. However, the depth (4–6 mm) and the width
(120–140 mm) of the region with the temperature in
excess of 1200 K are somewhat smaller. The correspon-
ding grain microstructure results, (Fig. 9f), show that
again the significant grain growth takes place only in the
,10-mm thick and ,120-mm wide upper left portion of
the representative material element, the portion which is
exposed to the highest temperatures for a sufficient
amount of time.

The temperature-distribution and grain microstruc-
ture results corresponding to the ones shown in Figs.
9a–f, but at the instant when the laser has completely tra-
versed its total path length, are shown in Figs. 9a–f. A
careful examination of the results displayed in Figs. 10a–f
shows that the relationships between the magnitude of
the annealing temperature, the duration of annealing, and
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Fig. 8. The “as-cast” grain microstructure on: (a) the top face; (b) the
bisecting vertical plane; and (c) the second vertical plane of the
representative material element.
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Fig. 9. Temperature distribution (a), (c), and (e) and the corresponding grain microstructure (b), (d), and (f ) on:
(a) the top face; (b) the bisecting vertical plane; and (c) the second vertical plane at the instant when the laser has
traversed one-third of its total path length.
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Fig. 10. Temperature distribution (a), (c), and (e) and the corresponding grain microstructure (b), (d), and (f ) on:
(a) the top face; (b) the bisecting vertical plane; and (c) the second vertical plane at the instant when the laser has
traversed its entire path length.



the extent of grain growth, established in connection
with the results shown in Figs. 9a–f are applicable also
in this case. That is, significant grain growth takes place
only in the topmost regions of the representative material
element, which is subjected to the highest annealing tem-
peratures and for the longest times.

The variation of the mean grain size (represented by
the mean linear grain intercept) in the two vertical planes
(Figs. 10d and f ) with the distance from the top surface of
the representative material element is shown in Fig. 11a.
The two sets of results are, respectively, denoted as the
“bisecting plane” and the “second vertical plane.” The
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Fig. 11. Variation of the mean linear grain intercept with distance from the top face of the representative material element: (a) laser-beam diameter 5

240 mm, rastering velocity 5 500 mm/sec; (b) laser-beam diameter 5 325 mm, rastering velocity 5 500 mm/sec; and (c) laser-beam diameter 5 240 mm,
rastering velocity 5 2000 mm/sec.



results shown in Fig. 11a indicate that the largest extent of
grain growth takes place in the region where the top sur-
face of the representative material element and the bisect-
ing plane intersect. In the top portion of this region, the
grain size has increased by a factor of near two. Further-
more, the results shown in Fig. 11a indicate that laser ras-
tering affects grain microstructure only in the topmost 20–
25-mm thick region of the representative material element.

To demonstrate the effect of the LENS process
parameters on the grain microstructure, the variation of
the mean grain size in the two vertical planes with the dis-
tance from the top surface of the representative material
element for the laser-beam diameter of 325 mm (the laser-
rastering velocity 5 500 mm/sec) and for the laser-rastering
velocity of 1000 mm/sec (the laser-beam diameter 5
240mm) are shown in Figs. 11b and c, respectively.

A comparison of the results shown in Figs. 11a and
b indicates that as the laser-beam diameter increases, not
only the extent of grain coarsening on the top face of the
representative material element increases but also the size
of the region within which coarsening takes place. These
findings are consistent with the fact that as the laser-beam
diameter increases, the exposure time of a cell at the top
face of the representative material element to the highest
temperatures increase. In addition, the size of the region
subjected to the highest temperatures also increases.

A comparison of the results shown in Figs. 11a and
c indicates that as the laser-rastering velocity increases,
the extent of grain coarsening on the top face of the rep-
resentative material element decreases while the size of
the region within which coarsening takes place does not
change significantly. These findings are consistent with
the fact that as the laser-rastering velocity increases, the
exposure time of a cell at the top face of the representa-
tive material element to the highest temperatures de-
creases while the size of the region subjected to the high-
est temperatures remains essentially unchanged.

The results shown in Figs. 11a–c demonstrate how
the model developed in the present work can be used to
establish a direct link between the LENS process param-
eters and the resulting materials microstructure. Once
such links are established, they can be used for optimiza-
tion of the process itself, the fabricated material, or both.

4. CONCLUSIONS

Based on the results obtained in the present study
the following main conclusions can be drawn:

1. The 3-D Monte Carlo method-based simulation
analysis of grain growth under isothermal an-

nealing conditions predicts a grain-size distribu-
tion function with a pronounced small grain-size
tail, which is more consistent than either analyt-
ical or simulation 2-D analyses with the experi-
mental observations.

2. Experimental results for the kinetics of grain
growth under isothermal annealing conditions
can be used to determine the grain-boundary mo-
bility factor needed in the Monte Carlo method-
based simulations of grain growth. However,
since the grain-boundary mobility factor is
highly temperature sensitive, its accurate de-
termination entails experimental isothermal-
annealing data for the entire temperature range
of interest.

3. By combining the grain-growth simulation
method with the solution procedure for the ther-
mal energy equation, a computational tool can be
developed, which enables the analysis of the
effect of various parameters in a material manu-
facturing process (e.g., the LENS rapid fabrica-
tion process) on the resulting material micro-
structure.

4. When coupled with an optimization scheme, this
tool can be further used to optimize the manu-
facturing process, the microstructure, and, thus,
properties, of the material product, or both.
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