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Results are presented from parallel computations of one-dimensional ð1-DÞ and two-

dimensional ð2-DÞ microscale heat conduction in multilayered films involving the materials

silicon ðSiÞ and silicon dioxide ðSiO2Þ. The equation of phonon radiative transport ðERPTÞ,
in its spectral as well as frequency-independent form, is considered for numerical modeling

using finite-difference methods. Parallelization strategies based on Message Passing In-

terface ðMPIÞ routines are explored in an effort to achieve computational efficiency. The

numerical solution results address the effects of film thickness, grain boundary scattering,

and interfacial boundary conditions on the time-dependent temperature distribution within

the microscale films.

1. INTRODUCTION

Thin films at micrometer and submicrometer dimensions are finding increasing
application in modern microelectronics devices. For example, dielectric and semi-
conductor thin films are widely used in microprocessors and electronic circuits.
Accurate prediction and modeling of heat transfer within these devices can be crucial
to efficient operation and design. Such thin films appear with dimensions � 0.1–
100 mm, for which size effects are generally considered important for thermal mod-
eling [1–3]. A second class of devices utilizing thin films are pyroelectric sensors,
which operate based on measurable voltage generated within pyroelectric materials
layered between various electrodes and insulators in response to incident heat flux
[4]. Constant heat flux sources require that the incident radiation be modulated, and
accurate prediction of the internal transient material temperature distribution is
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required in order to predict sensor performance and sensitivity [1, 4, 5]. Previous
analyses of these devices have been limited nearly exclusively to an assumption of
heat transfer governed by the macroscopic Fourier’s heat conduction law (presented
for constant properties) [5]:

qT
qt

¼ aH2T ð1Þ

where T is the temperature, a ¼ k=rC is the thermal diffusivity, k is the thermal
conductivity, r is the material density, and C is the material heat capacity. Fourier’s
law is valid for length scales much larger than the mean free path between phonon
collisions [6]; however, modern thin-film devices are being designed with material
thicknesses at or below mean free paths. For example, a recently published sensor
design [4] includes a pyroelectric layer having a thickness equal to L ¼ 1:5 mm; the
mean free phonon path (L) is L� 1 mm. At such length scales, significant dis-
crepancies between the predictions of this conventional law and various versions of
the relatively more fundamental Boltzmann transport equations have been reported
[3, 7, 8]. This has consequently instigated a re-evaluation of approaches to heat
transfer design in such situations.

The Boltzmann transport equations in its general form has no known analytic
solutions and therefore must be solved numerically. The principal assumption that
makes the Boltzmann transport equation tractable to numerical solution is the
relaxation time approximation to the scattering term on the right-hand side of the
equation (refer to the following section). Through the assumption, all phonons are

NOMENCLATURE

C specific heat, J=kgK

DðoÞ density of states, m73 s

e internal energy, W=m73 s

�h Planck’s constant divided by 2p, J s
I phonon intensity, W=m2ST

kB Boltzmann constant, J=K

L film thickness, m

L integral operator

N number of grid points

q heat flux, W=m2

Rab phonon reflectivity

t time, s

T temperature, K

Tab phonon transmissivity

v phonon group velocity, m=s

x; y; z Cartesian coordinates, m

a thermal diffusivity (k=rC), m2=s

av Courant number

y zenith angle, rad

k thermal conductivity, W=mK

L mean free path, m

r density, kg=m3

s Stefan-Boltzmann constant for

phonons, W=m2K4

t relaxation time, s

f azimuthal angle, rad

o angular frequency of phonons, s71

Subscripts

A material film A

B material film B

BE Bose-Einstein statistics

c cutoff value

d diffuse

D Debye

f thin film

i phonon polarization mode

L longitudinal transverse acoustic

mode

TU high-frequency transverse acoustic

mode

T0 low-frequency transverse acoustic

mode

Superscripts
� nonvariable

0 equilibrium

þ positive y direction

7 negative y direction
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allowed to ‘‘relax’’ to their corresponding isotropic equilibrium distribution.
Incorporating this assumption are the two distinct forms of the simplified transport
equation predominantly encountered in the literature.

The first approach is the phonon-frequency integrated formulation [3, 9] (referred
to hereinafter as the BTE), which is consistent with the assumptions of a gray-body
medium. This formulation describes the time- and space-dependent variation in the
phonon distribution as a function of polar phonon propagation angles, but assumes
independence of the phonon frequency. The calculation of the heat flux and internal
energy follows the standard procedure employed in typical radiative heat transport
problems. A ‘‘pseudo-temperature,’’ based on the equilibrium distribution of the pho-
nons, is deduced from the local internal energy and the bulk-material specific heat.

A second common approach to microscale heat condition is the equation of
phonon radiative transport (ERPT) [7]. This formulation retains the frequency
dependence of the distribution evolution and is applicable to materials for which the
relaxation time based on grain boundary scattering is treated as frequency-depen-
dent. Here as well, the heat flux and the internal energy are calculated in the same
way as the previous approach, by integrating the distribution function. The tem-
perature, however, is calculated by equating the phonon intensity distribution with
an assumed equilibrium having Bose-Einstein statistics [6, 7, 10].

Previous solutions to these equation sets have typically been limited to sim-
plified one-dimensional (1-D) problems [1, 3, 7, 9, 11, 12]. Only a relatively few
references that involve two-dimensional (2-D) domains exist in the literature [13, 14].
One of the main reasons for this deficiency is related to the substantial computa-
tional demands posed by such multidimensional geometries (see below). The primary
objective of the present investigation is therefore to determine efficient parallelization
strategies for both the BTE and EPRT for multidimensional microscale heat transfer
problems. The model problem considered is that of two or more thin-film materials
in direct layered contact with rectangular geometry. A single surface is subject to an
instantaneous temperature increase and the ensuing transient and steady-state
temperature distributions are studied. Dimensions and material properties are taken
to be relevant to modern microelectronics devices. Two materials of largely varying
phonon mean free paths are chosen for this investigation (monocrystalline silicon, Si,
and silicon dioxide, SiO2), in order to address applications in which either a hybrid
BTE=Fourier or EPRT=Fourier approach is warranted.

The specific objectives of the research are to present: (1) an efficient parallel
finite-difference scheme for the solution of the transient 1-D and 2-D versions of the
integrated BTE, the EPRT, and the two hybrid Fourier formulations, (2) an
investigation of computational issues related to simulating heat transfer in materials
of largely varying mean free paths, and (3) example 1-D and 2-D results from
simulations of microscale heat transfer in multimaterial thin films comprised of
silicon and silicon dioxide layers. The article is organized as follows. The mathe-
matical formulation of the BTE, EPRT and the hybrid BTE=Fourier and
EPRT=Fourier methods are described in Section 2. The numerical approach to the
solution of the governing equations is described in Section 3. Code parallelization
and scaling results, code validation, resolution requirements, simulation times, and
example physical results to a typical 2-D microscale heat transfer configuration are
provided in Section 4. Conclusions and discussions are given in Section 5.
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2. MATHEMATICAL FORMULATION

2.1. The Equation for Phonon Radiative Transfer (EPRT)

Based on an analogy between photons and phonons as discrete wave packets of
thermal energy, the equation for phonon radiative transfer (EPRT) for the phonon
intensity (I) is derived directly from the Boltzmann transport equation [1]:

qI
qt

þ v � HI ¼ I 0 � I

t
ð2Þ

where the characteristic relaxation time t is in general a function of the phonon
frequency, o, and temperature, T. The acoustic velocity vector v is hereinafter
assumed to be isotropic with magnitude v. The Cartesian (x; y; z)-coordinate velocity
components for phonons moving in polar directions y, f are therefore:

vx ¼ v cosF sin y ð3Þ

vy ¼ v sinF sin y ð4Þ

vz ¼ v cos y ð5Þ

for 0� y� p and 0�f� 2p (see the inset in Figure 1). The intensity Iðt; x; y; z; y;f;oÞ
is defined as the flux of energy in the direction of phonon propagation per unit area,
per unit solid angle, per unit frequency. A relaxation-time approximation has been
used in the above to model the scattering term in the Boltzmann transport equation
which drives the local intensity towards an equilibrium intensity, I 0 (described
below).

The heat flux q is related to the net phonon flux and its components are given
by [15]

qx ¼ L I cosF sin yð Þ ð6Þ

qy ¼ L I sinF sin yð Þ ð7Þ

qz ¼ L I cos yð Þ ð8Þ

where the operator L is defined by:

L Cð Þ ¼
Z oc

0

Z 2p

0

Z p

0

C sin y dy dF do ð9Þ

where oc is a maximum ‘‘cutoff frequency’’ (defined below). In a similar manner, the
internal energy (e) is given by

e ¼ L I

v

� �
ð10Þ

Applying the operator L to the EPRT [Eq. (2)] yields the first law of thermo-
dynamics:
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qe
qt

þ H � q ¼ L I 0 � I

vt

� �
ð11Þ

which requires that the right-hand side be null:

L I 0 � I

vt

� �
¼ 0 ð12Þ

A strict imposition of this equality is typically employed at each frequency [7]:

I 0 t; x; y; z;oð Þ ¼ 1

4p

Z 2p

0

Z p

0

I sin y dy dF ð13Þ

where the equilibrium intensity I0 is independent of the polar angle. Note that
although the classical thermodynamic concept of temperature is poorly defined for
dimensions of order or smaller than the phonon mean free path, a ‘‘pseudo-
temperature’’ can be defined by assuming that an equivalent equilibrium intensity
exists and is characterized by Bose-Einstein statistics:

I 0BE Tð Þ ¼ 1

4p

X
i

vi
h�oD oð Þ

exp h�o=kBT½ � � 1
ð14Þ

where h� ¼ 6:625� 10�34=2p J s Planck’s constant, kB ¼ 1:3806� 10�23 J=K is
Boltzmann’s constant, DðoÞ ¼ o2=2p2v3 is the Debye density of states, and the

Figure 1. Schematic of the 2-D Si=SiO2 domain. The Cartesian and polar-angle coordinate system is

shown in the inset.
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summation is over the three phonon polarizations [7]. The temperature appearing in
Eq. (14) can be calculated using an iterative approach by considering the following
equality [from Eqs. (12) and (14)]:

L I0BE
� �

¼ L Ið Þ ð15Þ

which yields Z oc

0

I0BE do ¼ 1

4p

Z oc

0

Z 2p

0

Z p

0

I sin y dy dF do ð16Þ

2-D and 1-D EPRT formulation. The complete three-dimensional (3-D)
formulation of the EPRT represents a transport equation for a six-dimensional
array Iðt; x; y; z;o; y;fÞ (no array storage for the time coordinate), and its
numerical solution is prohibitive even on modern parallel processing computers.
We therefore consider a two-dimensional (x; y) reduction of the EPRT which not
only reduces the spatial dimensionality [to Iðt; x; y;o; y;fÞ] but also makes use of
a symmetry in the intensity function implied by qz ¼ 0:

I t; x; y;
p
2
� y;F;o

� �
¼ I t; x; y;

p
2
þ y;F;o

� �
ð17Þ

which reduces the polar coordinate interval to 0 � y � p=2 and 0 � f � 2p (i.e., half
of the original polar volume). In this case, the integration operator L described
above takes the form

L Cð Þ ¼ 2

Z oc

0

Z 2p

0

Z p=2

0

C sin y dy dF do ð18Þ

This change in operator, when substituted into the above 3-D formulation, defines
the 2-D EPRT with the exceptions of Eqs. (13) and (16), which become

I 0 t; x; y;oð Þ ¼ 1

2p

Z 2p

0

Z p=2

0

I sin y dy dF ð19Þ

Z oc

0

I 0BE do ¼ 1

2p

Z oc

0

Z 2p

0

Z p=2

0

I sin y dy dF do ð20Þ

respectively.
The derivation of the 1-D form of the EPRT makes use of symmetries in the

phonon intensity with azimuthal angle f. Therefore, for the case of energy transport
in only the z direction, the intensity reduces to a function of four variables, in this
case Iðt; z;o; yÞ. This is two dimensions less than the five-dimensional array problem
size for the 2-D EPRT formulation and therefore is significantly more tractable.
However, the primary emphasis of the present study is on multidimensional heat
conduction. Hereinafter, all 1-D simulation results are solutions of the 2-D equations
for energy flux in the y direction setting qx ¼ qz ¼ 0. This is implemented in the 2-D
code by using three grid points in the x direction with periodic boundary conditions
imposed. All 1-D parallel scaling results will therefore be reflective of the full 2-D
code performance. This approach is also used for the BTE discussed below.
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2.2. The Integrated BTE Formulation

For a gray medium, the methodology for solving the EPRT [Eq. (2)] can be
simplified by considering the phonon intensity and relaxation time to be independent
of frequency. In this case, modifications are made to the 2-D formulation in order to
reflect its frequency independence:

L Cð Þ ¼ 2

Z 2p

0

Z p=2

0

C sin y dy dF ð21Þ

and

I 0 t; x; yð Þ ¼ 1

2p

Z 2p

0

Z p=2

0

I sin y dy dF ð22Þ

replace Eqs. (18)–(19), respectively. In addition, the temperature in this case is cal-
culated directly from the definition of the internal energy:

e ¼ CT ð23Þ

where C is the bulk heat capacity for the medium.

2.3. Hybrid EPRT/Fourier and BTE/Fourier Formulations

In considering multimaterial thin films with disparate ranges of phonon mean
free paths and=or material dimensions, it may occur that one material is well
described by the bulk Fourier’s heat conduction law, whereas the other material
requires a microscale heat transfer description via either the EPRT or the BTE.
For example, the mean free paths of silicon and silicon dioxide considered in this
study are 409 Å [9] (this value is used only in the BTE simulations, while a fre-
quency-dependent relaxation time is used in the EPRT simulations) and 5.58 Å [3],
respectively. As will be discussed below, resolution requirements for the silicon
(due to its relatively very small mean free path) become prohibitive for relevant
film thicknesses. We therefore propose a hybrid macro-=microheat transfer for-
mulation based on the work of Sverdrup et al. [13], which allows for either a
combined hybrid EPRT=Fourier or BTE=Fourier formulation. The approach
within either material is identical to the pure Fourier and EPRT or BTE problems,
respectively. Boundary conditions along material=approach interfaces are discussed
below.

2.4. Calculation of Material Properties

The EPRT and the integrated BTE formulations require knowledge of the
phonon relaxation time, the group velocity, and the specific heat. As a reasonable
first approximation for many materials, these could either be borrowed or inferred
from the corresponding published bulk values for the appropriate operating con-
ditions (temperature, pressure, etc.) The analogy with the kinetic theory of gases is
typically employed to calculate the phonon mean free path [9,16]. This is achieved by
substituting the value for the bulk thermal conductivity (kKT is the conductivity
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consistent with kinetic theory), specific heat (C), the phonon group velocity, v, and
the phonon mean free path (L) in the following relation:

kKT ¼ 1

3
CvL ð24Þ

The relaxation time (t) is then t ¼ L=v. A frequency-independent relaxation time is
consistent with the gray-medium approximation.

Either the above approach or the macroscopic Fourier’s law is used for the
silicon dioxide modeled in this investigation. However, Ashegi and Goodson [17]
observed that for silicon (and germanium) thin films, the adoption of the above
approach may result in an overestimation of the thermal conductivity at room
temperature. Therefore, to obtain more realistic result, the phonon scattering rate
has to be determined by taking into account the film thickness, impurity and dopant
composition, void concentrations, and grain structure (resulting in a frequency-
dependent relaxation time). The procedure for determining the scattering rates for
monocrystalline silicon (considered in this study) is summarized below.

Holland [18] considered transverse and longitudinal phonons separately to
determine their respective contributions to the bulk thermal conductivity. The
regime (with respect to the lower and upper phonon frequency limits) for each mode
is determined from its phonon spectrum. Transverse phonons are demarcated into
high- and low-frequency modes and are denoted by subscripts TU and T0, respec-
tively. Similarly, longitudinal phonons are also demarcated into LU and L0 bran-
ches. However, typically only the low-frequency longitudinal mode, L0 (denoted
hereinafter with the subscript L) is considered and yields a reasonable accuracy [18].
The relaxation time for each mode contains contributions from boundary scattering,
impurity scattering, and phonon interactions (the three terms on the right-hand sides
of the equations below, respectively), which are summed in a Matthiesen sense. With
the definition of the cutoff frequency, ok, as kByk=h� (where k ¼ 1; 2; 3 and the cor-
responding yk values are taken from Table 1) for each mode ið¼TU;T0;LÞ, the
relaxation times are

tT0 oð Þ�1¼ vb

LyF
þ Ao4 þ BToT4 0 � o � o1 ð25Þ

Table 1. Parameters used for Holland’s model [18]

vTO 5,860m=s

vTU 2,000m=s

vL 8,480m=s

vb 6,400m=s

y1 180K

y2 210K

y3 570K

yD 658K

A 1.145610745 s3

BT 9.3610713K74

BTU 5.5610718 s

BL 2.0610724 s=K3
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tTU oð Þ�1¼ vb

LyF
þ Ao4 þ BTUo2 sinh h�o=RBTð Þ o1 < o � o2 ð26Þ

tL oð Þ�1¼ vb

LyF
þ Ao4 þ BLo2T3 0 < o � o3 ð27Þ

Values for the constants appearing in the above equations are provided in Table 1
[18]. The above relations correspond to bulk material predictions, so a modification
is necessary to account for size effects in thin films. Ashegi et al. [17] proposed that
this could be achieved by retaining all the terms (with their respective constants
unchanged) in the above equation except for the grain boundary scattering term,
vb=LyF, and then applying Sondheimer’s [19] method for estimating the reduction
factor for the bulk-material mean free path. The reduction factor for totally diffuse
surface scattering (the motivation for the use of which is explained below) is given as

gi oð Þ ¼ 1� 3Ly

2Li oð Þ

Z 1

t¼1

1

t3
� 1

t5

� �
1� exp

�Li oð Þt
Ly

� �� �
dt ð28Þ

with LiðoÞ ¼ tiðoÞvi. The reduction factor is then multiplied with the original bulk-
material relaxation time (excluding the grain boundary scattering term),

tf;i oð Þ ¼ gi oð Þti oð Þ ð29Þ

The predicted thermal conductivity of monocrystalline silicon as a function of
film thickness according to Holland’s model [18], adapted for thin films by Ashegi
and Goodson [17], is plotted in Figure 2a. The predicted conductivities are based on
relaxation times calculated from Eqs. (26)–(29) substituted into ‘‘Holland’s thermal
conductivity integrals.’’

kT0 ¼
kB

3p2vT0

kBT

h�

� �3 Z y1=T

0

tf;T0
x4 exp x

exp x� 1ð Þ2
dx ð30Þ

kTU ¼ kB
3p2vTU

kBT

h�

� �3 Z y2=T

y1=T
tf;TU

x4 exp x

exp x� 1ð Þ2
dx ð31Þ

kL ¼ kB
6p2vL

kBT

h�

� �3 Z y3=T

0

tf;L
x4 exp x

exp x� 1ð Þ2
dx ð32Þ

Based on this figure, the high-frequency transverse phonon mode appears to be the
dominant phonon mode in heat conduction. This is to be expected, since the trend
(for thin films) mirrors the behavior of the phonon modes (with respect to thermal
conductivity) for bulk materials at room temperature as per the original model,
differing only by a reduction factor for thin films.

However, studies conducted on bulk materials with phonon spectra similar to
monocrystalline silicon [20], following Holland’s work, have revealed that the
longitudinal acousitc phonon mode dominates the other two modes. For thin films,
Ju and Goodson [21] proposed modeling the thermal conductivity contributed
by longitudinal phonons as the sole heat carriers. They use Holland’s thermal
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conductivity integral for longitudinal phonos alone, and adjust the three-phonon
interactions constant BLðTÞ in Eq. (27) such that the predicted thermal conductivity
matches the total thermal conductivity for bulk silicon. They also suggest that the
frequency, o, in the phonon-interaction term be raised to the power 1.7 rather than 2

Figure 2. Thermal conductivity predictions for Si at T ¼ 300K: ðaÞ contributions of the three acoustic

modes, and (b) assuming the longitudinal acoustic phonon mode to be the dominant mode.
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as in the original formulation. This leads to (neglecting the boundary scattering
terms as before)

tL oð Þ�1¼ Ao4 þ BLo1:7T3 0 < o � o3 ð33Þ

where A ¼ 1:145� 10�45 s3 and BLðT ¼ 300KÞ ¼ 1:42� 1020 K�3 s�0:7. The thermal
conductivity based on this approach is plotted in Figure 2b; the bulk silicon value is
142 W=mK [17], in good agreement with the model prediction. The relaxation time
calculated by the same approach is incorporated in all simulations involving
monocrystalline silicon in what follows.

2.5. Boundary and Initial Conditions

Both Fourier’s heat conduction law [Eq. (1)] and the (pure and hybrid) EPRT
and BTE formulations presented above are solved numerically for both 1-D and 2-D
rectangular geometries (Figure 1). For 1-D cases the solution is on the interval
0 � y � Ly, while for 2-D cases the rectangular geometry is bounded by 0 � x � Lx

and 0 � y � Ly. In both cases, the material is initially at uniform temperature T0. At
time t ¼ 0, a single edge of the material is raised instantaneously to temperature
T0 þ DT. This occurs at location y ¼ 0 for 1-D cases and along the y = 0 surface in
2-D cases. For the EPRT the phonon intensity is intialized by assuming angular
independent Bose-Einstein statistics as a function of the specified temperature
[Eq. (14)]. For the frequency-integrated BTE, the initialization is [3]

I 0 ¼ 1

4p
CvT ð34Þ

After time t ¼ 0, boundary conditions for Fourier’s law are fixed temperature,
whereas for the EPRT the intensity function for incoming phonons remains fixed; the
intensity of outgoing phonons evolves via the EPRT or the integrated BTE. All
simulations use T0 ¼ 300K and DT ¼ 0:1K; conditions relevant to several modern
pyroelectric sensors and the same conditions as those employed in the 1-D simula-
tions of Majumdar [1].

The rectangular geometries considered include both single- and multimaterial
films. The contact surfaces between layers are normal to the primary direction of
heat flux from the heated boundary; i.e., the thickness of material C in the y
direction is L

Cð Þ
y , such that

P
L

Cð Þ
y ¼ Ly. For thin films, increased surface scattering

significantly reduces the effective thermal conductivity. The nature of surface scat-
tering can be purely diffuse, purely specular, or a combination of the two, depending
on the material and temperature ranges encountered. The coefficient for specular
reflection is given by [15]

p � exp
�16p3Z2

l2dom

 !
ð35Þ

with the dominant phonon wavelength, ldom, being of the order of 2ph� v=kBT. When
an appropriate value for the surface roughness factor Z (which ranges between 1 and
10Å for the silicon wafers considered here [17]) is substituted, the maximum value of
the specularity factor is less than 0.01 at room temperature. Therefore, for the
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present investigation it is reasonable to assume purely diffuse surface scattering (such
that all phonons, either reflected or transmitted, emerge isotropically distributed)
and use Eq. (28).

Also important at the material layer boundaries is interface scattering. Among
the simplest and most popularly employed approaches to modeling interface scat-
tering are the acoustic mismatch model (AMM) [9, 3] and the diffuse mismatch
model (DMM) [9, 3]. The former considers elastic phonon collisions such that the
reflected and transmitted phonons are at the same frequency as they were before
the event. In addition, across the interface of two dissimilar materials, only the
phonons with frequencies lesser than the minimum of either medium’s cutoff fre-
quency are transmitted. Another restriction is imposed on the phonons with angles
of incidence greater than the critical angle that are also confined within the medium
of origin. Therefore, the transmissivity and reflectivity of the phonons predicted by
the AMM have angular and frequency dependence. This model is typically
employed when operating temperatures are much lower than the Debye tempera-
ture, or when the Debye temperatures of the two materials are substantially dif-
ferent. In contrast to this approach is the DMM. Inelastic collisions are treated
within this model such that phonons of any frequency can be transmitted across the
interface with the transmitted and reflected phonons emerging with an isotropic
distribution. The probability for transmission or reflection of the incident phonons
is calculated according to a procedure discussed in the paragraph below. The
DMM is typically applied at temperatures of order and larger than the Debye
temperature. The Debye temperatures for the materials considered in this work are
570K and 492K for Si [18] and SiO2 [13], respectively. We therefore assume the
DMM to be applicable for both materials and employ it hereinafter. Note that
although the Debye temperature of the dominant heat carrying phonon mode for Si
is slightly larger than the room-temperature conditions considered in this work,
heat flux and temperature predictions by the DMM are deemed sufficiently accurate
for the purposes of this study. The DMM has been used for Si under similar
conditions by Sverdrup et al. [13].

The coefficient of transmissivity of phonons across a material interface is first
calculated by performing an energy balance at the interface using the relevant initial
conditions [Eq. (14) or (34)]. For the EPRT formulation the transmissivity coeffi-
cient, Tab (a and b indicate the particular material and take values A or B), is a
function of the material phonon velocities [22],

Tab ¼
1=v2b

1=v2a þ 1=v2b
ð36Þ

whereas for the integrated BTE form it is the material heat capacities which deter-
mine the transmissivity,

Tab ¼ Cbvb

Cava þ Cbvb
ð37Þ

The ‘‘coefficient of reflectivity’’ is then given by Rab ¼ 1� Tab. The isotropically
distributed diffuse intensity emerging from the surface and entering material AðIA;DÞ
is then given in terms of the intensities of phonons exiting material A and entering
material B,

42 S. SRINIVASAN ET AL.



IA;D ¼ 2

p
TBA

Z p

0

Z p=2

0

IB sin
2 y sinf dy df� 2

p
RAB

Z 2p

p

Z p=2

0

IA sin2 y sinf dy df

ð38Þ

while the corresponding intensity emerging from the surface and entering material B
is

IB;D ¼ 2

p
TAB

Z 2p

p

Z p=2

0

IA sin2 y sinf dy df� 2

p
RBA

Z p

0

Z p=2

0

IB sin
2 y sinf dy df

ð39Þ

For additional details the reader is referred to [3, 9].

Hybrid EPRT/Fourier and BTE/Fourier Boundary Conditions. For
materials such as those considered here, which have large diversities in the phonon
mean free path, one material may be well predicted by the macroscopic Fourier’s
law while the other requires a microscale heat transfer description. For such cases
either a hybrid EPRT=Fourier or BTE=Fourier algorithm is employed as follows.
For the present simulations, SiO2 occupies the nonheated portion of the domain
in the region Ly;A � y � Ly (Figure 1). Therefore, the temperatures along the
peripheries of the silicon dioxide domain are constant (T ¼ T0):

TB 0; y ¼ Ly;A

� �
¼ TB Lx; y ¼ Ly;A

� �
¼ TB x; y ¼ Ly

� �
¼ T0 ð40Þ

At the interface of Si=SiO2, the intensity distribution is calculated by equating the
y-direction heat fluxes from both sides of the interface. Here, it is assumed that the
phonons leaving the oxide side of the interface are at equilibrium and a hypothetical
equilibrium intensity is calculated [Eq. (14) or (34)] with the oxide-interface tem-
perature obtained from the solution to Fourier’s law. These phonons are then
transmitted into the silicon layer according to the transmissivity calculated according
to the DMM as explained in the previous subsection. For the silicon side of the
interface, a fraction of phonons is reflected back (reflectivity again calculated
according to the DMM) to the silicon domain. Therefore, for the silicon side of the
interface we have the following isotropic intensity:

IA;D ¼ TBAI
0
BðTBÞ �

2

p
RAB

Z 2p

p

Z p=2

0

IA sin2 y sinf dy df ð41Þ

As before, the outgoing phonon intensities from the silicon layer interface evolve
according to the EPRT or the integrated BTE and the heat flux, qy,Si, is calculated
according to Eq. (7) or its integrated BTE equivalent.

For the oxide interface the y-direction heat flux is calculated iteratively (with
respect to Eq. (41) and the equation below) by guessing the interface temperature,
TB, at each grid point successively such that

qy;Si � qy;SiO2
¼ �kSiO2

dT

dy
ð42Þ
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Convergence is established with the aid of an imposed tolerance when the two heat
fluxes fall within this limit (see below).

3. NUMERICAL APPROACH

A finite-difference-based approach is employed for the numerical solution of
the governing equations. This approach is investigated as an alternative to statistical
Monte Carlo-based methods [23] due to: (1) the availability of inexpensive parallel
Beowulf clusters, making large multidimensional simulations feasible; (2) the ease of
programming and parallelizing finite-difference methods; and (3) the relatively
simple manner in which unsteady simulations can be performed (as opposed to
Monte Carlo methods, which require many realizations to be conducted for statis-
tical averaging of the results). Nondiffusive second-order central differencing is used
for Fourier’s heat conduction law, whereas a first-order upwinding scheme is used
for the EPRT because of its hyperbolic nature [1]. The coordinates are discretized on
the intervals 0� x�Lx, 0� y�Ly, 0�o�oD, 0� y� p=2, and 0�f� 2p using Nx,
Ny, No, Ny, and Nf grid points with uniformly spaced intervals Dx, Dy, Do, Dy, and
Df, respectively. For the sake of simplicity we make the further restrictions that
Dx¼Dy and Dy¼Df. The maximum frequency (oD) is determined from the Debye
temperature of the material using the relation oD¼ kByD=h� . The Courant number
based on velocity, av ¼ vDt=Dx, is typically av ¼ 1:0 for the smaller-material-
dimension cases; however, it must be decreased for larger film thicknesses due to
restrictive temporal resolution requirements. All integrations are performed using
the trapezoidal rule. The temperature is calculated from Eq. (14) using the bisection
method with an imposed tolerance of 1610712K. The code has provisions for
performing 1-D simulations by imposing laterally periodic boundary conditions. In
this case, the domain width is equal to the grid size along the direction of heat flow
(Dy). Also in this section, it is noted that the values ‘‘2=p’’ appearing on the right-
hand sides of Eqs. (38) and (39) originate from the integral

R p
0

R p=2
0 sin2y sinf dy df.

If the analytic solution is used, sensitivity of the interface conditions will result in
substantial errors in matching phonon intensities across the material boundaries.
This is overcome in practice by using the value of the integral achieved using the
same trapezoidal integration as is used in evaluating integrals on the right-hand sides
of the equations. The same is true for the value 4p in the denominator of Eq. (13),
which originates from the integral 2

R 2p
0

R p=2
0 sin y dy df.

For the hybrid approach (EPRT=Fourier or integrated BTE=Fourier), an
analysis of characteristic thermal diffusion time scales shows that unsteady solutions
to Fourier’s law must be considered: The characteristic time for thermal diffusion in
the SiO2 is L

2
y;SiO2

=a � 10�8 s, while that for the silicon material is Ly;Si=v � 10�12 s.
Therefore, Eq. (1) is solved numerically in the substrate using the forward time and
central space finite-difference scheme. The iterative procedure associated with Eq.
(42) is handled easily because of the explicit nature of the numerical approach in the
substrate. As mentioned in the previous section, at each new time level, the tem-
perature at a point along the interface (with the new interior temperature distribu-
tion already available in the substrate) is iterated such that the EPRT heat flux
corresponding to the phonon-intensity distribution on the monocrystalline silicon
side of the interface at that point is the same as the Fourier heat flux in the oxide side
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of the interface. The iteration is carried out in a grid point-by-grid point manner
using the bisection method, with the speed of convergence being related to
the imposed tolerance for acceptable heat flux mismatch. Also, with the time step for
the substrate being two orders of magnitude larger than the silicon region (for the
aforementioned grid configuration), the EPRT-related time step is chosen to ensure
time stability.

4. RESULTS

Results of the present study are presented in the following subsections relating
to code parallelization, code validation, resolution requirements, total simulation
times, and an example physical microscale heat transfer simulation.

4.1. Parallelization Scaling Results

Solution of the 2-D EPRT represents the time advancement of a five-dimen-
sional array, I(x, y, o, y, f), and would be prohibitively expensive on typical serial
computers of the type commonly available. For example, consider a moderate dis-
cretization on a square domain having Nx¼Ny¼No¼ 4Ny¼Nf¼ 40. The total
number of grid points for this problem is 405=4¼ 25,600,000. On the other hand,
parallel computers are becoming highly prevalent and extremely cost-effective
options for large problem sizes. Pure parallelization of the above problem using 16
processors would then result in 16 separate serial jobs having a tractable 1,600,000
grid points each. With the increased availability of parallel Beowulf clusters, we
therefore choose to explore the use of ‘‘direct’’ finite-difference schemes for the 2-D
EPRT as an alternative to stochastic-based approaches such as the Monte Carlo
method.

Parallelization of the EPRT proves to be highly efficient, resulting in near-
linear scaling with added processors if an appropriate parallelization scheme is
chosen. The code described hereafter is written in Fortran 77 and utilizes the Mes-
sage Passing Interface (MPI) parallel communication routines. Two Beowulf clusters
are used for testing. The first cluster, operated by the Department of Mechanical
Engineering (ME) at Clemson University, is comprised of 20 dual-processor nodes
with varying processors based on additions made over three years of upgrades. The
first eight nodes contain 1.28-GHz Pentium III processors. The next eight nodes
consist of 933-MHz Pentium III processors. The final four nodes contain 700-MHz
Pentium III processors. All nodes contain 1GB of memory, and interprocessor
communication is via a dedicated Myrinet network operating at 1.28 gigabits per
second (gbps). A single processor is allocated from each machine before any single
machine has both processors active and sharing the memory bus. Therefore, linear
scaling can only be expected up to 20 processors, even if all nodes contained identical
hardware. The second cluster is operated by the Parallel Architecture Research
Laboratory (PARL) at Clemson University. This cluster (at the time the simulations
were conducted) has 90 nodes, each containing dual 1-GHz Pentium III processors.
Communication is via ‘‘fast’’ 100-megabit per second (mbps) ethernet. Linear scaling
could therefore be expected up to 90 processors. Testing is hereinafter limited to no
more than 20 and 90 processors on the two clusters, respectively.
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The options for parallelizing the problem tested in this study involve domain
decomposition in combinations of spatial or spectral coordinates. Two versions of
the code were developed with the sets of parallelized variables, y, f, o and x, y, o,
respectively. Both codes solve either the Fourier, BTE, or EPRT formulation or the
hybrid approaches. Individual simulations for BTE or EPRT cases can be run using
1-D, 2-D, or 3-D parallel decompositions by specifying the number of processors
along each of the three parallel-variable directions. Parallelization for Fourier
domains is in either x or y or both. We also note here that costly iterative tem-
perature calculations for the EPRT code [Eq. (16)] are only performed at select
intervals used for output. In general, the temperature must be calculated at every
time step in order to evaluate the temperature-dependent relaxation times. However,
the temperature rise considered in what follows is 0.1K and temperature changes are
therefore negligible to accurate relaxation-time evaluations. Additional testing not
reported here shows that temperature evaluations can be neglected even for much
larger rises, up to approximately 50K. All results below therefore correspond to
cases for which the temperature is not updated every time step (except along the
material interface boundary for hybrid EPRT=Fourier cases). No iterations are
required for BTE-based temperature calculations. Parameters for scaling and per-
formance evaluations discussed below are provided in Table 2.

Parallelization in the spatial domain. The most obvious method of
parallelization is to decompose the spatial domain into uniform intervals, each
handled by its own processor. This approach is taken for the Fourier approach to
heat conduction and is simply applied in this case with nearly perfect linear
scaling of the solution with added processors. Unfortunately, the same approach
is ill-suited to the solution of the EPRT and BTE equations because of extreme
communication requirements. Consider a rectangular domain based on Fourier’s
heat conduction law, decomposed into two identically sized subdomains in the y
direction at position y¼L0. At each time step, interprocessor communication is
required in order to calculate derivatives across the processor boundary at y¼L0.
Second-order central finite differencing requires that the single set of temperature
from the edge cells be communicated from each side of the boundary (i.e.,
y¼L0 þ temperatures are sent to the y¼L07 side and vice versa). Higher-order
finite differences require a larger stencil size and therefore extra rows of
temperatures are communicated; however, even for an eighth-order central
scheme, only four rows of temperature data are communicated from each side of
the processor boundary. This type of parallelization is highly efficient, as only
relatively small amounts of data require communication.

Table 2. Details of the base test cases used in the parallelization study

Case Methodology Domain size Nx �Ny �Ny �Nfð�NoÞ

A1 1-D EPRT=EPRT 300 nm (50-nm-thick Si) 36486166616180

A2 1-D EPRT=EPRT 300 nm (50-nm-thick Si) 36246646253636

B1 2-D EPRT=EPRT 75625 nm2 (50-nm-thick Si) 40630624693636

B2 2-D BTE=Fourier 2506325nm2 (75-nm-thick Si) 36648610637
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In contrast, for the EPRT and the BTE solutions the phonon distribution
functions are multidimensional, and much larger communication requirements
result. In these cases, two sets of phonon distribution arrays corresponding to the
same boundary values are either four-dimensional (Nx6No6Ny6Nf) or three-
dimensional (Nx6Ny6Nf) for the EPRT and the BTE, respectively. These relatively
very large data sets must be communicated every time step (for first-order explicit
time stepping; more for higher-order multistep methods such as Runge-Kutta
schemes) and along every interprocessor boundary. These stringent communication
requirements quickly overload even a high-speed network such as the Myrinet net-
work on our primary test cluster, even when only a 1-D heat conduction problem is
simulated. For example, a 1-D test case scaling relative to the time on a single
processor is presented in Figure 3a as a function of the number of processors on each
of the two clusters used for this investigation. The ‘‘speed-up’’ is defined as the
average real time per iteration on a single processor relative to that on N processors
(ideal scaling would be linear, as denoted by the dashed line in the figure). The test
case of this figure is Case B1 (Table 2), involving an EPRT formulation for 2-D heat
transfer in a Si=SiO2 domain of size 75625 nm2, for which the silicon domain width
is Ly,A¼ 50 nm. The grid size used is 40630624693636 (Nx6Ny6Ny6Nf6No),
with parallelization in the x coordinate only. Even on this relatively large mesh,
communication quickly overcomes any advantages from added processors. Linear
scaling is not observed even for two processors, and a saturation of performance
increases occurs after only a few processors. Performance is nevertheless better with
the high-speed network on the ME cluster compared to the 100-mbps ethernet
network on the PARL cluster.

Parallelization in the frequency domain. The advantages of parallelization
of the EPRT in the o domain lie in the fact that in solving for the EPRT, partial
derivatives with respect to o are not encountered, precluding the type of
communications found in spatial parallelizations. Only integrals over frequency
are contained in the governing equations [Eqs. (6), (7), (8), (10), and (16)]. The
benefit of not having partial derivatives over o is that data from neighbouring
processors need not be communicated to evaluate the partial derivative at the
processor boundary. Interprocessor communications are required in this case only
at select times for which the temperature is calculated in the EPRT formulation
(discussed above). Therefore, the EPRT with respect to each o interval can be
evaluated in the processors independently of the others until the need arises to
calculate the temperature for output. Even in this case, the communication load is
easily minimized by communicating only the single scalar value representing the
local integral over each processor’s portion of the frequency domain, which are
then summed by an appropriate MPI call.

Figure 3b presents the code speed-up for Case A1 with 1-D domain decom-
position in the frequency domain as a function of the number of processors on the
PARL cluster. The 1-D, two-material EPRT simulation has a resolution of
36486166616180 grid points (Case A1). Near-linear scaling is observed up to 90
processors. At this point only two o grid points are contained within each
processor’s portion of the problem. This illustrates one of the limitations of pure
frequency-domain decomposition, as the number of processors cannot exceed the

PARALLEL COMPUTATION OF THE BOLTZMANN TRANSPORT EQUATION 47



number of grid points used to discretize the frequency domain (which is in general
fewer than the No¼ 180 considered for this test case). The observed linear scaling is
further confirmed in Figure 3c, corresponding to a 1-D test case with grid resolution
of 36246646253636 grid points (Case A2).

Parallelization in the polar angles and multidimensional
parallelization. As in the case with frequency parallelization, the formulations of
the governing EPRT and BTE do not contain derivatives with respect to polar
angles, making for efficient parallelization in these variables. However, whereas
the frequency integral requires calculation only at times for which the temperature
is required, calculation of the equilibrium intensities for the relaxation terms
mandates polar angle integrations at every time step for both the EPRT and the
BTE [Eqs. (13) and (22), respectively]. As a result, optimal parallelization is
achieved with domain decompositions solely in the frequency domain for the
EPRT. However, if the number of grid points used to discretize o is insufficient
for the desired number of processors (or if the BTE is being solved), additional
levels of parallelization in polar angles can be added. Figures 3c and 3d present
the code scaling performance for Case A2 and Case B1, testing performance in
both single- and multidimensional domain decompositions. Multidimensional
parallelization in o and y domains exhibits optimal performance, scaling nearly

Figure 3. Speed-up for (a) Case B1 with 1-D parallelization in x, (b) Case A1 with 1-D parallelization in o,
(c) Case A2 and (d) Case B1 with 1-D and 2-D parallelization.
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linearly over the entire range of the number of processors available. Pure
parallelization in y is limited by communication overhead and begins to flatten
after approximately 20 processors for the conditions chosen (Figure 3c).
Parallelizations involving f and o are also nonideal and generally perform less
favorably than those involving y, because of the order in which the nested polar
angle integrations are performed.

Parallelization of the hybrid interface temperature calculation. For
the hybrid BTE=Fourier model, the code performance is additionally limited by
the iterative nature of the temperature calculation at the interface. While the
calculation of heat flux on the substrate side of the interface is trivial (involving
Fourier’s Law), the calculation of heat flux on the silicon-layer side involves
evaluation of integrals (Eqs. (7) and (41)] and therefore multiple calls to the
MPI_ALLREDUCE routine per grid point. This puts strict limitations on the
scaling efficiency of the hybrid EPRT=Fourier and BTE=Fourier codes. For such
cases we choose to parallelize the temperature calculation alone. That is,
the general solution to both the Fourier and the EPRT or BTE portions of the
domain is treated as in a serial code. However, at each time step when the
interface temperature requires updating, the interface boundary is decomposed
evenly among a specified number of processors. Each processor then performs the
iterations necessary to calculate the interface temperatures and then sends these
values back to the master processor. In support of the above arguments, it was
observed that running the code with interface temperature and the polar angles as
the parallel variables was inefficient compared to 1-D parallelization in interface
temperature calculation alone. Also, for 1-D cases involving this approach, the
serial code worked better than any of the parallel versions.

Code speed-up as a function of the number of processors was investigated for
the hybrid BTE=Fourier solver. The configuration considered is a 2-D Si=SiO2 test
case of dimension 2506325 nm2 with a 75-nm-thick silicon layer. The grid resolution
is 36648610637 (Nx6Ny6Ny6Nf) grid points (Case B2). Code performance is
enhanced by added processors but only up to six processors, after which perfor-
mance is degraded by added processors, because of enhanced communication
overhead. Even with less than six processors, the observed scaling is less than linear.
Additional results for the same case but using y parallelization reveal that com-
munication overhead actually increases the simulation time using even only two
processors (not shown). However, for the EPRT=Fourier hybrid model, 1-D o
parallelization worked significantly better than 1-D parallelization in temperature
calculation of y space. This is due to the fact that the number of integrations related
to the MPI call is halved, since communication is required only during the evaluation
of the integral over phonon frequency [Eq. (7)]. Using the same spatial domain and
grid resolution as in the test case discussed above, but additionally with 32 grid
points in frequency, a speed-up with as many as 16 processors was observed,
although it was not linear (not shown).

Although the code speed-up is extremely limited for the hybrid approaches, it
may become necessary to use the hybrid solver for material dimensions much larger
than the mean free path of the material (or the minimum mean free path for mul-
timaterial simulations). This is because associated spatial resolution requirements for

PARALLEL COMPUTATION OF THE BOLTZMANN TRANSPORT EQUATION 49



the pure EPRT or BTE solver can become overly taxing for large film thickness, thus
negating the scaling performance of the pure solvers (see below).

Problem scaling efficiency. Finally, the code was tested for performance
with respect to the size of the problem (represented by the total mesh size). This is
done by studying the scaling of the average time per iteration with the problem
size for a fixed number of processors. For this study, 2-D EPRT simulations of
Si=Si were performed with different mesh sizes. Parallelization is provided by 32
processors decomposing the frequency domain only. The spatial domain size for
this case was chosen to be 10 mm610 mm with Ly,A¼ 5 mm. For the base case, a
mesh with 100 million grid points was considered having Nx¼ 50, Ny¼ 50,
Ny¼ 18, Nf¼ 69, and No¼ 32. The corresponding speed-up is then defined as the
ratio of the average time per iteration relative to the associated time for the large
base case. The speed-up of the frequency parallelized code was found to be nearly
ideal over the range of problem sizes considered (not shown).

4.2. Code Validation

The code is checked for possible errors by performing simulations corre-
sponding to cases from published results [1, 24]. The heat flux predicted by the EPRT
code is easily verified by the radiative heat transport theory [25, 26]. According to
this theory, under gray-body assumptions, the predicted steady-state 1-D heat flux
corresponding to the boundary conditions used in this work is

qy ¼ p
Z oD

0

I0o;y¼0 do� p
Z oD

0

I0o;y¼Ly
do ð43Þ

where the equilibrium intensity is calculated according to Eq. (14) or (34). Simula-
tions were then performed for a diamond domain with a range of film thicknesses
between 0.01 and 10 mm. The properties used for the simulations are taken from the
NIST Web database and are provided in Table 3. The grid resolution used for these
simulations is 3630610637632 (Nx6Ny6Ny6Nf6No). The maximum devia-
tion between the theory and the code performance was approximately 3.6%, thereby
validating the basic functionality of the code.

The implementation of the spectral relaxation-time model and frequency-
resolution requirements for the EPRT code are examined next. For EPRT cases
involving a spectral relaxation time, the bulk thermal conductivity predicted by
Fourier’s law (k¼ |qy|Dy=DT) is compared with the values calculated directly from
Holland’s [18] thermal conductivity integrals modified for thin films [21, 17] (pre-
sented previously in Figure 2a). The values obtained from the complete EPRT code
for three independent cases involving a 50 mm-thick silicon domain for each of the
three phonon branches considered in isolation—T0, TU, and L—are 2.86, 100.4, and
31.24W=mK, respectively. The grid resolution used for these simulations is
3630610637632. Corresponding values were also obtained from a separate code
that exclusively evaluates the thermal conductivity integrals (without solving the
EPRT) with 500 grid points in frequency space. The values obtained from this code
are 2.87, 98.8, and 32.52W=mK, respectively. The EPRT code was run for varying
numbers of grid points in the frequency domain until this near-match in con-
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ductivities was obtained. The near-match in conductivities between the approaches
both validates the implementation of the spectral relaxation time as well as deter-
mines that a 32-point discretization in frequency is adequate for the present condi-
tions. Additional simulations from Majumdar [1] were reproduced using the present
code as further validation (not shown). In addition, all cases were tested to ensure
energy conservation within the steady-state solutions by integrating the net heat
transfer into and out of the material domain.

4.3. Resolution Requirements

Further studies of grid dependence show that minimal resolution requirements
needed to obtain grid independence of the predicted temperature profiles may be
insufficient for obtaining grid independence of the heat flux rate (for steady-state
conditions, the heat flux should be constant across a 1-D material domain). As
shown below, these effects are due primarily to the large discrepancy between the
phonon mean free paths in Si and SiO2. In order to completely resolve a simulation
the grid spacing, Dy must be of the order of the minimum mean free path within the
specific configuration. For simulations involving SiO2 this restricts the grid spacing
to small dimensions, typically of order 10710m (the mean free path of SiO2 is
5.58610710m). Therefore, use of the pure EPRT or BTE formulation can become
computationally prohibitive for large film thicknesses, because of spatial resolution
restrictions. In order to quantify these effects, 1-D and 2-D simulations were con-
ducted by considering both the EPRT and BTE formulations as well as hybrid
formulations for varying film thicknesses. The values for velocity and the Debye
temperature for the EPRT simulations are those corresponding to the lower long-
itudinal branch of phonons in silicon given in Table 1. For the BTE simulations the
aforementioned values have been taken to be 6,400m=s and 658K, respectively.

We first address the simulation of relatively very thin films (of relevant
dimensions) on bulk substrates. Using the modified Holland’s model and assuming a
spectral relaxation time for monocrystalline silicon governed by Eq. (33), 1-D
simulations of monocrystalline silicon on a bulk SiO2 substrate were conducted. The
DMM was incorporated in imposing the interface boundary conditions as described
by Eqs. (38) and (39). The chosen dimensions of the two materials were typical of
silicon-on-oxide (SOI) microdevices [2, 13]: 50 nm for silicon and 250 nm for the
oxide substrate. The relaxation time for SiO2 is calculated from the bulk thermal

Table 3. Property values at T ¼ 300Ka

Property Diamond SiO2

l [J=msK] 3,320 1.38

r [kg=m3] 3,510 2,278

C [J=kgK] 517.1 740

v½m=s� 1.2396104 6.46103

L[m] 4.4316107 7 5.586107 10

t[s] 8.9496107 12 6.396107 12

aMacroscopic properties for diamond from the NIST Web database and

from Zeng and Chen [3] for SiO2.
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conductivity [using Eq. (24) and the properties for SiO2 listed in Table 3], since the
dimension chosen for the substrate material is within the regime of continuum heat
transfer [17].

The steady-state temperature profile is presented in Figure 4a for varying grid
resolutions. A corresponding examination of the spatial and frequency dependence
of the relaxation-time distribution shows that the mean free path of the dioxide is
two orders of magnitude smaller than the smallest spectral component of the silicon
relaxation time. Therefore, grid resolution in space becomes an important issue to
ensure continuity of heat flux at the interface. However, simulations performed with
four different grid configurations result in the almost identical temperature profiles
shown in Figure 4a, where the nondimensional temperature is T� ¼ (T7TLy)=
(T07TLy). For this 1-D simulation the heat flux is also well resolved and grid-
independent, with the error related to heat flux continuity at the interface being less
than 3%. Unfortunately, for larger film thicknesses this minimal spatial resolution
must still be maintained, thereby linearly increasing the total computational
demands as a function of the (1-D) film thickness. Computational requirements will
therefore quickly become prohibitive for large material dimensions; this is particu-
larly true for 2-D films because of the added spatial coordinate resolution require-
ments. However, the very fact that the substrate dimension is much large than its
mean free path implies that heat conduction within it is in the continuum regime.
Therefore, this problem can be circumvented by incorporating Fourier’s law (for the
substrate) coupled with EPRT (or the BTE) for the microscale silicon layer for
predicting the microscale heat transfer.

In order to investigate the hybrid approach, a new set of 1-D simulations was
performed using both the pure BTE (or EPRT) and the hybrid BTE= (or (EPRT=)
Fourier codes on a 1-D domain of thickness 325 nm, with the silicon layer being
75 nm thick. Using a relatively coarse grid of 48 spatial grid points (36 in the sub-
strate), the temperature distributions obtained from the four approaches are almost
identical, as observed in Figure 4b. However, a problem with heat flux continuity at
the interface (absent in the hybrid approaches) is observed for the BTE=BTE and
EPRT=EPRT simulations. In the case of the BTE-BTE simulation a small and
erroneous heat flux ‘‘jump’’ is observed at the material interface due to the overly
restrictive spatial resolution requirements of the SiO2 material. However, the mean
flux (within the Si) compares well with the hybrid simulation results. In contrast, the
pure EPRT=EPRT simulations experience a larger heat flux discontinuity which
cannot be eliminated (tested using up to 372 spatial grid points). The corresponding
thermal conductivity calculated from the heat flux distribution and the temperature
gradient in the bulk substrate is 2.54W=mK. In contrast, the thermal conductivity of
amorphous silicon dioxide is 1.38W=mK [27]. As mentioned earlier, the procedure
for the calculation of the spectrally independent relaxation time from Eq. (24) may
be rather simplistic, and some of the assumptions associated with the Deybe theory
are not entirely accurate in the case of amorphous solids [26]. The fact that the
BTE=BTE simulation yields a heat flux consistent with the bulk thermal conductivity
of SiO2 is a direct consequence of fixing the specific heat capacity, phonon velocity,
and mean free path (from their respective published values) via the kinetic theory
and a priori knowledge of the thermal conductivity. In contrast, for the
EPRT=EPRT simulation, only the velocity and the relaxation time are fixed, with no
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direct linkage to bulk conductivities. This is added to the fact that the procedure for
initialization according to Eq. (14) may be technically inaccurate for amorphous
silica, even though the predicted temperature distributions may not change
significantly.

Figure 4. Steady temperature distributions as a function of y for 1-D Si=SiO2 as a function of (a) grid

resolution and (b) solution approach.
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4.4. Total Simulation Times

Table 4 gives the performance of codes based on the four different formula-
tions discussed in this work. All the simulations presented in this table have been
performed using the ME Department’s Beowulf cluster at Clemson University. Total
simulation times for arbitrary numbers of processors and domain dimensions can be
estimated from the base values reported in the table and the corresponding scaling
plots presented previously. The 1-D Si=SiO2 case involves a spatial domain of length
325 nm, with the silicon occupying 75 nm. The column ‘‘Simulation time’’ contains
the approximate total clock time required to attain steady state. Note also that the l-
D simulations are overestimates of actual required mesh sizes and simulations times,
due to the fact that the 2-D code is being solved using three grid points in the x
direction. A true l-D code would therefore require one-third fewer spatial grid
points, and would not require discretization in f, thereby greatly improving its
performance. As noted above, the 2-D code was chosen for these simulations in
order to more directly address scaling issues for general multidimensional heat
conduction.

A measure of the accuracy of the simulations is also provided in Table 4 in the
column ‘‘% qy, error.’’ For l-D cases the steady heat flux should be constant; in these
cases the error is therefore defined as qy, error¼ (qy,max7 qy,min)=qy,min. For 2-D
simulations we alternatively define the error as qy,error¼ (qin7 qout)=qin, where qin
refers to the total heat flux entering the domain, obtained by integrating the com-
ponent of heat flux perpendicular to the heated edge. Similarly, qout is obtained by
integrating the component of heat flux normal to the three nonheated edges. The
angular resolution is Ny¼ 10 and Nf¼ 37 for all cases, while the spectral resolution
for test cases involving the EPRT is No¼ 32. The spatial resolution, however, varies
and has been informally optimized between numerical accuracy and computational
expense (all cases maintain Dx¼Dy). For the 1-D EPRT=EPRT simulation, 372
spatial grid points (y direction) were employed and the test case was run with 32
processors decomposing the frequency domain (as discussed above, the scaling with
o processors is nearly linear). For the 1-D BTE=BTE case also, the same spatial
resolution was employed and the test case was run with the number of processors
equal to the number of y grid points (parallelization in y). For both the 1-D
EPRT=Fourier and the 1-D BTE=Fourier simulations, only 36 grid points in the

Table 4. Code performance for various test cases (simulation times correspond to the clock time to steady

state)a

Methodology Mesh size Number of CPUs % qy,error Simulation time (min)

1-D EPRT=EPRT 13.26106 32 6.4 750

1-D BTE=BTE 4.146105 10 6.6 60

1-D EPRT=Fourier 1.7046106 16 4.1 75

1-D BTE=Fourier 5.346104 1 1.7 15

2-D EPRT=Fourier 236106 16 3.4 600

2-D BTE=Fourier 7.26105 6 3.4 50

aAll test cases involve a domain of dimension 325nm (Ly) with a monocrystalline silicon film layer of

75 nm thickness. The dimension for 2-D test cases, in addition, also includes a width (Lx) of 250 nm.
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y direction were employed and yet the error is smaller than in the previous two test
cases. This is a direct consequence of iterating temperature at the interface so as to
ensure heat flux continuity. As observed from the table, time-dependent microscale
heat transfer simulations can be employed using a parallelized finite-difference solver
for relevant material dimensions with reasonable accuracies and with reasonable
simulation times.

4.5. Example Simulation: 2-D Si=SiO2 Thin Film

As a final illustration of the capabilities of the developed code, results of a 2-D
simulation are shown in Figure 5. A rectangular geometry with two materials (thin
monocrystalline Si film on bulk SiO2 substrate) is considered. In light of the facts
mentioned in the previous section, the modeling approach involves the two hybrid
approaches. Spatial grid resolution studies were conducted with the configurations
of 36648, 726148, and 726374 grid points, respectively, with almost identical
resulting temperature and heat flux distributions. The attainment of steady state was
gauged by performing a heat flux balance over the four edges of the two-material
domain and evaluating the ratio (qout7 qin)=qin. The 2-D EPRT=Fourier simulation
was run on 16 o processors, since increasing the number of processors beyond this
only slowed down the simulations. However, for the reasons discussed in the par-
allelization section, the 2-D BTE=Fourier simulations were run on 6 processors by
dividing the task of temperature calculation along the interface among 6 different
processors.

The temperature distributions predicted by the EPRT=Fourier simulation and
the BTE=Fourier simulation are shown in Figures 5a and 5b, respectively. The
agreement between the hybrid EPRT and BTE predictions is within 2%. The reason
for this might be attributed to the fact that the relaxation time used in the
BTE=Fourier simulation is 6.4610712 s, while the spectral relaxation time at 300K
and 75 nm for the EPRT=Fourier simulation varies between approximately
6610711 s and 6610712 s, corresponding to a higher density of states. Hence, for
the 2-D test case considered in this work, the BTE=Fourier simulation can be used
with the gray approximation of constant relaxation time with relatively good
accuracy. However, when the problem involves dissimilar boundary temperature
values (with the difference being at least 100K), the EPRT=Fourier method may be
the appropriate technique, since the relaxation time is temperature-dependent. Fig-
ure 5c illustrates the deviation of the predicted temperature from the conventional
Fourier’s law applied to both the silicon thin layer and the bulk oxide substrate. The
deviation has been calculated as (TF,F7TE,F)=TE,F, where the subscripts correspond
to the EPRT and the Fourier’s law formulations. Fourier’s law underestimates the
temperature prediction near and along the silicon film edges. This is because
the temperature at the boundaries according to Fourier’s law is fixed, whereas for the
EPRT simulation it is only the intensity of the incoming phonons that is fixed by the
prescribed boundary temperature. The intensity of outgoing (leaving the domain)
phonons, however, evolves transiently, so that the temperature at the boundaries is
not the same as the prescribed temperature. The same comments apply to the
BTE=Fourier simulation as well. In contrast, at the bulk limit (ds > 100 mm),
the temperature along the outer edges of the silicon film layer tends to approach the
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Figure 5. Steady nondimensional temperature contours in a 2-D Si=SiO2 domain: (a) EPRT=Fourier

solution, (b) BTE=Fourier solution, and (c) the relative difference between the EPRT=Fourier and a

Fourier=Fourier solution.
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imposed boundary value and the temperature distribution itself becomes consistent
with that predicted by Fourier’s law (not shown).

5. CONCLUSIONS

Numerical simulations of heat conduction in microscale-dimension thin
layered films have been conducted for both the equation for phonon radiative
transfer and a frequency-independent form of the Boltzman transport equation. For
cases in which the phonon mean free paths of the various film materials vary sub-
stantially, allowing one material to be described by the macroscopic Fourier’s law,
hybrid EPRT=Fourier, and BTE=Fourier approaches have been introduced. Two
materials satisfying these criteria have been included for study: monocrystalline
silicon, Si(L¼ 409 Å), and silicon dioxide, SiO2 (L¼ 5.58 Å). A complete set of
formulations has been presented for all sets of governing equations, including both
interface scattering based on the DMM and a temperature and frequency-dependent
relaxation time in the case of the EPRT. Simulations in both 1-D and 2-D spatial
rectangular geometries have been investigated.

Efficient parallelization strategies have been presented for each of the equation
sets described above based on direct finite differencing of the governing equations in
spatial, polar angle, and frequency domains. Finite differencing has been studied as
an alternative to statistical Monte Carlo-based solution algorithms, which are more
difficult to parallelize and for unsteady results require many realizations to be con-
ducted. Two Beowulf parallel computer clusters were used for the investigation, one
based on a high-speed network and one based on a megabit-per-second ‘‘fast’’
ethernet. Code speed-up and parallelization efficiency have been studied as a func-
tion of parallel domain decomposition in each of the independent variables. Spatial
domain decomposition is observed to be highly inefficient because of very large
communication overhead. In contrast, 1-D domain decomposition in frequency
space for the EPRT equation results in near-linear code speed-up for large numbers
of processors (up to 90 were used in this study). For the BTE, or for the EPRT, when
the number of processors desired is larger than the number of frequency grid points,
decompositions in polar angle spaces are also found to be efficient. Other issues
concerning parallelization of the various equations and interface boundary condi-
tions have been presented, as well as example heat conduction results for both l-D
and 2-D layered thin films of Si and SiO2.
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