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Long time mass fraction statistics in stationary compressible isotropic
turbulence at supercritical pressure
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Direct numerical simulations are used to investigate the ‘‘long time’’ distribution of mass fraction
fluctuations in stationary compressible isotropic turbulent binary nitrogen–hydrocarbon mixtures
under supercritical pressure conditions. The governing equations are the compressible Navier–
Stokes equations together with the cubic Peng–Robinson real gas state equation, and generalized
heat and mass diffusion derived from nonequilibrium thermodynamics. A highly efficient procedure
is presented which allows for the solution of all thermodynamic quantities without iterations or
interpolation tables. The simulations consider equal mass binary mixtures of various combinations
of nitrogen, heptane, dodecane, and 3-methylhexane, having molecular weight ratios in the range
1<MB /MA<6.08. It is shown that temperature and pressure-gradient-induced Soret mass diffusion
results in statistically stationary mass fraction distributions at long times. The results reveal that the
mass diffusion term due to the pressure gradient acts as a production mechanism in the Favre
averaged scalar variance transport equation, and is balanced by Fickian dissipation to produce the
stationary states. The resulting scalar probability density function is characterized by a larger than
Gaussian flatness factor, and is asymmetric due to the mass fraction dependence of the partial molar
volume. The stationary scalar variance amplitude increases both with increasing turbulence Mach
number and molecular weight ratio of the species, but is inversely related to the turbulence Reynolds
number. The scalar energy spectra exhibit peak values at wave numbers corresponding to the peak
in the velocity dissipation spectra. ©2000 American Institute of Physics.
@S1070-6631~00!00608-5#
n
ic
ck
ri

ch

u

be
,
d
n
u
m

ne
or
i

d

c
e
io
c

ion

ly

ef-
ate
ong

ons

to

he

cal
he
ted
i-
ive

ux
n

lit-
ains
el
and
I. INTRODUCTION

A variety of modern air–fuel mixing and combustio
devices operate under both transcritical and supercrit
conditions, including gas turbines, diesel engines, and ro
engines. For example, typical hydrocarbon species have c
cal pressures;15→30 atm,1 whereas diesel chambers rea
pressures as large as;60 atm2 after fuel ignition, and air-
craft gas turbine combustor chambers operate at press
;30 atm.3 Above the critical point~or the mixture critical
locus!, real gas effects are prevalent and the distinction
tween gaseous and liquid phases vanishes; therefore
phase of a supercritical substance is commonly referre
simply as ‘‘fluid.’’ 1 The majority of previous research o
supercritical mixing considers single isolated droplets in q
escent environments. Typically oxygen–hydrogen syste
are investigated under conditions relevant to rocket engi
The extent of this literature is too large to reference th
oughly in the present work; however, a recent review
given by Givler and Abraham.4 High-pressure studies fin
that ‘‘vaporization’’ of supercritical ‘‘droplets’’ is dramati-
cally altered from that under low-pressure conditions. In fa
in the absence of both phase change and latent heat eff
the process is entirely diffusional and the term vaporizat
is a misnomer. Even the term droplet is misleading sin
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under supercritical conditions there is no surface tens
with which to maintain the sphericity of the fluid ‘‘blobs.’’

High-pressure fluid formulations are nearly exclusive
limited to spherically symmetric ‘‘droplet vaporization’’ in
either the transcritical or supercritical regimes. Real gas
fects are typically included through the use of cubic st
equations such as the Peng–Robinson or Redlich–Kw
equations.1 However, ‘‘irreversible’’ or ‘‘nonequilibrium’’5

thermodynamic effects from which species concentrati
diffuse due to temperature gradients~Soret effect, or
‘‘thermal-diffusion’’! and thermal energy diffuses due
concentration gradients~Dufour effect, or ‘‘diffusion-
thermo’’! are also known to be significant in real fluids,6–8

particularly when large ratios of the molecular weights of t
pure compounds are present.8 Curtis and Farrell8 were the
first to include these effects in their treatment of supercriti
droplets; however, their formulation incorrectly equated t
Soret and Dufour diffusion coefficients and further neglec
the ‘‘mass diffusion factor’’ which is related to molar grad
ents of the fugacity and can significantly alter the effect
species diffusivity. Harstad and Bellan9–11 later simulated
high-pressure fluid droplets using a general diffusion fl
formulation derived from fluctuation theory coupled with a
efficient and accurate state equation.12

In contrast to laminar droplet studies, the extent of
erature addressing turbulent high-pressure flows rem
relatively limited. Experimental studies typically address fu
jets or atomizers issuing into high-pressure chambers,
0 © 2000 American Institute of Physics
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are primarily based only on qualitative visualizations due
the inherent difficulties of making measurements in th
environments.13–17 Results show that the behavior of supe
critical jets is dramatically altered from traditional low
pressure liquid jets. Low-pressure liquid-gas jets exhibit
initial pure liquid core which undergoes break up or atom
zation to form ligaments and droplets.18 However, above the
critical point the break up process ceases and behavior
sistent with low-pressure gas-gas jets19 is observed due to the
absence of surface tension and latent heat.17

Oefelein and Yang20,21performed two-dimensional larg
eddy simulations~LES! of supercritical mixing layers with a
Smagorinsky subgrid model, but did not consider Soret
Dufour diffusion. More recently, Milleret al.22,23 included
Soret and Dufour diffusion in their direct numerical simul
tions ~DNS! of a temporally developing mixing layer com
posed of nitrogen and heptane streams. Their simulat
primarily addressed the specification of the relatively poo
understood thermal diffusion factors which are related to
relative effects of Soret and Dufour diffusion. Two forms
the thermal diffusion factor appear in their formulation: t
‘‘Bearman–Kirkwood’’ and the ‘‘Irving–Kirkwood’’ forms.
The two factors are related thermodynamically; howev
one needs to be specified as a property of the particular
cies pairs under consideration. It was observed that spe
ing the Bearman–Kirkwood form of the thermal diffusio
factor to be a small, constant (;1021) promotes relatively
strong Dufour heat diffusion with limited Soret mass diff
sion. On the other hand, an assumption of small cons
Irinb–Kirkwood thermal diffusion factor creates the oppos
effect; i.e., small Dufour effects with relatively substant
Soret effects. Comparison of experimental results with sin
droplet simulations suggests that specifying the Irvin
Kirkwood thermal diffusion factor as a small constant yiel
the more physical behavior.11

The primary objective of the present study is to study
behavior of isotropic compressible turbulence of nitroge
hydrocarbon mixtures under supercritical pressure co
tions, including real gas and nonequilibrium diffusion e
fects. As a first investigation of this flow, the focus
primarily on the ‘‘long time’’ species mass fraction distribu
tion which is found to evolve in a substantially differe
manner than in traditional low-pressure mixing studies. T
mixing behavior is elucidated by conducting DNS of forc
compressible isotropic turbulence of initially perfectly pr
mixed binary mixtures. As will be shown, an eventual b
ance is achieved between dissipation and production me
nisms of the Fickian and Soret mass diffusion flux
resulting in an eventual stationary state for the mass frac
fields ~with nonzero variance!. In addition to the physica
insight into nonequilibrium thermodynamic effects gained
studying this flow, the ultimate fate of the scalar field m
also have significant impact on the potential for extend
traditional combustion models, such as the amplitude m
ping closure or probability density function~PDF!
methods,24–27 to high-pressure conditions.

The article is organized as follows: in Sec. II we d
scribe the mathematical formulation of the governing eq
tions, including the treatment of real gas effects and So
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and Dufour diffusion. The numerical solution procedure
discussion in Sec. III. Results are presented in Sec. IV,
lowed by a final discussion and conclusions in Sec. V. A
pendices are also provided with additional details of the f
mulation and solution procedure.

II. MATHEMATICAL FORMULATION

The compressible form of the governing equations
derived for a binary mixture~denoted as speciesA and spe-
ciesB! of Newtonian fluids:

]r

]t
1

]

]xj
@ruj #50, ~1!

]

]t
~rui !1

]

]xj
@ruiuj1pd i j 2t i j #5r f i , ~2!

]

]t
~ret!1

]

]xj
@~ret1p!uj2uit i j 1Qj #5rui f i , ~3!

]

]t
~rYB!1

]

]xj
@rYBuj1Jj #50, ~4!

wherer is the density,ui is the velocity,et5ei1uiui /2 is
the total energy, i.e., internal energy (ei) plus kinetic energy,
p is the thermodynamic pressure, andYB is the speciesB
mass fraction~the speciesA mass fraction isYA512YB!.
Furthermore,Qj is the heat flux vector,Jj is the speciesB
mass flux vector, andt i j is the viscous stress tensor:

t i j 5mF]ui

]xj
1

]uj

]xi
2

2

3

]uk

]xk
d i j G , ~5!

whered i j is the Kronecker delta function andm is the mix-
ture viscosity. Statistically stationary turbulence is ma
tained through the addition of a low-wave-number force v
tor f i described later.

The cubic Peng–Robinson equation of state~EOS! is
chosen to describe the nonideal thermodynamic state of
system:

p5
RT

V2Bm
2

Am

V212VBm2Bm
2 , ~6!

whereT is the temperature andR is the universal gas con
stant. The two~mixture! parameters specifying the EOS a

Am5(
a

(
b

XaXbAab , Bm5(
a

XaBa . ~7!

In the above, the summations represent sums over both
cies ~no summation over Greek indices hereinafter!. The
mole fraction of speciesa, Xa , is related to the mass fractio
by MaXa5MmYa whereMa is the molecular weight of pure
speciesa and the mixture molecular weight isMm5XAMA

1XBMB . With this notation, the molar volumeV is related
to the density byV5Mm /r. The Peng–Robinson paramete
Aab and Ba are provided by an appropriate set of mixin
rules which vary for different state equations and may ha
variations even for the same EOS. The mixing rules reco
mended by Harstadet al.12 are implemented for this stud
and are provided in Appendix A. Cubic state equ



e
rl

ion
b

d
ica
,

ro
e

ld
e

al
n

e-
g

at
or

t-
-

io
d
i

n
um
a

e

mic
ua-

r

s

c-

l

ic

s

-
om

in

tive
s of
w-

-
on

ef-
are
en

ons

lts

-
al

2022 Phys. Fluids, Vol. 12, No. 8, August 2000 Richard S. Miller
tions are known to yield substantial predictive errors wh
compared to more complex forms of the EOS, particula
near the critical locus of a mixture.1 However, the Peng–
Robinson form has been tested and its volume predict
are within approximately 1% accuracy relative to the su
stantially more complex Lee–Kesler EOS1 over the range of
parameters considered in this study.

In linear nonequilibrium~or irreversible! thermodynam-
ics, both the heat flux and mass flux vectors are assume
be linear functions of gradients of the thermal and chem
potential functions.5 The Onsager reciprocity relations
which derive from the time reversal invariance of the mic
scopic fluid description, form a set of relationships betwe
the coefficients of the potential functions. This theory yie
a form of the diffusion fluxes which naturally contains th
‘‘cross-diffusional’’ Soret and Dufour effects. A gener
form of the diffusion fluxes derived from fluctuatio
theory,28 which is consistent with nonequilibrium
thermodynamics,5 has been derived previously.9–11,23 Here,
the heat (Qi) and mass (Ji) fluxes are presented in a som
what nontraditional form in order to simplify the followin
analyses:

Qj5Qj
T1Qj

Y1Qj
P , ~8!

Jj5Jj
T1Jj

Y1Jj
P , ~9!

where the superscripts indicate the thermodynamic sp
gradient involved. With this notation, the heat flux vect
components are

Qj
T52H k1rDa IKaBKYAYBRS Mm

MAMB
D J ]T

]xj
, ~10!

Qj
Y52H rDada IKRTS Mm

MAMB
D J ]YB

]xj
, ~11!

Qj
P52H rDa IKYAYBS V,B

MB
2

V,A

MA
D J ]p

]xj
, ~12!

and the mass flux vector components are

Jj
T52H rDaBK

YAYB

T J ]T

]xj
, ~13!

Jj
Y52$rDad%

]YB

]xj
, ~14!

Jj
P52H rD YAYB

RT S MAMB

Mm
D S V,B

MB
2

V,A

MA
D J ]p

]xj
, ~15!

where the molecular thermal conductivity isk and the mo-
lecular mass diffusivity isD. Note that the pressure-gradien
dependent terms~Qj

P andJj
P! which result from the evalua

tion of the mixture chemical potential29 are typically
neglected in presentations of the Dufour and Soret diffus
fluxes. This is because the majority of studies typically a
dress incompressible flows for which the thermodynam
pressure gradient is null.5 However, the present investigatio
applies to compressible turbulence at moderate Mach n
bers; therefore, the effects of thermodynamic pressure gr
n
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ents cannot be neglecteda priori. In fact, the results below
will show that Jj

P plays a substantial role in the long tim
behavior of the mixing process.

In the above equations several new thermodyna
properties are introduced which are derived from the eq
tion of state. The parametersa IK andaBK are referred to as
the ‘‘Irving–Kirkwood’’ and the ‘‘Bearman–Kirkwood’’
forms of the thermal diffusion factor30 ~discussed later!. The
mass diffusion factor,ad , is a thermodynamic paramete
related to the fugacity coefficients:ad acts to alter the effec-
tive diffusivity (Deff5Dad) in the Fickian mass diffusion
flux vector (Ji

Y). Under ‘‘standard’’ low-pressure condition
ad'1, whereas at the critical locusad→0. The ‘‘effective’’
thermal conductivity appearing in the Fourier heat flux ve
tor (Qi

T),

k IK5k1rDa IKaBKYAYBRS Mm

MAMB
D , ~16!

is referred to as the ‘‘Irving–Kirkwood’’ form of the therma
conductivity ~denoted byk IK!;30 however, it isk which is
consistent with the conductivity derived from kinet
theory.31 The partial molar volume isV,a5]V/]Xa and the
partial molar enthalpy isH ,a5]H/]Xa . These parameter
obey the relations;V5(XaV,a andH5(XaH ,a where the
summations are over all species.29 The thermodynamic pa
rameters required for this study have been derived fr
the Peng–Robinson state equation and are provided
Appendix B.

The behavior of the Irving–Kirkwood (a IK) and
Berman–Kirkwood (aBK) forms of the thermal diffusion
factors22,23,30 are poorly understood~particularly at high
pressure!; however, they are thermodynamically related:11

a IK5aBK1
1

RT S MAMB

Mm
D S H ,B

MB
2

H ,A

MA
D . ~17!

These nondimensional coefficients are related to the rela
strength of the Soret and Dufour effects and are propertie
the particular species pairs under consideration. Lo
pressure kinetic theory suggests thataBK is ;1021 and is
nearly independent of the mass fraction~though it is in gen-
eral a function ofT!.31 Miller et al.22,23 investigated the ef-
fects of choosing constant values in the range 1022→5 for
either of the thermal diffusion factors in their DNS of a tem
poral mixing layer. They observed that the second term
the right-hand side of Eq.~17! can be as large as;10. There-
fore, whena IK is assumed small and constant the Soret
fects become pronounced whereas the Dufour effects
nearly negligible. The opposite effect was observed wh
aBK is assumed small and constant. However, calculati
with the high-pressure droplet formulation11 have been
shown to compare most favorably with experimental resu
for heptane droplets in nitrogen environments whena IK is
chosen to be a small positive constant;1021.

III. NUMERICAL APPROACH

A triply periodic three-dimensional ‘‘isotropic box tur
bulence’’ flow is considered in a cubic domain with equ
lengths in each of thex1 , x2 , andx3 coordinate directions
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equal to L. Statistically stationary turbulence is achiev
through a low-wave-number force vector added to the g
erning equations. The force vectorf i is constructed in physi-
cal space using the procedure described by Kida
Orszag32 with only rotational components of the vector. F
the present simulations the force takes the following form

f i5Ai j sin~xj /L0!1Bi j cos~xj /L0!, ~18!

whereL05L/(2p) is the reference length scale, and each
the individual components of the amplitude tensorsAi j and
Bi j are statistically independent, zero mean random varia
having Gaussian distributions. The amplitudes of the o
diagonal elements of each tensor are characterized in te
of their standard deviations:

Ai j
2 1/25Bi j

2 1/25FR5
L0

a0
2 FR* ~ iÞ j !, ~19!

where the overbar indicates the temporal averaging oper
and the force amplitude is nondimensionalized asFR*
5FRa0

2/L0 wherea0 is a reference velocity scale. Compre
sive contributions to the force vector are not considered
that the diagonal tensor elements are null; i.e.,Ai j 5Bi j 50
for all i 5 j .

In general, cubic real gas state equations cannot
solved in a completely noniterative manner in the contex
compressible Navier–Stokes simulations. At each grid po
and time step the density, the internal energy, and the m
fractions are known~the molar volume is therefore als
known!. Obtaining both the temperature and the pressure
multaneously requires iterating the state equation toge
with its corresponding expression for internal energy~the
molar internal energy isE5H2pV; see Appendix B!. Un-
fortunately, performing iterations at each grid point and tim
step is overly taxing for three-dimensional DNS. Previo
two-dimensional simulations20,21 based on usinga priori
constructed thermodynamic tables requiring interpolati
are also computationally intensive. In order to overcome
problem, Miller et al.22,23 developed an efficient procedur
applicable to a binary nitrogen–heptane mixture in which
highly accurate three-dimensional curve fit is construc
within a specified range of thermodynamic state space~i.e.,
a priori specified ranges ofT, p, and YB!. The curve fit
provides the temperature explicitly as a function of the d
sity, heptane mass fraction, and the internal energy, al
which are known in the context of the DNS. Given the te
perature, the state equation can then be solved explicitly
the pressure. The primary limitation of their methodology
that a specific curve fitting function was produced, and
only valid for the binary nitrogen–heptane mixture. Expan
ing the procedure to either different species or a differ
range of state space would therefore require recalculating
fitting parameters, and possibly choosing a new form for
fitting functions.

In the present paper, we introduce an improved meth
ology in which a more general set of functions is employ
and all parameters are calculated based on least mean s
error ~LMSE! analysis. The only inputs required for th
model are the critical properties and molecular weights of
-
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species pairs required for the state equation. This proce
enables substantially more robust and accurate curve fits
arbitrary species pairs, and is also found to allow for t
consideration of a broader range of thermodynamic s
space without loss of accuracy. Because the LMSE pro
dure is employed to find the coefficients, the correspond
calculations can be performed within the DNS code dur
initialization and are therefore completely transparent to
user. Furthermore, the range of state space can also be
panded dynamically during a simulation if the actual con
tions are found to exceed the original bounds. The spec
of the new curve fitting procedure are presented
Appendix C.

The governing equations are solved numerically on
uniformly spaced computational mesh using a third-ord
accurate explicit Runge–Kutta temporal integration a
eighth order accurate central finite differences to discre
all spatial derivatives.33 As recommended in Ref. 33, a ten
order explicit ~minimal! filtering is also applied to each o
the primitive variables at every Runge–Kutta stage in or
to control potential numerical instabilities. In practice, t
time step is calculated at every iteration using the minim
of values calculated using both a velocity based Cour
number equal to7

10 and a diffusion based Courant numb
equal to 1

10. The code is parallelized based on thre
dimensional domain decomposition, using the Message P
ing Interface~MPI! subroutines for all interprocessor com
munications. The simulation time requirement
approximately 6.9 sec per iteration for a resolution of 123

grid points running on 64 processors on a Hewlett Pack
Convex Exemplar supercomputer. The code is an expan
version of the well-tested code used by Miller and Bellan34

to study the low-pressure, two-phase temporally develop
mixing layer. Further validation of the code was ma
through comparisons~under low-pressure conditions! with
previous results of Kida and Orszag32 for forced isotropic
turbulence. These comparisons~together with additional re-
sults presented later! confirm the accuracy of the numerica
approach.

IV. PROPERTIES

In the context of a DNS simulation we are not interest
in exactly matching the true values of the diffusion coef
cients since the resulting Reynolds numbers would be far
large to resolve with realistic length scales. In addition,
the purposes of this study we wish to simplify the treatm
of the diffusion coefficients in order to highlight the effec
of the real gas state equation and the Soret and Dufour
fusion effects. We therefore adopt a constant viscosity ca
lated from a specified value of the flow Reynolds numb
Re0 ~defined below!. In a similar manner, the Prandtl numb
@Pr5m/(rCpk)# and Schmidt number@Sc5m/(rD)# are
chosen to be constants Pr5Sc50.7 ~unity Lewis number!.
Accepting the fact that the behavior of the thermal diffusi
factors is poorly understood, particularly at high pressur
we choose to use a previously published~low-pressure! em-
pirical correlation to specifya IK in terms of the molecular
weight ratio:8
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TABLE I. Simulation parameters and initial conditions. All simulations are initialized with uniform distri
tions of mass fraction, temperature, and pressure;YB50.5, T05700 K, andp0545 atm, respectively.

Run SpeciesA SpeciesB N3 Re0 FR* MB /MA a IK r0 ~kg/cm3! a0 ~m/sec!

1 Nitrogen Heptane 643 75 0.05 3.58 0.161 33.9 389.4
2 Nitrogen Heptane 1283 450 0.05 3.58 0.161 33.9 389.4
3 Nitrogen Heptane 1283 150 0.35 3.58 0.161 33.9 389.4
4 Heptane 3-Methylhexane 1283 450 0.05 1.0 0.024 94.4 214.5
5 Nitrogen Dodecane 1283 450 0.05 6.08 0.218 37.1 371.7
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a IK52.38423102210.24821 log10~MB /MA!, ~20!

for MB /MA>1. The Bearman–Kirkwood form (aBK) is
then thermodynamically determined by Eq.~17!. Finally, the
reference heat capacityCp

0 is evaluated at a ‘‘low-pressure’
reference condition as generally employed in the depar
function formalism.1 The reference heat capacity and the r
erence enthalpy (H0) of the mixture are specified in terms o
the pure substance reference values:

Cp
05XACp,A

0 1XBCp,B
0 , H05XAHA

01XBHB
0. ~21!

The reference pressure is chosen to bep051 atm, and the
pure substance reference heat capacities~Cp,A

0 andCp,B
0 ! are

taken from polynomial corelations in Ref. 1. Finally, th
pure species reference enthalpies~HA

0 andHB
0! are obtained

by integrating theCp,A
0 andCp,B

0 correlations with assume
zero reference enthalpy at zero temperature~this is valid in
the absence of phase changes!.35

V. RESULTS

The parameters used for the simulations conducted
this study are presented in Table I. All simulations are p
formed for binary mixtures, typically nitrogen with variou
hydrocarbons. The species are initialized as perfectly p
mixed, with equal masses of each species within the cu
domain ~i.e., YA5YB5 1

2 everywhere!. The initial tempera-
ture and pressure are also uniform throughout the dom
and areT05700 K andp0545 atm for all simulations. Thes
conditions are chosen due to their relevance to both di
engines2 and gas turbines.3 The velocity field is in all cases
initialized as quiescent (ui[0). The speed of sound an
density are therefore initially uniform throughout the doma
and are chosen as the reference velocity and density sc
a0 and r0 , respectively. The flow Reynolds number bas
on these scales is defined as Re05r0a0L0 /m.

The simulation parameters listed in Table I are chose
order to study the effects of the molecular weight ratio of
species, the turbulence Reynolds number, and the turbul
Mach number. For each simulation, Table I provides the
nary species, the grid resolution, the flow Reynolds numb
the nondimensional forcing amplitude, and the ratio of m
lecular weights of the species. Furthermore, the initial val
of the Irving–Kirkwood form of the thermal diffusion factor
and the reference density and velocity~sound speed!, are also
included in the table. Runs 2, 4, and 5 are used to asses
effects of the species molecular weight ratio in the ran
1.0,MB /MA,6.08. The parameters for runs 1 and 2 a
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-
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adopted to address Reynolds number effects, and thos
runs 2 and 3 address Mach number effects~described later!.

The molecular weights of the species as well as the c
cal and reduced initial values of the pure substance temp
tures and pressures are given in Table II. Nitrogen is cho
as a pure species having properties similar to those of
The hydrocarbons chosen are dodecane, heptane,
3-methylhexane. These species are chosen to be repres
tive of typical hydrocarbon fuels of the type which are liqu
under standard conditions. Heptane and 3-methylhexane
essentially equivalent thermodynamically. These two spe
are used to simulate a mixture havingMB /MA51 ~run 4! as
a baseline comparison for the remaining simulations. N
that the initial conditions are chosen such that only pur
supercritical conditions are considered for the pure spec
Analysis of the thermodynamic state space and the sim
tion results indicates that the mixtures also remain superc
cal for all simulations. This removes the substantially
creased difficulties associated with treating the transcrit
regime in which~gas–liquid! phase change surfaces can a
pear. Such surfaces would need to be tracked accurately~in a
Lagrangian manner! in order to account for vaporization o
condensation, as well as latent heat effects. However, th
issues are beyond the subject of the present research and
not be addressed hereinafter.

A. Stationary flow states

As the simulations commence, the solenoidal force (f i)
begins to ‘‘stir’’ the initially quiescent fluid mixtures leadin
to quasi-stationary turbulent flows. The fully develop
flows can only be considered ‘‘quasi-’’ stationary due to t
fact that dissipation of turbulence energy results in a prod
tion of internal energy in the compressible formulation.32 In
this case, the mean temperature~and pressure! within the
domain increase with time as energy is continuously ad
to the system via the forcing. The temporal evolutions of
volume-averaged flow temperatures are shown in Fig. 1

TABLE II. Pure substance properties and reduced initial conditions.

Species
M S kg

kg•moleD Tc ~K! pc ~atm! T0 /Tc P0 /Pc

Nitrogen 28.013 126.26 33.46 5.54 1.34
Heptane 100.205 540.3 27.04 1.30 1.66

3-Methylhexane 100.205 535.3 27.73 1.31 1.6
Dodecane 170.34 658.2 17.96 1.06 2.51
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all simulations. With the exception of run 3 the relative i
crease in the mean temperatures are relatively small, with
absolute mean temperatures increasing to no greater tha
proximately 720 K~from T05700 K!. In the case of run 3
the mean temperature increases by approximately 27%
the duration of the simulation~to '890 K! due to a larger
forcing amplitude and viscosity. Nevertheless, the relat
changes to the thermodynamic properties correspondin
this temperature interval were found to be relatively mod
ate. Therefore, all of the flows are considered to be es
tially stationary for the purposes of the following analys
~the approximate stationarity of the flows is further co
firmed by analyses of higher-order statistical quantities, e
Figs. 2 and 3!.

Statistics are calculated as both instantaneous vol
averages over the entire domain, as well time average
data made possible by the stationarity of the flows. The fl
stationarity and the resulting ability to calculate time avera
statistics~by ergodicity! eliminates the need to perform mu
tiple realizations of each simulation; therefore, each of ru
1–5 in Table I corresponds to a single realization. The v
ume average of arbitrary variablef is denoted by bracket
^f&, and the fluctuation with respect to the average is deno
with a superscript prime; i.e.,f85f2^f&. Several time-
averaged statistics are presented in Table III for each of
simulations. The averages are performed over the time ra
100<ta0 /L0<200 for all flows, except for run 3 which de
velops more rapidly in nondimensional time units. For run
the averaging is performed for the temporal range
<ta0 /L0<150. The statistics presented in Table III are c
culated in forms suitable to isotropic compressible flow32

The Mach number isMC5^uiui&
1/2/a, and the Taylor Rey-

nolds number is

Rel5^r&^uiui&S 5

3m« D 1/2

, ~22!

where the mean dissipation can be written as a summatio
solenoidal («S) and compressive («C) components; i.e.,«
5«S1«C with

«S5m^v iv i&, «C5
4

3
m K ]ui

]xi
L ~23!

FIG. 1. Temporal evolution of the nondimensional mean temperatur
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~v i is the vorticity vector!. The Taylor~l! and Kolmogorov
~h! length scales are defined as

l5S 5m^uiui&
« D 1/2

, h5S m3

«^r&2D 1/4

, ~24!

respectively. Finally, the time-averaged compressibilityZ
5pV/RT), mass diffusion factor (ad), Bearman–Kirkwood
thermal diffusion factor (aBK), and the relative Irving–
Kirkwood form of the thermal conductivity (kBK /k) are also
presented.

The statistics provided in Table III reveal why the pa
ticular values of the flow Reynolds numbers and forcing a
plitudes were chosen. The particular choices enable u
study the effects of altering either the turbulence Reyno
number or the Mach number while keeping the remain
parameters essentially fixed. The simulations are perform
for both ‘‘low’’ and ‘‘moderate’’ Reynolds numbers equal t
Rel'16 ~run 1! and Rel'52 ~runs 2–5!, respectively. Two
values of the turbulence Mach number are also conside
MC'0.21 ~runs 1, 2, 4, and 5! and MC'0.56 ~run 3!. The
largerMC value is sufficient to exhibit significant compres
ibility effects; however, it is not large enough to produ
shocklets36 within the flow which would be poorly resolved
by the nondissipative central finite differences employed
this study. Table III also reveals that the Kolmogorov leng

FIG. 2. Temporal evolution of the speciesB mass fraction~a! standard
deviation for all simulations, and~b! instantaneous maximum and minimum
for simulation run 3.
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scale is in all cases significantly larger than the grid spac
suggesting that the simulations are well resolved. The in
rity of the simulations was further confirmed through rep
duction of~low-pressure! results in Ref. 32~not shown!, and
through examination of the high-wave-number content
various energy spectra~presented below!.

The statistics of thermodynamic variables in Table
yield additional insight into the behavior of the simulat
flows. Pure hydrocarbons under the present conditions
hibit considerable deviations from ideal gas behavior. F
example, the compressibilities of pure heptane and dode
at p5p0 andT5T0 areZ50.81 andZ50.46, respectively.
However, dilution with nitrogen (Z51.04) as in runs 1–3
and run 5 results in mean compressibilities very near
unity. In other words, the mixture compressibility is a no
linear function of the mass fractions of the species, and 5
dilution with a compressible hydrocarbon actually retains

FIG. 3. Temporal evolution of the nondimensional~a! heat and~b! mass
flux vector magnitudes for simulation run 2.

TABLE III. Time-averaged statistics.

Run MC Rel l/L0 h/Dx Z ad aBK k IK /k

1 0.21 16.1 1.61 2.10 1.02 0.914 25.27 0.992
2 0.20 51.1 0.91 1.32 1.02 0.910 25.13 0.990
3 0.56 54.8 0.96 1.34 1.02 0.937 26.99 0.986
4 0.21 52.2 0.91 1.31 0.84 0.926 20.13 1.00
5 0.20 51.5 0.92 1.34 1.02 0.817 27.70 0.986
g,
g-
-

f

x-
r
ne

o

%
e

near ideal compressibility associated with pure nitrogen.
the other hand, run 4 is comprised of a binary mixture of t
hydrocarbons and is substantially more ‘‘liquid-like’’ a
characterized by a less than unity compressibilityZ'0.84. In
all cases, the magnitude of the fluctuations of the compre
ibility are much less than the mean values, i.e.,^(Z8)2&1/2

!^Z&, and are not shown. As discussed previously, the m
diffusion factor (ad) acts to alter the effective Fickian diffu
sivity when its value is different than unity. Table III show
that the meanad is indeed significantly less than unity for a
flows. Thermodynamic conditions for the simulations we
chosen to be sufficiently far from the critical mixture locu
~where ad→0! such that the scalar field remains well r
solved. In this regard, the largest effective Schmidt num
occurs for run 5; Sceff5m/(rDad)5Sc/ad'0.86. The aver-
age Bearman–Kirkwood thermal diffusion factor (aBK) re-
veals that the magnitude of the second term on the right-h
side of Eq.~17! is much larger than the specified values
a IK ~see Table I!. Finally, the last column in Table III show
that the effective thermal conductivity~the Irving–Kirkwood
form! is approximately equal to the ‘‘true’’~i.e., kinetic
theory! value of the molecular conductivity. Therefore, th
second term in the brackets in Eq.~10! is negligible for the
present flow conditions andQj

T is nearly identical to the
traditional Fourier form of the heat flux vector.

B. Scalar evolution

Under the typical low-pressure formulation in whic
mass diffusion is purely Fickian, the initially premixed sp
cies would remain perfectly mixed indefinitely. This is n
the case for the present formulation due to the inclusion
Soret mass diffusion whereby species also diffuse due
temperature and pressure gradients. In the absence of in
species gradients, temperature and pressure gradients i
ent in compressible turbulence initially act to generate fl
tuations in the mass fraction fields~the production mecha
nism is described in more detail below!. The relative
intensity of fluctuations of some variablef can be examined
in terms of the standard deviation off defined aŝf8f8&1/2.
Figure 2 depicts the temporal evolutions of the standard
viations of the speciesB mass fractions for all simulation
@Fig. 2~a!#, as well as the evolutions of the instantaneo
minima and maxima ofYB for simulation run 3@Fig. 2~b!#. It
is observed that the species mass fraction fields also ev
to statistically stationary distributions as characterized by
scalar standard deviations@the relative magnitudes in Fig
2~a! are discussed later#. Although the standard deviation
are relatively small compared to the scalar mean (^YB&
5 1

2), the magnitude of the fluctuations is not negligible
observed by the minima and maxima in Fig. 2~b!. Additional
simulations have been conducted based on perfectly se
gated ~non-premixed! nitrogen–hydrocarbon initial condi
tions. These results confirm that the long time stationary s
lar states observed in Fig. 2 are independent of the m
fraction initial conditions~not shown!.

The relative effects of the Dufour and Soret cros
diffusion on the heat and mass flux vectors are examine
Fig. 3 which depicts the magnitudes of all four vectors
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each of Eqs.~8! and~9!, i.e., the total flux together with eac
of the temperature, mass fraction, and pressure-grad
dependent component contributions. Note also that w
these definitions the summation of the three component m
nitudes does not necessarily equal the magnitude of the
flux vector. The results in Fig. 3 correspond to simulati
run 2 ~although the trends are the same for the remain
flows!, and the high-frequency oscillations in the curves
due to acoustic waves. Figure 3~a! shows that the total (Qi)
and temperature-gradient-dependent (Qi

T) heat flux vector
magnitudes are approximately equal, whereas the cr
diffusion ~Dufour effect! vectors~Qi

Y andQi
p! are essentially

negligible at all times. On the other hand, Fig. 3~b! reveals
that the relative magnitudes of the cross-diffusion mass
vectors~Soret effect! are substantial for the presently inve
tigated stationary flows. In fact, the pressure-gradie
dependent mass flux (Ji

p) makes an even larger contributio
to the total mass flux vector than does the ‘‘typical’’ Fickia
flux (Ji

Y).
The mechanisms responsible for the observed statio

mass fraction states for the high pressure binary mixtures
be explained by examining the transport equation for
Favre averaged mass fraction variance for isotropic flow

d

dt
S ^r&

YB9YB9̃

2
D 5 K Jj

T ]YB

]xj
L 1 K Jj

Y ]YB

]xj
L 1 K Jj

p ]YB

]xj
L ,

~25!

where the density-weighted Favre average of arbitrary v
able f is denotedf̃ and the corresponding fluctuation
f95f2f̃ ~see Ref. 37 for a discussion of the relationsh
between the nonweighted and the Favre-averaged scalar
ance!. Clearly, the second term on the right-hand side due
Ji

Y is negative definite and therefore corresponds to the
ditional Fickian dissipation of scalar variance. However,
physical interpretation of the remaining terms is less obvi
since their sign will depend upon the correlations of the m
fraction gradient with eitherJj

T or Jj
p . In order to gain insight

into the behavior of these terms, the evolution of the sca
variance budget is presented in Fig. 4 for simulation run
The positive values for̂Jj

p]YB /]xj& indicate that the pres

FIG. 4. Temporal evolution of the nondimensional speciesB mass fraction
variance transport equation budget for simulation run 2.
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sure gradient dependent Soret flux (Ji
p) acts as a production

mechanism for mass fraction fluctuations. On the other ha
although the temperature-gradient-dependent flux (Ji

T) is
relatively strong, as indicated in Fig. 3~b!, Ji

T plays a rela-
tively negligible role in the long time variance budget.
other words, Soret effects from temperature gradients ma
important locally within the flow; however, the averaged e
fect on the scalar variance equation is negligible due t
lack of correlation between the temperature and mass f
tion gradients~see also Table IV!.

Based on the above description, it can be concluded
the initial perfect ‘‘premixedness’’ of the mass fraction fie
is broken~‘‘anti-diffusion’’ ! by the effects of pressure an
temperature gradients within the flow acting on the m
diffusion vector. On average, the pressure gradient act
increase the scalar variance until a balance is achieved
tween the production effects associated withJj

p and the dis-
sipation due to the Fickian diffusion term. This balance
manifested in long time statistically stationary mass fract
distributions. Furthermore, since the pressure gradient ac
the primary scalar variance production mechanism, it can
expected that the mass fraction gradient and the pres
gradient will be correlated. This is confirmed by introducin
the correlation coefficient for two vectorsai andbi :

C~ai ,bi !5
^aibi&

~^ajaj&^bkbk&!1/2, ~26!

bounded by21<C<11. Time-averaged correlation coeffi
cients for the mass fraction gradient with both the tempe
ture and pressure gradients are provided in Table IV.
expected, the mass fraction and pressure gradients are
nificantly correlated, whereas the mass fraction and temp
ture gradients exhibit only relatively negligible correlation
These correlations are direct measures of the relative S
effects on the scalar variance transport equation. Table
also includes correlations for the scalar values~as opposed to
the gradients!. For scalars, the correlation coefficient is d
fined in an analogous manner:

C~f1 ,f2!5
^f18f28&

^~f18!2&1/2^~f28!2&1/2. ~27!

Similar trends are observed for the scalar correlations.
nally, note that the change in the sign for correlations cal
lated for run 4 are due only to the choice of the pure s
stance referred to as speciesB.

TABLE IV. Time-averaged correlation coefficients.

Run C(T,YB) C(p,YB) C(¹T,¹YB) C(¹p,¹YB)

1 0.034 0.53 0.02 0.51
2 20.004 0.35 20.13 0.44
3 0.007 0.33 20.10 0.33
4 20.028 20.21 0.17 20.26
5 20.12 0.36 20.28 0.45
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C. Scalar distribution

The long time concentration fluctuations resulting fro
nonequilibrium diffusion may have significant consequen
for the extension of standard PDF-based mixing mod
~e.g., the amplitude mapping closure or PDF methods24–27!
to high-pressure conditions. It is therefore warranted to f
ther investigate the ultimate form of the scalar distributio
The temporal evolutions of the mass fraction standard de
tions were already presented in Fig. 2~a!. Their correspond-
ing time averaged values are provided in Table V, toget
with the time-averaged skewness (m3) and flatness (m4) fac-
tors:

mn~YB!5
^~YB8 !n&

^~YB8 !2&n/2 , ~28!

which take valuesm350 andm453 for Gaussian statistics
Substantial variations in the intensity of the scalar fluct
tions are observed for the different simulations. An analy
of the results shows that the mass fraction standard de
tions increase with each of the following trends;~i! increases
in the molecular weight ratio of the pure species~runs 4, 2,
and 5!, ~ii ! increases in the mixture viscosity~i.e., decreasing
Rel ; runs 1 and 2!, and~iii ! increasing Mach number~runs 2
and 3!. One effect of decreasing the molecular weight ratio
to reduce the partial molar volume difference in Eq.~15!.
This reduces the relative strength ofJi

p , and therefore also
reduces the production of scalar variance@Eq. ~25!#. The
viscosity is directly related to both the thermal conductivit
and the mass diffusivities of the mixtures through the spe
fied values of the Prandtl and Schmidt numbers. Theref
the increasing scalar variances with viscosity are most s
ply explained by considering the limiting case of zero co
ductivity and diffusivity; in this case the mass flux vector
null and no scalar production can occur. However, des
the trends found in Table III for increasing Reynolds nu
ber, the ultimate asymptotic state of the scalar distributi
with large, but finite, Reynolds number is not certain. F
nally, analyses of the results shows that the increase of
scalar variance with Mach number is due to a correspond
increase in the intensity of the pressure fluctuations wh
govern the scalar variance production.

Table V also indicates that all of the distributions a
characterized by substantial skewness values and larger
Gaussian flatness factors. An example of an instantane
mass fraction normalized PDF is given in Fig. 5 togeth
with PDFs of the temperature and pressure fluctuations
simulation run 3. The speciesB mass fraction is clearly
skewed towards negative fluctuation values. This is in c

TABLE V. Time-averaged standard deviation, skewness, and flatnes
the speciesB mass fraction.

Run ^YB8YB8 &1/2 m3(YB) m4(YB)

1 3.5031023 20.39 3.56
2 1.8531023 21.57 7.52
3 9.7531023 21.06 5.56
4 6.031026 1.60 7.27
5 3.231023 21.75 9.04
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trast to ‘‘typical’’ low-pressure passive scalar distributio
which tend to be predominantly symmetric and appro
mately Gaussian.38,39However, both the temperature and th
pressure are nearly Gaussian~indicated by the solid curve!.
The scalar skewness is therefore not due to skewness i
ther the pressure or temperature gradient distributio
Analyses of the results indicate that the mass fraction sk
ness is due to the thermodynamic properties of the pa
molar volume difference which appears in the mass flux v
tor Ji

p @Eq. ~15!#. Figure 6 elucidates this feature by avera
ing the partial volume difference,Dv ,a5(V,B /MB

2V,A /MA), conditionally on the value of the speciesB mass
fraction. Clearly, the partial volume difference is a decre
ing thermodynamic function of the mass fraction. Therefo
the flux vector magnitudeJi

p is larger in regions of negative
YB fluctuations, and the production of scalar fluctuations
correspondingly larger in these areas. This increases
probability of finding small values ofYB leading to the ob-
served skewness@also compare the minima and maxima
Fig. 2~b!#. Conversely, speciesA exhibits positive skewnes

or

FIG. 5. Probability density functions of normalized thermodynamic varia
fluctuations for simulation run 3 at timeta0 /L05125.

FIG. 6. Nondimensional conditional expectation of the partial molar volu
differenceDv ,a5(V,B /MB2V,A /MA) conditioned on the speciesB mass
fraction fluctuation for simulation run 3 at timeta0 /L05125.
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FIG. 7. Nondimensional fluctuation
energy spectra as a function of th
wave number magnitude for all simu
lations:~a! kinetic energy,~b! dissipa-
tion of kinetic energy,~c! speciesB
mass fraction,~d! temperature, and~e!
pressure.
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because the partial molar volume difference appears w
opposite sign in the speciesA mass flux vector. This chang
in sign of the skewness factor occurs for simulation run
~Table V! due to choosing 3-methylhexane to be deno
speciesB. Also note that although non-Gaussian scalar s
tistics can, in some cases, be related to inertial range sc
intermittency,40,41 the present mass fraction asymmetries
sociated withDv ,a are not indicative of inertial intermit-
tency. The asymmetries noted in Table V are a purely th
modynamic effect resulting from the nonequilibrium So
diffusion formulation.

D. Energy spectra

The final topic for investigation is the spectral content
the various turbulence and thermodynamic variables.
wards this purpose, instantaneous normalized spectra t
th

4
d
-
lar
-

r-
t

f
-
en

from the stationary states of each of the simulations are
picted in Fig. 7 as a function of the wave number magnitu
The spectra presented include the kinetic energy, the d
pation of kinetic energy, the speciesB mass fraction, the
temperature, and the pressure. Several observations ca
made from this figure. First, the high-wave-number cont
of all of the spectra appear to be well resolved as indica
by the monotonic decay with increasingk ~except for the
pressure spectra which exhibit a very small increase at v
high wave numbers for some of the simulations!. This pro-
vides further evidence as to the accuracy of the simulati
and the numerical approach. A second observation is tha
form of the normalized spectra appear to be functions of o
the flow Reynolds number; i.e., no significant dependence
either the Mach number or the molecular weight ratio is o
served. Finally, each of the mass fraction spectra@Fig. 7~c!#
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exhibits a peak value which corresponds closely to the p
of the kinetic energy dissipation spectra@Fig. 7~b!#. The con-
vergence of the peaks would seem to suggest that the
duction of scalar variance due to the pressure grad
throughJi

p occurs primarily in the small~dissipation! scales
of the flow. This is somewhat intuitive since the gradient
the pressure, which is central to the scalar variance prod
tion, obviously exhibits larger high-wave-number contrib
tions than does the pressure field itself.

VI. CONCLUSIONS

Direct numerical simulations were conducted for statio
ary compressible isotropic turbulent mixtures at supercrit
pressures. In particular, binary mixtures of nitrogen w
various hydrocarbon species were studied under supercr
thermodynamic conditions relevant to modern diesel and
craft gas turbine engines. The formulation is based on
compressible form of the Navier–Stokes equations, coup
with total energy and mass fraction transport equations. H
pressure fluid behavior is modeled based on a cubic real
state equation and general forms of the heat and mass
vectors derived from nonequilibrium thermodynamics. T
formulation therefore includes the potential for heat to d
fuse due to species concentration gradients or pressure
dients~Dufour effect!, as well as the potential for concentr
tions to diffuse in the presence of temperature or press
gradients~Soret effect!.

Simulation parameters were chosen to study the eff
of the molecular weight ratio, turbulence Reynolds numb
and the turbulence Mach number on the long time beha
of the species mass fraction distributions. It was obser
that in all cases the mass fraction, rather than undergoing
‘‘typical’’ ~low pressure! exponential decay, achieves st
tionary statistics characterized by nonzero variance at s
ciently long times. These states are independent of the in
mass fraction conditions, and occur even when the bin
species are initially perfectly premixed. In these premix
cases, the initial effect of the Soret diffusion is to ‘‘an
diffuse’’ the mixture—a phenomenon which is impossib
under purely Fickian diffusion. An analysis of the sca
variance budget revealed that the long time stationary sc
states are made possible by a balance between Fickian d
pation effects and a production mechanism involving
pressure-gradient-dependent term of the Soret diffusion. T
production mechanism is made possible by a persistent
relation between the pressure and mass fraction gradie
On the other hand, although the temperature gradient term
the Soret diffusion is of significant magnitude compared
the total mass flux vector, its average effect on the sc
variance budget is essentially negligible due to an absenc
correlation between the temperature and mass fraction g
ents. In contrast, Dufour heat diffusion was found to be
sentially negligible when compared to the Fourier heat fl
for the simulation parameters under consideration.

The simulation results were then analyzed to elucid
the statistical forms of the stationary mass fraction distri
tions. It was observed that the long time scalar variance m
nitude is an increasing function of both the molecular wei
k
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ratio and the turbulence Mach number; however, the mag
tudes decrease with increasing turbulence Reynolds num
due to the diminishing influence of molecular diffusio
Probability density functions of the mass fraction were e
amined and found to be characterized by larger than Ga
ian flatness factors and by substantial skewness factors.
asymmetries in the distributions were attributed to the m
fraction dependence of the partial molar volume differen
appearing in the pressure gradient dependent term of
Soret diffusion vector. Finally, the mass fraction ener
spectra were observed to display peak amplitudes at w
numbers corresponding to the peak of the kinetic energy
sipation spectra. It was concluded that the production of s
lar fluctuations occurs primarily in the small scales of t
turbulence.
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APPENDIX A: MIXING RULES

The mixing rules recommended by Harstadet al.12 are

Aab50.457 236~RTab
c !2@11Cab~12AT/Tab

c !#2/pab
c ,

~A1!

Ba50.077 796 RTaa
c /paa

c , ~A2!

Cab50.374 6411.542 26Vab20.269 92Vab
2 , ~A3!

where the superscriptc refers to critical properties~i.e.,T/Tc

is the ‘‘reduced’’ temperature!. The diagonal elements of th
‘‘critical matrices’’ are equal to their pure substance cou
terparts; i.e.,Taa

c 5Ta
c , paa

c 5pa
c , andVaa5Va whereV is

the acentric factor of speciesa. The off-diagonal elements
are evaluated using additional mixing rules:

Tab
c 5ATaa

c Tbb
c ~12kab!, pab

c 5Zab
c ~RTab

c /Vab
c !,

~A4!

Vab
c 5 1

8@~Vaa
c !1/31~Vbb

c !1/3#3, Zab
c 5 1

2~Zaa
c 1Zbb

c !,

Vab5 1
2~Vaa1Vbb!, ~A5!

where the diagonal elements of each of the above symm
matrices are also equal to the pure substance values.
binary interaction parameter,kab , is a function of the spe-
cies being considered and is taken to bekab50.1 for aÞb
andkaa50 for the binary mixtures addressed in this stud

APPENDIX B: THERMODYNAMIC FUNCTIONS

In order to ensure self-consistency, all of the thermod
namic parameters of the flow should be calculated from
same equation of state. For the present fluid dynamics si
lations the variables of interest are the molar enthalpy~H!,
the constant pressure molar heat capacity (Cp), the partial
molar enthalpy (H ,a), the partial molar volume (V,a), the
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mass diffusion factor (ad), and the speed of sound (as).
Each of these functions can be obtained through various
rivatives and functions of the Gibbs energy:1,29
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2(
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]T2 K1 , ~B2!

where:
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Bm
G .

~B7!

In the above,Ha
0 is the pure substance reference enthalpy

speciesa. The mass diffusion factorad is a thermodynamic
function given byad511Xa] ln (fa)/]Xa , where fa are
the fugacity coefficients~independent of which species
chosen in the evaluation! and has the form

ad511XAXBH RT

~]p/]V!T,X
S 1

Bm
2 D FBB2BA

V2Bm

1
BA]Am /]XB2BBAm /]XA

RT~V212VBm2Bm
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with
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D 2

1
2

RT S K1

Bm
2 D ~ABBBA

1AAABB22AABBABB!. ~B9!

Finally, for real fluids the speed of sound isa
5(rks)

21/2, where the isentropic compressibility isks5kT

2VTav
2/Cp , and the expansivity (av) and the isotherma

compressibility (kT) are expressed by
e-

f

av5
2~]p/]T!V,X

V~]p/]V!T,X
, kT5

21

V~]p/]V!T,X
. ~B10!

Finally, miscellaneous relations used above are
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APPENDIX C: TEMPERATURE CURVE FIT

A cubic real gas state equation must in general be sol
iteratively to get both the temperature and pressure simu
neously~given the density, internal energy, and mass fr
tions!. However, in order to avoid costly iterations, a high
accurate fit was obtained for the specific internal energy
the mixture (ei) over the entire state space of interest:

S ei2eL

eU2eL
D5C1S T2TL

TU2TL
D1C2S T2TL

TU2TL
D 2

, ~C1!

which can be solved explicitly for the temperature. In t
above expression,

S eL2e~1!

e~2!2e~1!D 5C3S r2rL

rU2rL
D1C4S r2rL

rU2rL
D 2

, ~C2!

S eU2e~3!

e~4!2e~3!D 5C5S r2rL

rU2rL
D1C6S r2rL

rU2rL
D 2

, ~C3!

where the subscriptsL and U correspond to the lower an
upper limits of the parameter space, respectively. Finally,
four remaining internal energy functions,e(1)(YB ;TL ,rL),
e(2)(YB ;TL ,rU), e(3)(YB ;TU ,rL), and e(4)(YB ;TU ,rU),
are

S e~a!2eL
~a!

eU
~a!2eL

~a!D 5C7
~a!YB1C8

~a!YB
2; a51,2,3,4. ~C4!

In practice each of the parametersC1→C8 is obtained by a
least mean square error~LMSE! solution.

The procedure for applying the curve fit is as follow
First, a range of temperature, mass fraction, and pres
~and therefore density! is input which encompasses the the
modynamic state space under consideration. Then the e
constantsC7

(a) and C8
(a) are determined using the LMSE

analysis. This allows the eL and eU coefficients
(C3 ,C4 ,C5 ,C6) to be calculated, again using LMSE. F
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nally, another separate application of the LMSE proced
determines the remaining coefficientsC1 andC2 . The final
curve fit Eq. ~C1! can then be written in forms which ar
explicit in either the temperature or the internal energy. T
fit can therefore be used to determine both the internal
ergy during initialization~for consistency!, as well as to cal-
culate the temperature from the internal energy during e
time step.

The entire curve fitting process is performed during
initialization of the code automatically and requires neg
gible computational effort. Furthermore, the state sp
range can be checked dynamically during each simulation
this range ever extends beyond the input range the curve
simply recalculated. Application of the procedure was fou
to produce highly accurate fits for the temperature as a fu
tion of the internal energy for all of the cases considered
this study. For each case, the thermodynamic state s
chosen for the fit was 0<YB<1, 500 K<T<1250 K, and
25 atm<p<100 atm. The average relative errors for the te
perature estimates when compared to the ‘‘exact’’ Pen
Robinson temperature are 0.57% for nitrogen with hepta
0.21% for heptane with 3-methylhexane, and 0.55% for
trogen with dodecane over the entire state space ranges
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