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Effects of Soret and Dufour cross-diffusion, whereby both concentration and thermal diffusion occur
in the presence of mass fraction, temperature, and pressure gradients, are investigated in the context
of both binary and ternary species mixing and combustion in isotropic turbulence at large pressure.
The compressible flow formulation is based on a cubic real-gas state equation, and includes
generalized forms for heat and mass diffusion derived from nonequilibrium thermodynamics and
fluctuation theory. A previously derived formulation of the generalized binary species heat and mass
fluxes is first extended to the case of ternary species, and appropriate treatment of the thermal and
mass diffusion factors is described. Direct numerical simulations~DNS! are then conducted for both
binary and ternary species mixing and combustion in stationary isotropic turbulence. Mean flow
temperatures and pressures of^T&5700 K and̂ P&545 atm are considered to ensure that all species
mixtures remain in the supercritical state such that phase changes do not occur. DNS of ternary
species systems undergoing both pure mixing and a simple chemical reaction of the form O2

1N2→2NO are then conducted. It is shown that stationary scalar states previously observed for
binary mixing persist for the ternary species problem as well; however, the production and
magnitude of the scalar variance is found to be altered for the intermediate molecular weight species
as compared to the binary species case. The intermediate molecular weight species produces a
substantially smaller scalar variance than the remaining species for all flows considered. For
combustion of nonstoichiometric mixtures, a binary species mixture, characterized by stationary
scalar states, results at long times after the lean reactant is depleted. The form of this final scalar
distribution is observed to be similar to that found in the binary flow situation. A series of lower
resolution simulations for a variety of species is then used to show the dependence of the stationary
scalar variance on the turbulence Reynolds number, turbulence Mach number, species molecular
weight ratio, and relative proportion of two species present in the flow after completion of
combustion. ©2004 American Institute of Physics.@DOI: 10.1063/1.1687411#

I. INTRODUCTION

Turbulent fluid mixing and combustion of hydrocarbons
at large pressures encountered in modern turbines, diesel en-
gines, and rocket engines is a subject receiving relatively
recent scrutiny in the literature. These devices operate at
pressures larger than the thermodynamic critical pressure for
a pure component~or ‘‘critical locus’’ for a mixture! of typi-
cal hydrocarbon fuels, for which the distinction between liq-
uid and gaseous phases vanishes and species are referred to
simply as ‘‘fluid.’’1 A fluid is typically considered to be ‘‘su-
percritical’’ when either its temperature or pressure is above
the critical value;2 however, there is some ambiguity in the
literature as to whether or not both properties need to be
above their critical values. From the perspective of the fluid
transport physics, having either temperature or pressure fixed
above critical negates the possibility of phase change. No
new physics is introduced by having both values above criti-
cal conditions. Therefore for the purposes of the present in-

vestigation we use the term supercritical to designate the
state of the fluid when either the temperature or pressure is
fixed above critical.

Although similar to ‘‘low pressure’’ flows in many ways,
supercritical fluid flow may be characterized by markedly
differing behavior in two primary ways. First, substantial de-
viations from ideal gas behavior occur, requiring consider-
ation of real gas state equations. Second, ‘‘cross-diffusion’’
effects by which heat diffuses in the presence of concentra-
tion and/or pressure gradients~Dufour effect! and species
diffuse in the presence of temperature and/or pressure gradi-
ents~Soret effect! can also result in deviations from purely
Fourier and Fickian diffusion-based formulations. The
present study is a continuation of the authors’ efforts in un-
derstanding the impact of cross-diffusion on real-gas fluid
mixing and combustion of hydrocarbons at elevated pres-
sures. The reader is referred to Bellan2 for a recent general
review of high pressure fluid behavior. Givler and Abraham3

provide an additional review of supercritical droplet vapor-
ization and combustion.

The first numerical simulations of high pressure fluid
flow to include Soret and Dufour diffusion were for single
isolated and spherically symmetric droplets conducted by
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Curtis and Farrell.4 Harstad and Bellan5–8 later derived the
cross-diffusion terms for binary species systems from fluc-
tuation theory9 and nonequilibrium thermodynamics.10 These
studies further examined the role of cross-diffusion in sym-
metric droplet ‘‘vaporization’’ at high pressures for both
oxygen–hydrogen systems relevant to rocket engines, and to
nitrogen–hydrocarbon mixing relevant to gas turbines and
diesel engines. Their formulation was then applied to direct
numerical simulations~DNS! of nonhomogeneous turbulent
mixing in both two-dimensional~2D! and three-dimensional
~3D! temporally developing mixing layers formed by the
merging of supercritical pressure nitrogen and heptane
streams.11,12 Real-gas effects were accounted for with the
cubic Peng–Robinson state equation due to its relative com-
putational efficiency, and the availability of a simple correc-
tion which can be used to substantially increase its
accuracy.13 Results of these studies illustrate the relative ef-
fects of the thermal diffusion factors on the first and second
order flow statistics, and showed qualitative agreement with
experimental flow visualizations of supercritical jet mixing
evolutions.14

Despite prior work in nonhomogeneous flows at super-
critical pressure, several interesting Soret and Dufour diffu-
sion induced mixing phenomena are only apparent in homo-
geneous turbulence for which the extent of prior research is
even more limited. Miller15 conducted DNS of various
nitrogen–hydrocarbon mixtures in stationary isotropic com-
pressible turbulence using the same nonequilibrium thermo-
dynamical and real-gas formulation discussed above. They
began their simulations from initially perfectly premixed bi-
nary species systems with 50/50 nitrogen with heptane,
3-methylhexane and dodecane. Unlike a typical low pressure
system, the perfectly premixed species were observed to ini-
tially ‘‘anti-diffuse’’ due to a Soret cross diffusion induced by
pressure gradients present in the compressible flow. A statis-
tically steady scalar state was eventually achieved in each
simulation through a balance between the scalar variance
production due to the pressure gradient term and the tradi-
tional destructive nature of the Fickian diffusion term. The
presence of the steady scalar states made the scalar variance
evolution inconsistent with the traditionally observed expo-
nential decay typical of low pressure mixing. Scalar distribu-
tions were found to be non-Gaussian and nonsymmetric due
to the influence of the partial molar volume difference ap-
pearing in the pressure gradient related Soret term. The final
steady state values of the scalar variance were then quanti-
fied and found to increase with increasing turbulence Mach
number, molecular weight ratio of the binary species, and
with decreasing turbulence Reynolds number.

Lou and Miller16 then considered the impact of Soret and
Dufour cross-diffusion effects on mixing and combustion
through an examination of the scalar probability density
function ~PDF! transport equation for binary mixing in iso-
tropic turbulence at supercritical pressure. They conducted
DNS of the binary mixing case at a resolution of 1923 grid
points for heptane mixing with nitrogen from initially non-
premixed conditions at 45 atm pressure and 700 K mean
temperature. Two simulations were performed for the mixing
of an initially spherical heptane ‘‘blob’’ in nitrogen. One case

employed the complete binary form of the Soret and Dufour
cross-diffusion fluxes, whereas for the second simulation
these fluxes were turned off with only ‘‘standard’’ forms of
the Fickian and Fourier mass and heat diffusion being con-
sidered. The evolutions of the two mixing cases were found
to be nearly identical for early times prior to the destruction
of the pure heptane blob. However, at long times Soret dif-
fusion due to pressure gradient proportional terms results in
stationary scalar states not observed in the absence of cross-
diffusion. Several new terms appearing in the PDF transport
equation were identified and observed to be important to the
long time scalar evolution. Several models typically used for
the low pressure PDF transport equation were found to per-
form poorly at high pressures and relatively long times. Nev-
ertheless, the ultimate impact of these effects on actual com-
bustion modeling could not be determined by the purely
isotropic mixing cases considered.

Based on the above discussions, the primary objectives
of the present study are to:~1! extend the binary species
formulation to ternary species systems,~2! conduct DNS of
three species turbulent mixing in order to analyze the effects
of Soret and Dufour diffusion and to compare these effects
with the binary mixing problem, and~3! to conduct prelimi-
nary combustion simulations based on the new ternary spe-
cies formulation as applied to a simplified chemical reaction
of the form Fuel1Oxidizer→Product. All simulations
are based on an isotropic compressible ‘‘box turbulence’’ ge-
ometry utilizing flow forcing in order to create stationary
turbulence conditions. For the purposes of this study~and for
reasons discussed below!, all chemical reactions are consid-
ered to be nonheat releasing. Although somewhat restrictive,
both of these simplifications represent a first, and fundamen-
tal, step in the analysis of cross-diffusion effects on multi-
component mixture behavior under realistic mixing and com-
bustion conditions at high pressures. The paper is organized
as follows. The formulation and numerical approach are
summarized in Secs. II and III, respectively. Specification of
properties is discussed in Sec. IV. Results relevant to ternary
species system mixing and combustion in isotropic turbu-
lence are the subject of Sec. V. Conclusions and further dis-
cussions are provided in Sec. VI.

II. FORMULATION

For pressures greater than the thermodynamic critical
pressure, the distinction between gaseous and liquid phases
vanishes, and deviations from ideal gas behavior become
significant.1,2 The following formulation therefore includes
conservation equations for a single phase compressible fluid
mixture density, momentum, total energy~internal plus ki-
netic!, two independent species mass fractions, as well as a
real-gas state equation~described below!:

]r

]t
1

]

]xj
@ruj #50, ~1!

]

]t
~rui !1

]

]xj
@ruiuj1Pd i j 2t i j #5rFi , ~2!
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]

]t
~ret!1

]

]xj
@~ret1P!uj2uit i j 1Qj #5ruiFi , ~3!

respectively. In the above expressions,r is the mixture den-
sity, ui is the velocity vector,P is the thermodynamic pres-
sure,t i j is the Newtonian viscous stress tensor~assumed to
apply to the present fluids! with viscositym, et is the specific
total energy,Qi is the heat flux vector,d i j is the Kronecker
delta tensor, andFi is an artificial ‘‘stirring’’ force added to
maintain statistically stationary turbulence.

The conservation equations and cubic Peng–Robinson
state equation for a ternary species system under supercritical
considerations are nearly identical to the binary formulation
given by Refs. 15 and 16. The alterations to these equations
for ternary species are the form of the heat and mass flux
vectors, as well as in an additional mass transport equation
required to describe the system. In this case, transport equa-
tions are required for the mass fractions of two species~de-
notedY1 andY2 , respectively!:

]

]t
~rY1!1

]

]xj
@rY1uj1Jj ,1#5v̇1 ~4!

and

]

]t
~rY2!1

]

]xj
@rY2uj1Jj ,2#5v̇2 , ~5!

whereJi ,a is the mass flux vector associated with speciesa.
The third species mass fraction is given byY3512Y1

2Y2 . The above equations include the potential for a simple
chemical reaction of the form Fuel1Oxidizer
→Products. The chemical kinetics are based on the fol-
lowing temperature independent form of the reaction rates
(v̇a). For the two reactants, species 1 and 2, the~irrevers-
ible! reaction rates take the forms:

v̇152rKRS M3

M2
DY1Y2 , ~6!

v̇252rKRS M3

M1
DY1Y2 , ~7!

respectively, whereKR is the constant reaction frequency and
Ma is the molecular weight of speciesa. Both pure mixing
(v̇50) and chemically reacting cases are considered. Note
also that the ternary species derivation allows an exothermic
reaction to be considered. However, for isotropic turbulence
in a closed system the mean pressure will increase in the
event of heat release. Therefore, only nonheat releasing re-
actions are considered in what follows.

A. Thermodynamic state equation

A variety of options exist in choosing an appropriate
equation of state, including complex forms such as the
Benedict–Webb–Rubin and Lee–Kesler forms.1 However,
such state equations, though highly accurate over large re-
gions of thermodynamic state space, are relatively complex
to implement in the context of a three-dimensional computa-
tional fluid dynamics code. More computationally efficient
state equations, such as cubic forms, can lead to large errors

near the critical locus; however, they usually behave well
away from it. For the purposes of this study we choose the
cubic Peng–Robinson state equation for the following rea-
sons:~1! it is efficient to program,~2! only purely supercriti-
cal thermodynamic regimes away from the critical locus are
considered, and~3! a simple curve fitting ‘‘fix’’ has been
published by Harstadet al.13 which increases its accuracy to
within 1% relative error relative to Lee–Kesler~as tested for
pure components!. This correction could be added in a
simple manner for increased accuracy if needed.

The cubic Peng–Robinson state equation is expressed as

P5
RT

V2Bm
2

Am

V212VBm2Bm
2

, ~8!

whereR is the universal gas constant,V is the molar vol-
ume, andAm andBm are mixture parameters which are de-
fined based on appropriately chosen mixing rules. Many such
sets of mixing rules have been proposed with varying de-
grees of accuracy under differing thermodynamic
conditions.1 For the purposes of this study we choose to uti-
lize the mixing rules recommended by Harstadet al.:13

Am5(
a

(
b

XaXbAab , ~9!

Bm5(
a

XaBa , ~10!

Aab50.457 236~RTab
c !2

3@11Cab~12AT/Tab
c !#2/Pab

c , ~11!

Ba50.077 796RTaa
c /Paa

c , ~12!

Cab50.374 6411.542 26Vab20.269 92Vab
2 , ~13!

based on their accuracy for hydrocarbons and their consis-
tency with the above described available correction to the
state equation. In the above, the superscriptc refers to critical
properties~i.e., T/Tc is the ‘‘reduced’’ temperature!. The di-
agonal elements of the ‘‘critical matrices’’ are equal to their
pure substance counterparts; i.e.,Taa

c 5Ta
c , Paa

c 5Pa
c , and

Vaa5Va whereV is the acentric factor of speciesa. The
off-diagonal elements are evaluated using additional mixing
rules:

Tab
c 5ATaa

c Tbb
c ~12kab!,

~14!
Pab

c 5Zab
c ~RTab

c /Vab
c !,

Vab
c 5

1

8
@~Vaa

c !1/31~Vbb
c !1/3#3,

~15!

Zab
c 5

1

2
~Zaa

c 1Zbb
c !, Vab5

1

2
~Vaa1Vbb!,

where the diagonal elements of each of the above symmetric
matrices are also equal to the pure substance values. The
binary interaction parameter,kab , is a function of the spe-
cies being considered and is taken to bekab50.1 for aÞb
andkaa50 for the binary mixtures addressed in this study.
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In order to ensure self-consistency, all of the thermody-
namic parameters of the flow should be calculated from the
same equation of state. For the present fluid dynamics simu-
lations the variables of interest are the molar enthalpy~H!,
the constant pressure molar heat capacity (Cp), the partial
molar enthalpy’ (H ,a), the partial molar volume (V,a), and
the speed of sound (as). Each of these functions can be
obtained through various derivatives and functions of the
Gibbs energy.1,17 Derived forms for these parameters have
been previously published in Refs. 11, 15, and 16 for arbi-
trary numbers of species.

B. Ternary species heat and mass flux vectors

The derivation of the heat and mass flux vectors for mul-
ticomponent mixtures is based on Keizer’s fluctuation-
dissipation theory which is developed from a fundamental
theory of fluid drop behavior under supercritical conditions
by Harstad and Bellan.5,8 The model of Harstad and Bellan
describes nonequilibrium processes and constructs a substan-
tially more general relationship for thermodynamic heat and
mass fluxes than equilibrium theory provides. The
fluctuation-dissipation theory additionally shows that the
modeling of transport processes is consistent with nonequi-
librium thermodynamics. The resulting form of the mass flux
is a superposition of Fickian and Soret diffusion, whereas the
heat flux is a superposition of Fourier and Dufour diffusion.
A detailed derivation of the following heat and mass flux
vectors is available in Ref. 18.

As in our previous investigations,15,16 the final forms for
the heat and mass fluxes are expressed as a superposition of
separate flux vectors proportional to gradients of mass~or
mole! fractions, temperature, and pressure. The heat flux
vectors and the mass-based mass flux vectors are further de-
composed into terms proportional to each of the individual
species 1 and 2 mole fraction gradients~denoted by super-
scriptsY1 andY2):

Qj5Qj
T1Qj

Y11Qj
Y21Qj

P , ~16!

and

Jj ,a5Jj ,a
Y1 1Jj ,a

Y2 1Jj ,a
T 1Jj ,a

P , ~17!

wherea denotes the particular species.
The resulting final forms for the heat flux components

referred to throughout the remainder of this work are

Qj
T52H k1R

Mm
2

M1M2
Y1Y2nDm

~12!a IK
~12!aBK

~12!

1R
Mm

2

M1M3
Y1Y3nDm

~13!a IK
~13!aBK

~13!

1R
Mm

2

M2M3
Y2Y3nDm

~23!a IK
~23!aBK

~23!J ¹T, ~18!

Qj
Y152nRT$Y2a IK

~12!Dm
~12!aD

~11!1Y1a IK
~21!Dm

~21!aD
~21!

1Y3a IK
~13!Dm

~13!aD
~11!1Y1a IK

~31!Dm
~31!aD

~31!

1Y3a IK
~23!Dm

~23!aD
~21!1Y2a IK

~32!Dm
~32!aD

~31!%¹X1 ,

~19!

Qj
Y252nRT$Y2a IK

~12!Dm
~12!aD

~12!1Y1a IK
~21!Dm

~21!aD
~22!

1Y3a IK
~13!Dm

~13!aD
~12!1Y1a IK

~31!Dm
~31!aD

~32!

1Y3a IK
~23!Dm

~23!aD
~22!1Y2a IK

~32!Dm
~32!aD

~32!%¹X2 ,

~20!

and

Qj
P52nMmH Y1Y2a IK

~12!Dm
~12!S V,1

M1
2

V,2

M2
D

1Y1Y3a IK
~13!Dm

~13!S V,1

M1
2

V,3

M3
D

1Y2Y3a IK
~23!Dm

~23!S V,2

M2
2

V,3

M3
D J ¹P, ~21!

respectively. In the above,Xa is the mole fraction of species
a ~related to the mass fraction throughMaXa5MmYa ,
where Mm5( XaMa is the mixture molecular weight!, n
5V21 is the molar density,k is the form of the thermal
conductivity consistent with kinetic theory,Dm

( i j )5Dm
( j i ) are

the binary mass diffusivities between speciesi and j, and
V,i5]V/]Xi is the partial molar volume~the partial molar
enthalpy isH ,i5]H/]Xi). In addition, a IK

( i j )52a IK
( j i ) and

aBK
( i j )52aBK

( j i ) are the similarly defined ‘‘Irving–Kirkwood’’
and ‘‘Bearman–Kirkwood’’ forms of the thermal diffusion
factors, respectively, andaD

( i j ) are the mass diffusion factors
~see below!.

The corresponding mass flux vector components for spe-
cies 1 are

Jj ,1
Y152n

M1

Mm
$M2Y2Dm

~12!aD
~11!1M3Y3Dm

~13!aD
~11!

2M2Y1Dm
~12!aD

~21!2M3Y1Dm
~13!aD

~31!%¹X1 , ~22!

Jj ,1
Y252n

M1

Mm
$M2Y2Dm

~12!aD
~12!1M3Y3Dm

~13!aD
~12!

2M2Y1Dm
~12!aD

~22!2M3Y1Dm
~13!aD

~32!%¹X2 , ~23!

Jj ,1
T 52Mm

n

T
$Y1Y2Dm

~12!aBK
~12!1Y1Y3Dm

~13!aBK
~13!%¹T,

~24!

and

Jj ,1
P 52

nM1

RT H M2Y1Y2Dm
~12!S V,1

M1
2

V,2

M2
D

1M3Y1Y3Dm
~13!S V,1

M1
2

V,3

M3
D J ¹P, ~25!

respectively, whereas those for species 2 are
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Jj ,2
Y152n

M2

Mm
$2M1Y2Dm

~12!aD
~11!1M1Y1Dm

~12!aD
~21!

1M3Y3Dm
~23!aD

~21!2M3Y2Dm
~23!aD

~31!%¹X1 , ~26!

Jj ,2
Y252n

M2

Mm
$2M1Y2Dm

~12!aD
~12!1M1Y1Dm

~12!aD
~22!

1M3Y3Dm
~23!aD

~22!2M3Y2Dm
~23!aD

~32!%¹X2 , ~27!

Jj ,2
T 52Mm

n

T
$Y2Y3Dm

~23!aBK
~23!2Y1Y2Dm

~12!aBK
~12!%¹T,

~28!

and

Jj ,2
P 52

nM2

RT H M1Y1Y2Dm
~12!S V,2

M2
2

V,1

M1
D

1M3Y2Y3Dm
~23!S V,2

M2
2

V,3

M3
D J ¹P, ~29!

respectively. The above forms apply to the remainder of this
work, and are the forms applied to the computational fluid
dynamics code described below. If required, the mass flux
vectorJj ,3 can be calculated in mass form based on the con-
servation principle:

(
a

Ji ,a50. ~30!

The above derivation has been checked to reduce to the bi-
nary species flux formulations presented in Refs. 15 and 16.

C. Heat and mass diffusion factors

Three additional thermodynamic relations appear in the
above expressions. The parametersa IK andaBK are referred
to as the ‘‘Irving–Kirkwood’’ and the ‘‘Bearman–
Kirkwood’’ forms of the thermal diffusion factor,11,19 respec-
tively. These two factors are related to one another through
an expression derived by Harstad and Bellan:8

a IK
~ i j !5aBK

~ i j !1
1

RT

MiM j

Mm
S H ,i

M i
2

H , j

M j
D . ~31!

Equation ~31! implies that only one of these parameters
needs to be specified based on the specific species under
consideration; the other is then known implicitly through the
above equation.

The mass diffusion factorsaD
( i j ) are related to molar gra-

dients of the fugacity; their form can be derived given a
specific equation of state:

aD
~ i j !5

]Xi

]Xj
1Xi

] ln g i

]Xj
, ~32!

where g i is the activity coefficient of the mixture. The
Gibbs–Duhem relation,

(
i 51

N

(
j 51

N21

aD
~ i j !dXj50, ~33!

whereN is the total number of species, puts a further restric-
tion on the diffusion factors. For a binary species system, the

above relations result in only a single independent mass dif-
fusion factor denotedaD having a relatively complex form
as derived from the Peng–Robinson state equation. For the
purposes of the present study the derivation of the corre-
sponding form of the mass diffusion factors from the Peng–
Robinson state equations is exceedingly complex. As an al-
ternative, we model the mass diffusion factors based on the
assumption of ideal mixing behavior in which case the activ-
ity coefficient is independent of the concentration.17 In this
case, an examination of Eqs.~32! and ~33! yields

aD
~11!5aD

~22!51, ~34!

aD
~31!5aD

~32!521, ~35!

aD
~12!5aD

~21!50. ~36!

Miller15 observed that for binary mixtures under conditions
relevant to the present investigation the~single! mass diffu-
sion factor is near unity (aD varied from 0.82 to 0.94 for
different cases examined in that study!. In order to test the
validity of the ideal mixing assumption, several binary mix-
ing cases from Ref. 15 were repeated usingaD51. The re-
sults in all cases were nearly identical to the previously pub-
lished trends therefore providing justification for the present
approach to ternary species systems.

III. NUMERICAL APPROACH

The above equations are solved for the case of isotropic
box turbulence in a triply periodic domain having equal
lengthsL in each of the three coordinate directions;x1 , x2 ,
and x3 . Statistically stationary turbulent flow is maintained
via the addition of an artificial forcing term added to the
momentum and energy equations having a form originally
proposed by Kida and Orszag.20 The governing equations are
solved using a third order Runge–Kutta time advancement
procedure coupled with eighth order accurate central finite
differencing for all spatial derivatives.21 Tenth order accurate
explicit filtering is applied to the primitive variables at each
Runge–Kutta stage to control numerical oscillations in the
solution. An eighth order accurate central finite difference
scheme21 was chosen due to its high accuracy, zero numeri-
cal diffusion, ease of parallelization, and previously pub-
lished results for similar single and two-phase
simulation.15,16,22–24 During each simulation, the ratio of
h/Dx is monitored to remain greater than unity as a resolu-
tion check. All thermodynamic conditions met during the
simulations are carefully monitored to ensure that the critical
locus is not approached in order to avoid phase changes
which would violate the single phase fluid formulation. En-
ergy spectra are also examined to ensure monotonic decrease
of energy at high wave numbers. Mass balances are also
checked thoroughly as further evidence that the complex
mass flux vectors are evaluated correctly. Finally, the code
was checked by reproducing ‘‘low pressure’’ simulation re-
sults of Kida and Orszag.20 The specifics of the forcing rou-
tine, as well as additional details relating to the numerical
methodology as well as to code validation can be found in
Refs. 15 and 18.
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Evaluation of the state equation

A cubic real-gas state equation must in general be solved
iteratively to get both the temperature and pressure simulta-
neously~given the density, internal energy, and mass frac-
tions!. However, in order to avoid costly iterations Miller15

derived a highly accurate curve fit for the specific internal
energy of the mixture (ei) over the entire state space of
interest. This approach has been extended by the authors for
the ternary species problem, thus requiring a four-
dimensional curve fitting@ei5ei(r,T,Y1 ,Y2)#

S ei2eL

eU2eL
D5C1S T2TL

TU2TL
D1C2S T2TL

TU2TL
D 2

, ~37!

which can be solved explicitly for the temperature via the
quadratic formula. In the above expression

S eL2e~1!

e~2!2e~1!D 5C3S r2rL

rU2rL
D1C4S r2rL

rU2rL
D 2

, ~38!

S eU2e~3!

e~4!2e~3!D 5C5S r2rL

rU2rL
D1C6S r2rL

rU2rL
D 2

, ~39!

where the subscriptsL and U correspond to the lower and
upper limits of the parameter space, respectively. And the
four internal energy functionse(1)(Y1 ,Y2 ;TL ,rL), e(2)

3(Y1 ,Y2 ;TL ,rU), e(3)(Y1 ,Y2 ;TU ,rL), and e(4)

3(Y1 ,Y2 ;TU ,rU) are

S e~a!2eL
~a!

eU
~a!2eL

~a!D 5C7
~a!Y21C8

~a!Y2
2; a51,2,3,4. ~40!

Finally, the eight remaining internal energy functionseL
(a)

andeU
(a) can be expressed:

S eL
~a!2e8~a!

e9~a!2e8~a!D 5C9
~a!Y11C10

~a!Y1
2; a51,2,3,4. ~41!

S eU
~a!2e-~a!

e9~a!2e-~a!D 5C11
~a!Y11C12

~a!Y1
2; a51,2,3,4. ~42!

In practice each of the parametersC1→C12 is obtained by a
least mean square error~LMSE! solution. In determining all
of the parameters, the ‘‘error’’ is measured relative to the
Peng–Robinson predicted value. In this case, a perfect curve
fit will reproduce the Peng–Robinson state equation behavior
exactly, yet will not require any numerical iterations to
implement in a computational fluid dynamics code. Note also
that nothing in the fitting procedure limits its use to the
Peng–Robinson state equation. The procedure can be used
with any state equation with equal simplicity~including the
‘‘corrected’’ Peng–Robinson equation mentioned above!.

The procedure for applying the curve fit is as follows.
First, a range of temperature, mass fraction, and pressure
~and therefore density! is input which encompasses the ther-
modynamic state space under consideration. Then the 16
constantsC9

(a)→C12
(a) are determined using the LMSE analy-

sis where the error is evaluated relative to the Peng–
Robinson predicted value. This allows the other eight con-
stantsC7

(a) and C8
(a) to be calculated. Then theeL and eU

coefficients (C3 ,C4 ,C5 ,C6) can be solved. Finally, another
separate application of the LMSE procedure determines the
remaining coefficientsC1 and C2 . The final curve fit, Eq.
~37!, can then be written in forms which are explicit in either
the temperature or the internal energy. The fit can therefore
be used to determine both the internal energy during initial-
ization ~for consistency!, as well as to calculate the tempera-
ture from the internal energy during each time step.

The entire curve fitting process is performed during the
initialization of the code automatically and requires negli-
gible computational effort. Furthermore, the state space
range can be checked dynamically during each simulation. If
this range ever extends beyond the input range the curve fit is
simply recalculated. Application of the procedure was found
to produce highly accurate fits for the temperature as a func-
tion of the internal energy for all of the cases considered in
this study. For example, for typical ternary species problems
the thermodynamic state space chosen for the fit was 0
<Y1<1, 0<Y2<1, 500 K<T<1250 K, and 25 atm<p
<100 atm. Two sets of error estimates are defined to test the
accuracy of the curve fitting procedure. The ‘‘relative error’’
is defined as the average root-mean-square~rms! difference
between the predicted temperature extracted from the curve
fit for some input set of internal energy, density, and mass
fractions, with the actual Peng–Robinson predicted tempera-
ture, and divided by the actual Peng–Robinson temperature.
The ‘‘maximum error’’ is defined as the corresponding maxi-
mum absolute temperature difference throughout the entire
thermodynamic state space used for the curve fit. As example
mixtures, the following three case were studied:~1! nitrogen,
heptane, and dodecane,~2! heptane, 3-methylhexane, and
2-methylhexane, and~3! nitrogen, oxygen, and nitric oxide.
The resulting relative errors for these mixtures are 0.34%,
0.23%, and 0.22%, respectively. The corresponding maxi-
mum errors are approximately 25.0, 8.2, and 8.4 K, respec-
tively. However, an examination of where in thermodynamic
state space these maximum errors appear reveals that they
occur at the extremes of temperature and pressure; conditions
which are rarely, if ever, attained during actual simulations.
It was therefore concluded that the curve fitting procedure
provides a sufficiently accurate representation of the Peng–
Robinson state equation behavior under all conditions rel-
evant to this study. It should also be noted that the term
‘‘error’’ is somewhat misleading in the present context. Any
error present does not, in the strict sense, contaminate the
solution. Such an error would only produce a deviation in the
effective form of the state equation without any internal in-
consistency in the code.

IV. PROPERTIES

The molecular weights, critical temperatures and pres-
sures, and acentric factors for all species considered in this
study are provided in Table I. The particular species appear-
ing in the table were chosen based on their relevance to
typical mixing and combustion problems. Various combina-
tions of these species will be used below to study the influ-
ence of molecular weight ratios on the mixing process, as
well as to mimic a typical ‘‘simple’’ three species chemical
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reaction. Diffusive properties are modeled in a simplified
manner and are assumed to be species independent in order
to simplify the analyses. For example, using the true mixture
viscosity, which is a function of temperature, pressure, and
mixture composition~as are thermal conductivities and mass
diffusivities!, is not possible for realistic length scales due to
inherent resolution restrictions on three-dimensional DNS.
Furthermore, only relatively restricted information exists on
the behavior of these properties for the large pressures con-
sidered in the present study.1 Therefore, in order to simplify
the analysis, the mixture viscosity~m! is assumed to be con-
stant and is calculated based on a specified value of the ‘‘box
Reynolds number,’’ Re05r0U0L0 /m, based on reference val-
ues for the density, velocity, and length. This treatment of
viscosity also allows for an easier delineation of effects spe-
cifically due to Soret and Dufour diffusion without the su-
perposition of second order effects due to viscosity varia-
tions. Similarly, the thermal conductivity and mass
diffusivity are calculated from specified constant values of
the Prandtl@Pr5m/(rCpk)# and Schmidt@Sc5m/(rD)#
numbers;Pr5Sc50.7. Again, with limited knowledge of
the behavior of mass and thermal diffusivities at elevated
pressures and temperatures, we opt for a simplified funda-
mental study of Soret and Dufour effects under well defined
viscous and diffusive conditions. A forthcoming investiga-
tion will focus on realistic detailed treatments of these fluid
properties for one-dimensional laminar and exothermic
flames for which completely resolved simulations are pos-
sible.

Chemical reactions are specified by the following non-
dimensional parameters. The Damkohler numberDa is de-
fined as the ratio of the characteristic time scale of the flow
to the characteristic reaction time scale:Da(T)
5KRL0 /U0 . For the purposes of the present study, only
nonheat releasing and constant rate chemical reactions are
considered. For the present simulations, the reference density
is set equal to the mean density in the domain (ro5^r&), the
reference velocity scale is taken equal to the acoustic veloc-
ity ~a! based on the initial mean thermodynamic parameters
(U05a0), the reference length scale isL05L/(2p), and the
reference temperature is equal to the initial mean flow tem-
perature (T05^T&0).

Finally, either of the Irving–Kirkwood or the Bearman–
Kirkwood forms of the thermal diffusion coefficients must be
specified to close the formulation. The exact nature of these
parameters remains poorly understood; therefore a somewhat
simplified approach is taken to defining these parameters

~see Miller et al.11 for a parametric study of the effect of
varying the thermal diffusion factors in a binary species mix-
ing layer configuration!. For binary species pairs, a molecu-
lar weight ratio based correlation4 was used to specify the
Irving–Kirkwood form of the thermal diffusion factor in
Refs. 15 and 16. This correlation yields values consistent
with the choice of thermal diffusion factor shown to yield
good comparisons with experimental data for supercritical
heptane spherical droplet vaporization in nitrogen in Ref. 8.
Therefore the above correlation can be extended to ternary
species diffusion factors with relative confidence:

a IK
~ i j !52.38423102210.248 21 log10FmaxS Mi

M j
,
M j

Mi
D G ,
~43!

i.e., applied to the species pairs to which each component of
a IK

( i j ) is applied.

V. RESULTS

The primary focus of the present investigation is ternary
species mixing and chemical reaction in compressible isotro-
pic turbulence under supercritical conditions. As discussed
above, the long time scalar variance is an increasing function
of the molecular weight ratio for binary mixtures. In this
paper, we extend the investigation to ternary mixtures in or-
der to determine if such stationary scalar states continue to
exist, and if so, in what form for the various species present.
Furthermore, the ability to treat three species enables the
consideration of a simple chemical reaction of the form
Fuel1Oxidizer→Product which will enable us to begin
to understand the potential role of Soret and Dufour diffusion
in high pressure turbulent flames.

For each simulation presented in what follows, an initial
turbulent flow is first prepared by integrating the governing
equations until a stationary flow state is achieved. For these
preparation simulations the scalars are initialized as perfectly
premixed with relative masses corresponding to those of the
final simulation for which the initialization is intended. The
base mean temperature and pressure is identical for all cases;
T5700 K and pressureP545 atm (a0 is based on these con-
ditions!, respectively. The simulations parameters for the first
portion of this study are provided in Table II.

Unless otherwise specified, all simulations are conducted
using 1283 numerical grid points, and have mean Mach num-
ber, Taylor microscale based Reynolds number, and relative
resolution ofMC'0.2, Rel'52, andh/Dx'1.44, respec-
tively ~note that this is a ‘‘quasi-stationary’’ state for com-
pressible flow due to viscous dissipation effects increasing
the mean internal energy with time15,20!. The ensemble aver-
aged~over all grid points! Mach number is defined asMC

5^(uiui)
1/2/a&. The Reynolds number is defined as Rel

5^r&^uiui&@5/(3meu)#1/2, where the velocity dissipation is
eu5m^v iv i&14/3m^(]ui /]xi)

2& (v i is the vorticity vector!.
The resulting stationary velocity flow field is characterized
by a mean Kolmogorov length scale~h! which is larger than
the grid spacing; whereh5@(m3/(eu^r&2)#1/4.

Once the stationary state is achieved, the scalar fields for
the mixing cases~denoted byDa50; i.e., runs 1, 2, and 3 in

TABLE I. Molecular weight, critical temperature and pressure, and acentric
factor for all species considered in the study.

Species M TC (K) pC (atm) V

Nitrogen 28.013 126.26 33.46 0.039
Heptane 100.205 540.3 27.04 0.349
Dodecane 170.34 658.2 17.96 0.575
3-methylhexane 100.205 535.3 27.73 0.323
2-methylhexane 100.205 530.4 26.94 0.329
Oxygen 31.999 154.6 49.74 0.025
Nitric oxide 30.006 180.0 63.95 0.588
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Table II! are reinitialized as perfectly premixed mixtures
having Y15Y25Y351/3 everywhere in the domain. In the
case of chemically reacting flows~runs 4, 5, and 6! we
choose to examine a simple reaction of the form N21O2

→2NO due to its relevant occurrence in hydrocarbon com-
bustion, as well as to the fact that it involves only three
species and can therefore be modeled using the previously
described heat and mass flux formulation. The simulation
procedure is identical to the binary ‘‘droplet’’ cases studied
by Lou and Miller.16 That is, the scalar field is reinitialized to
produce a single spherical ‘‘droplet’’ of pure nitrogen fluid
embedded in a pure oxygen environment. Within the ‘‘drop-
let,’’ the mean temperature is again reduced by 50 K to create
initial temperature gradients, and an error function profile is
used to smooth the transition gradients~including tempera-
ture and mass fraction! between the nitrogen and oxygen.
The premixed O2 and N2 at the ‘‘droplet’’ interface is con-
verted to a thin layer of product species~NO!. This is done
so that there are no premixed reactants in the initial condi-
tions which could result in artificially large local reaction
rates with the potential for resolution problems. All cases
involving chemical reactions have a Damkohler number
Da51.

A. Ternary mixing

The simulations described in Table II are first used to
investigate the influence of Soret and Dufour effects on su-
percritical fluid mixing. In particular, runs 1–3 are used to
illustrate the influence of the molecular weight distribution
of the ternary species from completely premixed nonreacting
initial conditions. Run 1 is a nitrogen, heptane, dodecane
mixture with molecular weights equal to 28.013, 100.205,
and 170.34, respectively, and has the largest variation in mo-
lecular weights ~see Table I!. Run 2 is a heptane,
3-methylhexane, 2-methylhexane mixture with equal mo-
lecular weights (M5100.205). Run 3 is another pure mixing
simulation conducted due to its relevance to the reacting
cases described next. It is an oxygen, nitrogen, nitric oxide
mixture having molecular weights 31.999, 28.013, and
30.006, respectively. Note that the critical pressures of oxy-
gen and nitric oxide are both larger than the ambient flow
pressure; however, both species are in their supercritical
states as presently defined due to the larger than critical flow
temperature~see Table I!.

1. Ternary mixing and scalar variance evolution

In contrast to typical ‘‘low pressure’’ behavior, the pres-
ence of both temperature and pressure gradients in the com-
pressible flow results in nonzero mass flux vectors at initial
times, despite the initial species fields being perfectly pre-
mixed @see Eqs.~23!–~29!#. For the purposes of this study,
the relative intensity of the scalar fluctuations is expressed in
terms of the Favre averaged standard deviation,^̂ Y9Y9&&1/2

~averaging is over the spatial ensemble!. Figure 1 presents
the temporal evolutions of the standard deviations of all spe-
cies for mixing cases runs 1–3. Time is nondimensionalized
as t* 5tU0 /L0 . In all cases, the standard deviations of the
species mass fractions begin to grow from zero at early
times, and then evolve steadily towards stationary values as
observed previously for the binary mixing problem. How-
ever, in contrast to the binary species problem in which case
both species mass fractions are characterized by identical
standard deviations, the stationary values displayed in Fig. 1
are not all equal. For the two cases composed of nonequal
molecular weight species@Figs. 1~a! and 1~c!# the largest and
smallest molecular weight species have nearly identical sca-
lar variance. However, the intermediate molecular weight
species has a stationary scalar standard deviation approxi-
mately one order of magnitude smaller than the other two
species. In contrast, for the case of nearly equal molecular
weight species@Fig. 1~b!# an approximately equal final state
of the scalar distribution is reached for all three species.

Molecular weight is not the only parameter affecting the
equation of state and the heat and mass flux formulations.
The relative magnitude of the final scalar variance for hep-
tane, 3-methylhexane, and 2-methylhexane in Fig. 1~b! is
inversely proportional to the critical pressures of the three
species~see Table I!. Further testing would need to be per-
formed before this relationship could be confirmed to yield
the observed behavior~however, it may be difficult to find
ternary species which all have the same molecular weight
with large differences in critical pressures!. One additional
observation from Fig. 1 is that the scalar standard deviation
indeed increases with increasing diversity in the molecular
weights of the chosen species; in agreement with the results
for binary species mixing.

In order to further illustrate the nature of the scalar fluc-
tuation evolution, Fig. 2 depicts the temporal evolution of the
instantaneous minima and maxima of each species mass frac-
tion for run 1. Although the standard deviations are relatively

TABLE II. Simulation parameters and initial conditions~S/D indicates inclusion of the Soret and Dufour diffusion terms!. All simulations are conducted using
1283 grid points, and have meanMC'0.20, Rel'52, andh/Dx'1.44.

Run Species 1 Species 2 Species 3 S/D Da ^Y1& ^Y2&

1 Nitrogen Heptane Dodecane Yes 0 1/3 1/3
2 Heptane 3-methylhexane 2-methylhexane Yes 0 1/3 1/3
3 Oxygen Nitrogen Nitric oxide Yes 0 1/3 1/3
4 Oxygen Nitrogen Nitric oxide Yes 1 0.5 0.5
5 Oxygen Nitrogen Nitric oxide No 1 0.5 0.5
6 Oxygen Nitrogen Nitric oxide Yes 1 0.75 0.25
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small compared to the scalar mean (^Y1&5^Y2&5^Y3&
51/3), the magnitude of the fluctuations is relatively signifi-
cant as observed by the long time minima and maxima in the
figure. Again, the largest and smallest molecular weight spe-
cies exhibit the widest variations in the mass fraction ex-
trema, with nearly negligible variation for the intermediate
molecular weight species; heptane. In addition, a clear skew-

ness is observed for the nitrogen and dodecane; towards
large mass fractions for the low molecular weight nitrogen,
and towards small mass fractions for the large molecular
weight dodecane. As with the binary mixing problem, this
skewness can be attributed to a skewness in the partial molar
volume difference appearing in the definitions ofJj ,a

P .
The skewness in the scalar distributions is further illus-

trated through the long time PDF of the scalar mixture frac-
tion ~f! defined in this case based on the species 1 and 2
mass fractions; 0<f5(Y12Y211)/2<1. The mixture frac-
tion is ‘‘conserved’’ in the sense that its transport equation
does not contain any reaction source terms even for the case
of combustion. In this manner, the evolution off is identical
for isothermal reacting flows for any value of the Damkohler
number~including the pure mixing case,Da50). For this
reason the mixture fraction is an important parameter in the
study of reacting flows, and many turbulent combustion
models aim to predict its evolution.

Figure 3 presents the long time (t* 5150) PDF of the
mixture fraction distribution for cases runs 1–3. As shown
earlier for binary mixture scalars, the PDF of the mixture
fraction demonstrates a clear and inherent skewness in the
scalar mass fraction distributions. Also in agreement with
previous binary species results are the near exponential tails

FIG. 1. Temporal evolution of the Favre averaged standard deviation for each mass fraction for~a! run 1, ~b! run 2, and~c! run 3.

FIG. 2. Temporal evolution of the minimum and maximum mass fractions
for run 1.
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exhibited by each of the distributions on its skewed side.
Note also that the sign of the skewness portrayed by each of
the PDFs is arbitrary, and is determined exclusively by the
choice of species 1 and 2 in the definition of the mixture
fraction based on their relative molecular weights. A reversal
in the species denoted 1 and 2 will simply reflect the distri-
bution about its mean~normalized to zero in the figure!. The
potential impact of these asymmetries in the scalar distribu-
tions on PDF based turbulent combustion models was ad-
dressed in Ref. 16 for the case of the binary mixing problem.
Since these models are often applied to the evolution of the
conserved mixture fraction, which can be defined similarly
for either binary or ternary mixing and reaction, the conclu-
sions of Ref. 16 in this regard will extend to the present
ternary species problem. Therefore a similar analysis of con-
ditional expectations will not be repeated in the present sec-
tion.

2. Scalar variance budget evolution

The mechanisms responsible for the generation and
maintenance of long time stationary scalar distributions for

the ternary species mixing problem are investigated through
an examination of the budget evolutions for the~Favre aver-
aged! scalar variances:

d

dt F ^r&
^̂ Y19Y19&&

2 G5 K Jj ,1
Y1

]Y1

]xj
L 1 K Jj ,1

Y2
]Y1

]xj
L

1 K Jj ,1
T ]Y1

]xj
L 1 K Jj ,1

P ]Y1

]xj
L , ~44!

d

dt F ^r&
^̂ Y29Y29&&

2 G5 K Jj ,2
Y1

]Y2

]xj
L 1 K Jj ,2

Y2
]Y2

]xj
L

1 K Jj ,2
T ]Y2

]xj
L 1 K Jj ,2

P ]Y2

]xj
L , ~45!

for species 1 and 2, respectively. The budget evolutions for
each of these equations is presented in Fig. 4 as a function of
nondimensional time for simulation run 1. For this simula-
tion, species 1 is nitrogen with the lowest molecular weight,
and species 2 is heptane with the intermediate molecular
weight. Note that the maximum budget values are smaller for
the heptane in Fig. 4~b! than for the nitrogen in Fig. 4~a!.
This is consistent with the smaller long time scalar variances
reported for heptane in Fig. 1 due to its intermediate molecu-
lar weight compared to nitrogen and dodecane as discussed
earlier.

The evolution of the various terms in the variance bud-
get for the nitrogen species@Fig. 4~a!# follows the previously
observed trends for binary species. That is, the pressure gra-
dient induced mass flux term acts as a dominant production
term in the variance transport equation budget, and is bal-
anced at long times by the Fickian termJj ,1

Y1 due to nitrogen
mass fraction gradients~note that the pressure gradients as-
sociated with this flow are induced by compressibility ef-
fects, and not by an imposed mean gradient!. Both the tem-
perature gradient induced flux and the heptane mass fraction
gradient induced flux have negligible affect on the scalar
variance budget. In contrast, the variance budget for the mass
fraction of the heptane, with its intermediate molecular
weight for this simulation, shows a very different behavior

FIG. 3. Probability density function of the normalized mixture fraction
Favre fluctuation at timet* 5150 for runs 1–3.

FIG. 4. Favre averaged scalar variance budget evolution for run 1 for~a! nitrogen and~b! heptane.
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not previously observed for binary mixtures. In this case,
both the temperature and the pressure gradient dependent
fluxes result in negligible contribution to the stationary long
time heptane distribution. Rather, the long time state is ob-
served to result from a statistical balance between production
effects emanating from the nitrogen mass fraction dependent
flux term ~cross-species effects due toJj ,2

Y1) and dissipation

from the FickianJj ,2
Y2 flux due to heptane mass fraction gra-

dients. Although not measured during the simulations, it is
expected that the budget for the high molecular weight dode-
cane species would mirror the trends observed for nitrogen.

A comparison of the forms of the nitrogen and heptane
pressure induced mass flux vectors@Eqs. ~25! and ~29!, re-
spectively# shows that the partial molar volume difference is
minimized for the case of an intermediate molecular weight
species~heptane! since its molecular weight is relatively near
to the values of both other species. On the other hand, the
relatively large molecular weight difference between nitro-
gen and dodecane would result in a relatively large partial
molar volume difference appearing inJj ,1

P .

3. Heat and mass flux magnitude evolution

The relative effects of the Dufour and Soret cross-
diffusion on the heat and mass flux vectors are examined in

Fig. 5, which depicts the magnitudes of all five vectors in
each of Eqs.~16! and ~17!. The temporal evolution of these
vector magnitudes is presented in the figure for simulation
run 1, and can be used to gain further insight into the trends
of Fig. 4 discussed above. The heat flux vector magnitudes in
Fig. 5~a! indicate that only the temperature gradient depen-
dent term has significant impact on the total heat flux mag-
nitude for this particular flow. Note, however, that this trend
may be altered for flows with sustained large species gradi-
ents, such as a mixing layer formed between two species;
additional research in this area is warranted before general
conclusions may be drawn.

The mass flux vector magnitude evolutions for the nitro-
gen @Fig. 5~b!# and heptane@Fig. 5~c!# support the observa-
tions made above concerning the scalar variance evolution.
In particular, the pressure and nitrogen gradient dependent
fluxes are the two largest subvectors for the nitrogen mass
flux. The temperature gradient flux also has significant mag-
nitude at long times; however, as shown previously,15 is gen-
erally poorly correlated with gradients of the nitrogen mass
fraction, therefore minimizing its impact on the scalar vari-
ance budget. On the other hand, the relative impacts of the
mass flux subvectors for the heptane species reveals differing
trends. In this case, the only two relatively large magnitude

FIG. 5. Temporal evolution of heat and mass flux vector magnitudes for run 1.
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vectors revealed in Fig. 5~c! are those due toJj ,2
Y1 and Jj ,2

Y2;
i.e., those due to nitrogen and heptane concentration gradi-
ents, respectively. Note, however, that the total vector mag-
nitude is in this case much smaller~square symbols!, reflect-
ing an anticorrelation inJj ,2

Y1 andJj ,2
Y2. Such an anticorrelation

reducing the overall mass flux of heptane would also pro-
mote smaller scalar variance for the heptane species as ob-
served previously~Fig. 1!.

B. Nonpremixed chemically reacting flow

Attention is now turned towards simple nonexothermic
chemically reacting flows from nonpremixed initial scalar
distributions. Oxygen, nitrogen, and nitric oxide are again
used for runs 4–6~Table II! which involve the chemical
reaction of an initially spherical ‘‘blob’’ of nitrogen reacting
with an oxygen environment to form nitric oxide. The nitro-
gen fuel ‘‘blob’’ is initially centered in the domain otherwise
filled with pure oxygen oxidizer; with no product nitric oxide
initially present. Runs 4 and 5 both begin with 50/50 mass
mixtures of fuel and oxidizer, and are identical except that
Soret and Dufour diffusion are turned off for run 5 for the
sake of comparison. Note that the species distribution is non-
stoichiometric due to the molecular weights of O2 and N2

being nonequal. Therefore some of the lighter~nitrogen! re-

actant will remain even after complete combustion. Run 6
investigates the influence of a substantially fuel lean flow
having a 75/25 mass mixture of oxygen with nitrogen. These
cases represent an initial step in the investigation of high
pressure turbulent flames. Consideration of additional react-
ing species, exothermic chemistry, and nonhomogeneous
flames is delayed for future study.

1. Scalar reaction and moment evolution

The temporal evolution of the mean and standard devia-
tion for each of the three scalar mass fractions for simulation
runs 4–6 is presented in Figs. 6 and 7, respectively. As men-
tioned above, runs 4 and 5 are slightly fuel rich due to the
relatively smaller molecular weight of nitrogen in compari-
son with oxygen. Therefore combustion in each of these
simulations does not yield a single species product~nitric
oxide! distribution at long times. Instead, a binary mixture
results for long times characterized by nearly pure NO with a
relatively small amount of N2 remaining present@Figs. 6~a!
and 6~b!#. No obvious difference is observed in the mean
scalar evolutions for runs 4 and 5, which are only distin-
guished by the absence of the Soret and Dufour cross-
diffusion effects in run 5. Therefore, under the present con-
ditions, it does not appear that Soret and Dufour diffusion

FIG. 6. Temporal evolution of mean mass fraction for~a! run 4, ~b! run 5, and~c! run 6.
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have significant impact on the first order scalar moment evo-
lutions. However, Soret and Dufour effects will be shown
below to be minimized for mixture compositions near the
pure species limits for a binary mixture~Fig. 9!. In fact, the
results for binary mixtures are highly relevant to the long
time development of the present reacting flow problem, since
a binary species mixture is asymptotically achieved. The re-
sults of run 6 depicted in Fig. 6~c! further illustrate this point.
For this flow, the initial scalar field is markedly fuel lean. In
this case, the long time scalar distribution is that of a nearly
50/50 by mass mixture of O2 and product species NO.

The development of the scalar standard deviations for
runs 4–6 evolves in a similar manner~Fig. 7!. An examina-
tion of the standard deviation evolutions for runs 4 and 5 in
Figs. 7~a! and 7~b! illustrates the potential impact of Soret
and Dufour diffusion for chemically reacting flows. Run 5
exhibits the typically observed ‘‘low pressure’’ behavior, in
that the scalar variance decays near exponentially and indefi-
nitely as the eventual binary species mix. In contrast, in the
presence of Soret and Dufour diffusion, the scalar variance
of the two remaining species (N2 and NO! decay only until
the production mechanism described previously begins to
reach a balance with Fickian dissipation. At this point, the
scalar variance becomes stationary indicating the indefinite
presence of scalar fluctuations. A similar situation occurs for

run 6 @Fig. 7~c!# with substantially larger scalar variance due
to the near equal masses of species comprising the new bi-
nary mixture. With these observations, an analysis of binary
mixtures could then be used to predict the ultimate scalar
variance for various reactions by knowing the degree of non-
stoichiometry of the initial species distribution; and therefore
predicting the composition of the ultimate binary mixture. In
fact, all of the above-described results for binary mixtures
will apply to this ultimate scalar state for reacting flows of
the form under consideration.

2. Scalar probability density function evolution

As a final point in the illustration of reacting flow evo-
lution, the PDFs of the scalar mixture fraction are presented
in Fig. 8 for each of simulation runs 4–6 at nondimensional
times t* 55, t* 540, t* 5100, and t* 5300. The PDFs
evolve from initially ‘‘double delta’’ distributions indicating
the initially nonpremixed reactants through nearly Gaussian
states at intermediate times, in agreement with ‘‘low pres-
sure’’ behavior. However, at longer times@Fig. 8~c!# an ob-
vious skewness is observed for the distributions, with near
exponential tails. This is again in agreement with previous
observations for the binary mixing problem.

FIG. 7. Temporal evolution of Favre averaged mass fraction standard deviations for~a! run 4, ~b! run 5, and~c! run 6.
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3. Mean long time scalar variance dependence

As mentioned previously, Miller15 first identified the ex-
istence of long time stationary scalar variance in supercritical
binary mixtures in isotropic compressible turbulence. Their
simulations only addressed cases for which the binary spe-
cies were initially perfectly premixed, and only 50/50 by
mass mixtures were considered. They observed that the long
time stationary scalar variance increased with both increas-
ing Mach number and molecular weight ratio; however, de-
creased with increasing turbulence Reynolds number. As dis-
cussed above, the same phenomena of long time stationary
scalar variance is observed for the present initially nonpre-
mixed reacting flows. Our results further show that this long
time state is independent of whether premixed or nonpre-
mixed initial conditions are chosen.

In order to further quantify the long time scalar variance
states, a series of simulations is conducted at a relatively
lower resolution of 643 grid points for various values of the
mean Reynolds number, turbulence Mach number, binary
species combinations, and nitrogen mass composition~in-
cluding pure single species nitrogen or hydrocarbon flows!.
These calculations are performed with the present ternary
species code run for binary species pairs. As mentioned
above, the present code was fully validated for the limiting
cases of binary species pairs through comparisons with the
previously published results of Ref. 15. The long time Favre
averaged values of the nitrogen scalar standard deviation are
presented in Fig. 9 as a function of the mean nitrogen frac-
tion for varying Taylor microscale Reynolds number@Fig.
9~a!#, turbulence Mach number@Fig. 9~b!#, and binary spe-

cies pairs~i.e., molecular weight ratio! @Fig. 9~c!#. Each data
point in Fig. 9 corresponds to the long time averaged value
obtained for an individual simulation. Unless otherwise
noted, all simulations have mean values of Rel'35, MC

'0.2, and are nitrogen/heptane mixtures. In addition, the
parameters for all simulations were chosen such that the con-
dition h/Dx>1 is maintained in order to ensure adequate
numerical resolution.

The trends observed in Fig. 9 confirm the qualitative
findings of Miller15 for the dependence of the scalar variance
on the turbulence Reynolds number, Mach number, and mo-
lecular weight ratio. Although the DNS is by nature limited
to only relatively low Reynolds numbers, the results of Fig.
9~a! still show that increasing the relative viscosity increases
the level of scalar fluctuations. In addition, these results il-
lustrate the dependence of the long time scalar variance on
the mean composition of the mixture. In particular, and as
expected, the limiting behavior of either pure nitrogen (YA

51) or pure hydrocarbon (YA50) results in zero scalar
variance; i.e., pure species turbulent fluids do not spontane-
ously produce the presence of a second fluid. It is also noted
that the maximum value for the scalar variance does not
occur for 50/50 mixtures by mass. In fact, the curves are in
all cases skewed towards the lower molecular weight spe-
cies; in this case nitrogen~when plotted as a function of mole
fraction the results are also skewed towardsXA51). As dis-
cussed by Miller,15 the primary source of scalar variance
generation for binary mixtures comes from the pressure gra-
dient dependent mass flux vector,Ji

P . Miller15 attributed ob-
served skewness in the scalar PDF to an inherent skewness in

FIG. 8. Probability density function of
the normalized mass fraction Favre
fluctuations for runs 4–6 at times~a!
t* 55, ~b! t* 540, ~c! t* 5100, and
~d! t* 5300.
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the partial molar volume difference appearing in the defini-
tion of Ji

P . For the present investigation we have confirmed
that this same skewness in the partial molar volume term is
responsible for the observed skewness as a function of mean
concentration depicted in Fig. 9.

VI. CONCLUSIONS

High resolution direct numerical simulations~DNS!
have been conducted for both binary and ternary species
mixing and combustion in isotropic compressible turbulence
at large pressure. The simulations are based on generalized
forms of the heat and mass flux vector including Soret and
Dufour cross-diffusion as derived from nonequilibrium ther-
modynamics and fluctuation theory. Derivation of the ternary
species forms of the flux vectors has been performed by the
authors, and has not appeared previously in the literature to
our knowledge. Additional real-gas effects are included in
the formulation via the cubic Peng–Robinson state equation
based on an appropriate set of mixing rules. All thermody-
namic parameters of interest have been derived directly from
the state equation for self-consistency of the formulation
~with the exception of the mass diffusion factors which were

derived from an assumed ideal mixing behavior!. In addition,
a four-dimensional curve fitting procedure has been devel-
oped by the authors in order to provide for an accurate and
efficient ~noniterative! application of the real-gas state equa-
tion in the DNS. Results of the simulations were presented
for both ternary species mixing and combustion with a
simple nonexothermic reaction of the formFuel
1Oxidizer→Products, as well as for various binary spe-
cies mixtures aimed at quantifying the long time behavior of
reacting systems.

Simulations involving ternary species mixing and reac-
tion were conducted in order to begin to understand the po-
tential influence of Soret and Dufour diffusion on high pres-
sure turbulent combustion. Long time statistically stationary
scalar distributions, similar to those observed previously for
the binary mixing problem, were observed for three initially
perfectly premixed species mixing simulations. As for the
binary species problem, the long time scalar variance was
found to increase with increasing diversity of the molecular
weights of the species. However, in contrast to the binary
problem, a minimum stationary scalar variance was found
for the species with intermediate molecular weight. The na-

FIG. 9. Mean long time Favre averaged scalar standard deviation as a function of the mean nitrogen fraction for varying~a! Taylor microscale Reynolds
number, ~b! Mach number, and~c! molecular weight ratio. Unless otherwise noted, all simulations have mean values of Rel'35, MC'0.2, and are
nitrogen/heptane mixtures.
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ture of this minimum value was then elucidated based on an
examination of the Favre averaged scalar variance transport
equation budget and the temporal evolution of the various
mass flux vector magnitudes.

For the case of reacting flow, a simple nonexothermic
reaction of the form O21N2→2NO was considered from
nonpremixed initial conditions. The destruction of two spe-
cies due to the reaction was observed to yield an eventual
binary species state. Therefore at long times chemically re-
acting flows again yield stationary scalar states at finite
times; however, the time required to reach this state is longer
than in the binary species results. This final state is also
characterized by stationary scalar variance and by asymmet-
ric scalar PDFs exhibiting exponential tails. It is observed
that Soret and Dufour effects are minimal for the early de-
struction of reactants under the nonheat releasing reaction
conditions investigated.

Despite the obvious effects of Soret and Dufour diffu-
sion on the results presented above, the ultimate impact on
low order moment turbulent combustion models is probably
minimal at the ‘‘early’’ times of interest during which the
bulk of reactant conversion occurs. This does not, however,
detract from the scientific interest in understanding the be-
havior of fluid mixing and combustion at high pressures.
Future research in this area should be aimed at investigating
other flow and combustion problems which may be charac-
terized by even stronger Soret and Dufour effects. For ex-
ample, an individual local flame displays sustained and rela-
tively large temperature and concentration gradients.
Nonhomogeneous flows, such as a turbulent reacting mixing
layer formed between cold fuel and hot oxidizer, will also
show sustained strong temperature and species gradients po-
tentially amplifying cross diffusion effects to the point of
significantly affecting turbulent combustion models. Further
efforts in this area are therefore clearly warranted.
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