Feasibility and Optimality

Feasibility:
XBp — B_lb — B_lNXN.

Selecting x = 0 gives the basic solution

][]

If B~'b > 0, this defines a basic feasible solution.

Optimality:
z=c'x=cLB 'b+ (c} —cEB 'N)xy.

If (ck; — cEB~IN) > 0, we have an optimal solution.

For the casting example, ¢ = [28,30,20,25,0,0] with the constraint
matrix A and the right hand side vector b given by

32141 0 7
A=143 3 3 0 -1 and b= | 8
11110 0 3

Consider the basis B = [as, a5, ag]. Thus

11 0 0 0 1 3
B=|30 -1|,B'=|1 0 -1]|, xg=B"'b=|4]|,
10 0 0 -1 3 1

so this defines a feasible basis.

Express the basic variables in terms of the nonbasic variables:

xp = B™'b — B"'Nxy



or,

r3 = 3 —T1 —X2 —XT4 Z 0
Ty = 4 —21‘1 —XT9 —3I4 Z 0
e = 1 +m >0

These inequalities can be rewritten as

1 + Ty + T4 S 3
2[)31 + T2 + 31’4 S 4
—T S 1

with x3, 5, ¢ acting as slack variables for these inequalities. Notice that the
origin 1 = 0,29 = 0,24 = 0 is feasible to this inequality system. Moreover
we can express the objective function in terms of the nonbasic variables using

z=c'x=cLB 'b+ (c} —cEB 'N)xy.

Here ¢k = [e3,¢5,¢6] = [20,0,0], ¢k = [c1, co,ca] = [28,30,25] so that
cp,B™' =[0,0,20]. Also, N = [aj,a,a4]. Substituting into the above ex-
pression gives

z=cEB'b+ (ck — cEB™'N)xy = 60 + 81 + 1025 + 514

In other words, we have transformed the original system into the equivalent
inequality system

min 81‘1 + 10552 + 5.1’4

s.t. T + To + x4 <3
21’1 + To + 31‘4 S 4
— 1 S 1
120, 2220, 2420

where the new origin x; = 0,22 = 0,24 = 0 is not only feasible but clearly
optimal!



